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PREFATORY   NOTE 

The  joint  authors  of  this  work  consulted  me,  about  two  years 
since,  as  to  the  desirability  of  compiling  and  publishing  a 
volume,  much  on  the  lines  of  Graduated  Exercises  and  Examples, 
issued  by  Mr  G.  F.  Hardy  and  myself  in  1889,  which  work, 
owing  to  the  material  advance  in  actuarial  science  and  in 
assurance  practice  since  that  date,  has  now  become  insufficient 
for  the  full  needs  of  actuarial  students.  Being  in  entire  agree- 
ment with  the  authors  as  to  the  demand  for  such  a  work, 
brought  up  to  date,  I  encouraged  them  in  their  project,  and 
now  welcome  the  result  of  their  labours. 

The  authors  have  kindly  given  me  an  opportunity  of 
perusing  a  proof  of  this  volume;  and  it  is  evident  that  they 
have  devoted  much  care  and  labour  to  its  production,  and  that 
their  large  and  successful  experience  in  training  actuarial 
students  has  wisely  guided  them  in  the  preparation  of  the 
work,  which  appears  to  me  to  form  a  most  useful  and  illumin- 
ating commentary  upon  the  admirable  Institute  Text  Books. 

A  fairly  large  experience  of  actuarial  students,  both  in  their 
preliminary  studies  and  in  the  examination  room,  has  shown  me 
two  deficiencies  frequently  manifest  in  their  work ;  first,  the 
lack  of  original  and  independent  thought,  and  a  too  slavish 
dependence  upon  the  demonstrations  and  conclusions  set  out  in 
the  approved  text  books ;  and,  secondly,  a  considerable  failure 
in  the  power  to  apply,  in  practice,  the  results  deduced  theoreti- 
cally ;  these  two  deficiencies  being  closely  associated  with  one 
another.  I  have  no  doubt  that  the  present  work,  by  its 
elucidatory  notes,  alternative  demonstrations,  and  illustrative 
examples  (which  deal  not  only  with  the  fundamental  bases  of 
our  Science,  but  also  with  its  later  practical  developments),  will 
prove  most  useful  to  students,  by  stimulating  original  thought 
and  research,  and  thus  enabling  them  to  secure  a  firmer  grip, 
both  of  the  Theory  and  Practice  of  Actuarial  Science. 

THOMAS  a  ACKLAND, 

Fellow  of  the  Institute  of  Actuaries, 
Hon.  Fellow  of  the  Faculty  of  Actuaries  in  Scotland. 
October  1907. 


INTRODUCTION 


Students  preparing  for  the  Second  Examinations  of  the 
Institute  of  Actuaries  and  of  the  Faculty  of  Actuaries  in 
Scotland  have,  to  assist  them  at  this  stage  of  their  studies, 
the  Text  Booh  of  the  Institute  and  Mr  George  King's  Theory 
of  Finance,  combined  with  the  Graduated  Uxercises  and 
Examples  of  Messrs  Ackland  and  Hardy.  But  there  is  good 
reason  for  believing  that,  with  the  extension  of  the  purely 
actuarial  part  of  the  examinations,  these  works  are  no  longer 
sufficient  to  enable  even  a  careful  student  to  take  his 
examination  with  confidence.  To  supply  a  lack  so  important 
is  therefore  the  intention  of  the  authors  in  compiling  this 
book  for  students;  of  whom  even  those  preparing  for  the 
later  examinations  will  find  some  parts  of  it  not  unworthy 
of  study.  As  explained  below,  however,  it  is  not  a  substitute 
for,  but  merely  a  supplement  to,  the  works  already  mentioned, 
which,  it  must  be  urged,  there  is  no  intention  to  disparage 
in  any  way.  Encouragement  to  proceed  has  come  to  thefl 
authors  from  various  directions :  from  those  whom  they  have 
had  the  privilege  of  assisting  in  their  preparation  for  examina- 
tions, from  their  contemporaries  in  the  profession,  and,  above 
all,  from  Mr  Thomas  G.  Ackland,  whose  Prefatory  Note  they 
value  very  highly,  as  well  as  his  kindly  advice  on  many  points. 

Strictly  speaking,  the  book  is  a  compilation  of  notes  on 
numerous  points  which  are  not  disposed  of  in  the  text  books 
so  thoroughly  as  present-day  exigencies  require.  No  claim  is 
made  to  originality,  for  that  were  futile :  the  matter  consists 
of  extracts  from  contributions  to  the  Journal  of  the  Institute 
and  other  professional  records,  or  of  explanations  and  elabora- 
tions of  problems  and  statements  contained  in  the  text  books. 
The  effort  throughout  has  been  to  simplify  the  obscure  and  to_^ 
introduce  only  the  essential.  wM 

In  the  authors'  opinion,  no  student  can  hope  to  become 
proficient  if  he  confines  himself  to  reading  the  various  books: 
it  is  necessary  that  he  should  deduce  every  formula  for  himself 
at  least  so  often  that  he  shall  be  confident  that  his  own  result 
will  correspond  with  that  of  the  text  book,  and  confidence  is 
essential  in  the  working  out  of  actuarial  problems.  It  may  be 
true  that  in  such  work  memory  is  all  important ;  the  true  us 
of  memory,  however,  will  be  found,  not  in  learning  results  by 
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heart,  but  ratlier  in  the  application  of  the  proper  methods  of 
deduction,  and  this  will  only  come  by  practice. 

An  inspection  of  the  contents  of  the  book  will  show  that 
it  is  based  upon  The  Theory  of  Finance  and  the  Institute  of 
Actuaries'  Text  Book,  Part  II.  These  fundamental  works  must 
of  course  be  read  side  by  side  with  this ;  otherwise  it  will  in 
great  part  lose  its  force.  Ample  references  are  made  through- 
out to  enable  the  student  to  follow  with  a  minimum  of  trouble. 
The  authors  have  been  accustomed,  both  in  studying  and  in 
teaching  the  subject  of  interest  and  annuities-certain,  to  the 
use  of  Mr  King's  book  rather  than  the  Text  Book,  Part  I. 
But  the  student  will  find  it  advantageous  also  to  follow 
closely  the  demonstrations  and  practical  applications  given  by 
Mr  Tod  hunter  in  the  latter  work. 

No  attempt  has  been  made  to  deal  with  the  purely  mathe- 
matical side  of  the  work.  The  three  chapters  at  the  close  of 
the  Text  Book,  Part  IT.,  and  the  subject  of  the  calculus 
scarcely  come  within  the  scope  of  a  work  such  as  this. 

The  examples  are  taken  for  the  most  part  from  the 
examination  papers  of  the  Institute  and  the  Faculty;  and  the 
answers,  which  follow  iuimediately  after  the  respective  questions, 
have  been  prepared  with  care.  The  student  should,  of  course, 
work  answers  to  these  and  other  examples  independently, 
though  not  until  the  subject-matter  of  the  books  has  been 
thoroughly  grasped  and  mastered.  It  will  frequently  happen 
that  the  answer  obtained  by  him  will  vary  from  that  given ;  in 
which  case  it  will  be  a  useful  exercise  to  prove  the  two 
identical,  or,  if  they  are  clearly  not  so,  to  find  where  and  how 
the  difference  arises.  The  authors  will  be  glad  if  any  errors 
which  are  discovered  are  pointed  out  to  them. 

It  should  be  mentioned  that,  following  the  Text  Book,  they 
have  preferred  the  more  familiar  |  ^q^  to  the  more  officially 
correct  |  ^Q^.  Further,  in  the  discussion  of  policy-values  they 
have  used  the  symbols  ^-.t^x  ^^^^  n-.t^x  ^^  i'epresent  the  ordinary 
and  special  reserves  after  n  years  for  whole-life  policies  with 
premiums  limited  to  t  years.  Otherwise  they  conform  to 
Institute  notation. 

Their  grateful  thanks  are  due  to  Mr  John  H.  Imrie,  M.A., 
F.F.A.,  and  Mr  Thomas  Frazer,  jun.,  F.F.A.,  who  have  read  the 
proofs,  and  made  many  valuable  suggestions. 

W.  A.  EOBEKTSON. 

F.  A.  BOSS. 
Edinburgh,  October  1907. 
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In  preparing  the  Second  Edition  of  Actuarial  Theory  it' 
has  been  thought  advisable  to  make  as  few  changes  as  possible, 
and  accordingly  attention  has  been  confined  to  the  elimination' 
of  those  errors  which  were  found  in  the  First  Edition.  j 

The  authors  take  this  opportunity  of  tendering  their  best 
thanks  to  Mr  A.  G.  R,  Brown,  P'.F.A.,  for  very  valuable 
assistance  in  connection  with  the  preparation  of  this  Edition. 

W.  A.  R. 
F.  A.  R. 

Edinburgh,  March  1920, 
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ACTUARIAL    THEORY 

THEORY   OF    FINANCE 
CHAPTER   I 

Interest 

1.  The  first  matter  requiring  attention  is  the  question  of  the 
difference  between  the  nominal  and  effective  rates  of  interest. 

In  explanation  of  Article  12,  it  may  be  pointed  out  that,  where 
a  loan  is  made  at  5  per  cent,  (for  example),  the  interest  is, 
in  the  ordinary  case,  payable  half-yearly.  Now  the  theory  of 
compound  interest  is  that  interest  earns  interest,  and  therefore 
the  interest  paid  at  the  end  of  six  months  earns  interest  to  the 
end  of  the  year.  In  this  \'way  the  interest  actually  earned  is 
over  5  per  cent.,  though  the  loan  is  always  nominally  a  5  per 
cent.  loan.  The  amount  of  a  unit  at  the  end  of  six  months  is 
1'025,  for  the  interest  then  paid  is  '025.  Starting  then  on  the 
second  six  months  with  1*025  of  principal  we  have  the  interest 
thereon  for  the  second  six  months  1'025  x  "025,  and  the  amount 
of  principal  and  interest  at  the  end  of  that  time  will  be 

1-025  xl-025  =  (l-025)2=  1-050625, 

which  is  therefore  the  amount  of  1  at  the  end  of  a  year,  and  the 
actual  interest  on  1  for  that  period  is  -050625  or  £5,  Is.  3d.  per 
cent.     By  similar  reasoning,  the  general  formula  (14)  follows: — 


-'"'  =  {(i  +  i)"  - 1} 


where  i  is  the  nommal  rate  of  interest  convertible  m  times  a  year, 
and  i^'^'>  is  the  corresponding  effective  rate  of  interest. 

From  the  above  we  arrive  at  the  following  statements : — 

The   Nominal  Rale  of  Interest  is  the  rate  per  annum  at  which 

interest  is    quoted,  no  matter    how  often    within  the   year   that 

interest  is  convertible. 
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The  Effeclivc  Rate  of  Interest  is  the  total  interest  realised  by  the 
investment  of  a  unit  for  a  year. 

Now  interest  may  be  convertible  half-yearly,  quarterly,  monthly, 
or  at  the  close  of  any  fixed  intervals.  And  these  intervals  may  be 
reduced  in  length,  until  at  last  we  have  interest  convertible  at 
infinitely  short  periods,  i.e.,  momently.    In  this  case,  in  formula  (14), 


r  /        ^ 

we  write  i  for  2f™)and  8  for  i ;  and  we  have  i  =   \   (1-1 


I 


-■> 


m    being   infinitely   great 


But     by    the    theory    of    logarithms 
in  the  limit  becomes  e^  and  we  have 

i  =  e^  —   1 


and      8  =  log  (1  +  e  ) 

S  is  called  the  Force  of  Interest.  It  takes  the  }ilace  of  the 
nominal  rate  of  interest  only  when  interest  is  convertible 
momently.  We  therefore  define  the  Force  of  Interest  as  the 
nominal  j-early  rate  of  interest  when  interest  is  convertible 
momently,  or  the  annual  rate  per  unit  at  which  a  sum  of  money 
is  increasing  by  interest  at  any  moment  of  time. 

2.  To  find  the  amount  of  1  at  the  end  of  the  p\h  part  of  a 
year  where  interest  is  convertible  q  times  a  year. 

The    amount    of    the    unit    at    the   end    of  a    year   will    be 

n  H-  —  j    =   (1  +  2^5)).     But  by  Article  16  the  amount  of  1  at 

the  end  of  the  ;?th  part  of  a  year  at  rate  i  is  (1  + 1)  p  ,  and  therefore 
at  rate  K'l^  is  (1   +  i<'^>)^  =    ( 1  +  —  )^ 

3.  Articles  17-21.  Discount  is  defined  as  the  difference 
between  a  sum  due  at  the  end  of  a  given  term  and  the  present 
value  thereof. 

Discount  assumes  three  forms  according  as  it  is  calculated  by 
the  three  following  methods  : — 

(a)  Coimnercial  Discount. — In  trade  transactions,  as  in  discount- 
ing a  bill,  the  discount  is  calculated  like  simi)le  interest  at  the 
quoted  rate  for  the  currency  of  the  bill.  That  is  to  say,  the 
discount  is  ni  for  each  unit  of  the  bill,  n  usually  being  fractional. 
If  n  were  large,  then  the  present  value  of  the  bill  to  be  handed 
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over  to  the  seller,  B(l  -  ?ii),  might  be  negative,  which  manifestly 
is  absurd. 

(b)  Simple  Discount. — The  present  value   of  a  bill,    B,  due  at 
the  end   of  w   years,  where  n  may  be    fractional   or   integral,  is 

; ,  assuming  simple  interest.     The  discount,  or  by  definition 

1  +  ni 

the  difference  between  B  and  its  present  value,  is  therefore 


1  +7ii  \  1  +  ?ii 

(c)  Compound  Discount. — Again,  the  present  value  of  a  bill,  B, 
due  at  the  end  of  n  years,  where  n  as  before  may  be  fractional  or 

integral,    is    by  compound   interest  — ^— ,  and  the  discount  is 

^      '  J  ^  (l+e)« 

accordingly,    B  —  -j^ ;r—  =  B]  1  -  -p: tt-  \ 

^^'  (1+2)''  I  (1+0     J 

The  formula  for  simple  discount  may  be  written  in  the  form 
7ii  zi ;,  and  that  for  comiiound  discount  ifl+iY  -  1  T/i — ^s— » 

from  both  of  which  it  will  be  seen  that  discount  is  really  interest 
for  the  whole  period  on  the  present  value  of  the  sum,  not,  as  is 
assumed  in  commercial  discount,  on  the  sum  itself. 

Discount  may,  in  similar  manner  to  interest,  be  convertible  at 
any  fixed  intervals,  and  as  is  shown  in  Article  22,  the  value  of  1  at 
the  end  of  a  year,  where  discount  at  nominal  rate  d  is  converted 

1 J    .     Now,  as  before,  the  intervals  may 

be  made  infinitely  short,  that  is,  discount  may  be  convertible 
momently,  and  we  have 


V  =  (l  -  —  )    ,  where  v  is  written  for  v,  and  8  for  d. 

\  in) 

In  the  limit  when  m  is  infinitely  great  ( 1  -  — )    =e- 5, whence 
and  —  0  =  log  v 

=  -log/i+T) 

Here,  then,  S  is  called  the  Force  of  Discount.  It  is  substituted 
for  the  nominal  rate  of  discount  when  it  is  converted  momently, 
and  we  may  define  it  as  the  nominal  yearly  rate  of  discount  when 
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discount  is  converted  momently,  or  the  annual  rate  per  unit  at 
which  a  sum  of  money  is  decreasing  by  discount  at  any  moment 
of  time.  _m 


4.   In  Article  26  it  is  assumed,  in  finding  the  number  of  years 

in  which  money  will  double  itself,  that  interest  is  convertible  once 

a  year.     By  a  similar  method  it  might  be  shown  that,  if  interest 

were  convertible  m  times  a  year,  the  number  of  7«thly  periods  in 

which  money  would  double  itself  would,  by  the  first  formula,  be 

•69 

— ?-,  and  to  find  from  this  the  number  of  years,  it  is  necessary  t( 


divide  by  7w,  and  we  have  therefore  the  number  of  years. 


if:69| 
1- J 

^  m   J 


•69 


VI 


the  periods  of  conversion  making  no  alteration  in  the  length  of 
time.  It  is  obvious,  however,  that  the  length  of  time  will  be 
shorter  the  oftener  interest  is  converted,  and  therefore  it  is 
necessary  in  this  formula  to  use  the  effective  rate  of  interest 
always.     Thus : — 


1  + 


in 


=  2 


(1  +  iC^'^y'  =  2 
where  i('^^  is  the  effective  rate  corresponding  to  nominal  rate  L 


•69 
From  this  we  get  w  =  ~~  approximately. 

By  the  second  and  more  exact  formula,  i.e.,  n  = 


•693 


+  •35,  on 


the  other  hand,  the  same  error  is  not  found.     We  have,  if  interest 

be   convertible   m   times   a   year,   the   number   of   7«thly   periods 

•693 
=  •— : h  •SS.     Dividingbyyw,  as  before,  we  get  the  number  of  years 


m 


m 


•693 


+  -35 


■693 


;35 
m 


m 
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If,  however,  we  use  the  effective  rate  e^^"^)  we  have  the  number  ot 

•693 
years 


iW 


+  'Sb.     These  two  formulas 


and 


n  = 


n  = 


•693 

i 
•693 

TCmT 


+ 


•35 


m 


^  ^ 


v>~^- 


,fU/ 


+    -35 


give  results  almost  equal  for  ordinary  rates  of  interest  and  periods 
of  conversion,  and  this  is  a  further  proof  of  the  superiority  of  the 
second  formula  over  the  first,  as  the  nominal  rate  may  be  used 
without  loss  of  accuracy.  It  is,  however,  necessary  to  note  that 
the  addition  to  be  made  to  the  result  of  dividing  by  the  nominal 

rate  is  —  of  ^35  and  not  •SS  as  in  the  case  where  interest  is 
payable  yearly. 

5.  With  regard  to  the  equated  time  of  payment,  the  proof  that 
n,  as  found  from 

SjMj  +  SgMg  +   •      •      •     +  SrWr 

S1  +  S2+  .   .   .  +s, 

is  too  great,  is  as  follows  ; — 

The  Arithmetic  Mean  of  S^  quantities  each  v^^  in  amount,  and 
Sg  quantities  each  v*^^  in  amount,  etc.,  and  Sr  quantities  each  v^"^  in 
amount,  is  equal  to  the  total  of  the  quantities  divided  by  the 
number  of  quantities,  or 

S^i;"i  +  Sgi^^a  +  •    •    •    +Sri;% 
Si  +  S,+  .    .    .    +S, 

while  their  Geometric  Mean  is  equal  to  the  product  of  all  the 
quantities  to  the  root  of  the  number  of  quantities,  or 

V 


Sl+S2+' 


+8, 


Now,  as   is    shown   below,  the    Arithmetic    Mean  of  any  set  of 
quantities  is  greater  than  their  Geometric  Mean.     Therefore 

Sini +V2+'    •    •  +^^y 


Sji'^  +  Sgt'^  + 


+  Sr?'"'' 


or 


>     V  ^1  +  ^2+ 


+s. 


Si«i-t-S2n2+ •    •  +^r'^r 


+  ^r)    V        "1+^2+ •     •  +«r 
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That  is  to  say,  the  present  value  of  S^  due  at  the  end  of  ?i^  years, 
Sg  due  at  the  end  of  ^2  years,  etc.,  and  Sr  due  at  the  end  of 
fir  years,  is  greater  than  the  present  value  of  (S^  +  S^  +  •    •    +  S^ 


due  at  the  end  of 


S1W1  +  S2W2  + 


+  Sr7lr 


S1  +  S2+  •     •    •    +Sr 
years  (or  n  years).     Therefore 

SjWj  +  S2y/.2+  •    •    •    +8^;?, 


+  S^ 


(or  n) 


S1  +  S2+  •    • 

is  greater  than  the  correct  equated  time  of  payment. 

Proof  that  the  Arithmetic  Mean  of  w  positive  quantities  tha^ 
are  not  all  equal  is  greater  than  their  Geometric  Mean. 

The  Arithmetic  Mean  of  the  n  quantities  a,  b,  c,   .    .    .    k, 

a  +  b  +  c-h  •    '    '    +k 


while  their  Geometric  Mean  is 

(abc 


ky. 


Now,  in   place   of   each    of  the    greatest  and    least   of  these 
quantities,  say  a  and  k,  put   — -- .     It  may  be  easily  proved  that 

{  )    >  (ik,  and  therefore  the  result  has  been  to  increase  the 

Geometric   Mean  while  the  Arithmetic   Mean  obviously  remains 
as  before,  since 

a  +  k         a-\-  k 

72 


a  +  k 


+ 


In  place  of  each  of  the  two  quantities  which  are  now  the  greatest 
and  the  least,  put  their  Arithmetic  Mean  as  before.  The  result  is 
again  to  increase  the  Geometric  Mean  of  the  71  quantities,  while 
their  Arithmetic  Mean  remains  the  same.  This  process  may  be 
repeated  until  the  quantities  are  all,  as  nearly  as  possible,  of  equal 
value,  in  which  case  the  Geometric  Mean  is  equal  to  the  Arith- 
metic Mean,  for 

i_  j_ 

(r.r.v    •  to  n  factors)"-  =  (r^i)'^  ^  r  = 


r  +  r  +  ?•  + 


to  n  terms 


But  we  have  seen  that  the  Arithmetic  Mean  remains  the  same 
throughout,  while  the  Geometric  Mean  has  been  increased  at  each 
step  until  it  equals  the  Arithmetic  Mean.     Consequently  the  first 
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Geometric  Mean  (of  the  n  original  quantities)  must  be  less  than  the 
final  Geometric  Mean  (of  tlie  n  equalised  quantities),  that  is,  less 
than  the  Arithmetic  Mean  of  the  n  original  quantities,  and  we  have 

,  ,                 „-       a  +  6  +  c+  '    '    '    +k 
{abc  •    '    •  A)™  < • 


EXAMPLES 

1.  A  sum  of  ,£500  payable  certainly  at  the  end  of  20  years  is 
purchased  for  £239,  8.>.  lid.  Find  the  rate  of  interest  realised  by 
the  investment. 


Here  we  have 


239^446  =  500i;20 
Hence       i;2o  =  -478892. 


Resorting  to  the  use  of  logs,  we  get 

log -478892 
log  ^  -  20 

whence  v  —  •96386 

and  i  =  '0375. 

The  rate  realised  is  therefore  3|  per  cent. 

2.  Verify  the  following  figures  : — 


Nominal  Rate. 

Effective  Rate,  Interest  being  Converlible 

Half-Yearly. 

Quarterly. 

Momently. 

•04 
•05 

•04040 
•05063 

•04060 
•05095 

•04081 
•05127 

Effective  Rate. 

Nominal  Rate,  Interest  being  Convertible 

Half-Yearly. 

Quarterly. 

Momently. 

•035 
•045 

•03470 
•04450 

•03455 
•04426 

•03440 
•04402 

3.  (a)  What  is  the  amount  of  £100  at  the  end  of  seven  years, 
interest  4|  per   cent,  convertible  half-yearly  ?      {Ij)  What  is  the 
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present  value  of  £250  due  at   the  end  of  twelve   years,   interest 
4  per  cent,  convertible  quarterly? 

Answers:     («)  £100  x  (1-0225)14  =  £136,  lis.  nearly. 

1 


(b)  £250  X  -. 


(1-01)48 


=  £155,  Is.  3d.  nearly. 


4.  There  are  two  sums  of  money,  £A  and  £B,  due  at  the  end 
of  n  and  m  years  respectively,  (a)  Find/)  the  equated  time  of 
payment,  (b)  If  this  equated  time  of  payment  be  extended  to 
r  years,  to  what  sum  will  the  amount  due  fall  to  be  increased^ 
Interest  to  be  at  rate  i. 

(«)  By  the  approximate  formula,  we  have 

71 A  +  7«B 


P  = 


A  +  B 


(b)  Let  C  be  the  addition  to  be  made  to  A  +  B  if  the  tim 
of  payment  be  deferred  to  r. 

A^+B  +  C  A  B 


Then 


+ 


{i  +  iy  '    (i  +  i) 

and     (A  +  B  +  C)(l-n)  =  A(l-7ii)  +  B(l  -  7m)  approximately, 

Az(r  —  w)  +  Bz(r  —  i)i) 


time^i 


whence      C   = 


1  —  ?'i 


approximately. 


5.  The  premium  income  of  an  Insurance  Office  is  distributee 
throughout  the  year  as  follows  : — 


Premiums  due  in 

Amount. 

Premiums  due  in 

— 

Amount. 

January  . 

February 

March 

April 

May 

June 

£1000 
£1100 
£1250 
£1500 
£1700 
£1850 

July         .          . 
August    . 
September 
October   . 
November 
December 

£1900 
£2000 
£2300 
£2800 
£4000 
£6000 

Assuming  that  the  premiums  in  each  month  are  due  on  the 
average  in  the  middle  of  the  month,  find  the  equated  time  of 
payment. 
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Here  we  have 

_  (1000  x^)  + (1100x11)  + (1250  X  21)  +  •    •    •    +(6000x111) 
"~  1000  +  1100+1250+ •    .    .    +6000 

=  7*768  months  approximately. 

6.  If  a  sum  of  money  at  a  given  rate  of  interest  accumulate 
to  J)  times  its  original  amount  in  n  years,  and  to  p'  times  its 
original  amount  in  ?i'  years,  show  that  ii   =  n  log  j). 

By  the  terms  of  the  question 

(l+i)n     =    p 

whence     n  log  (1  +«)    =   log  p 

=    1 

and       n   = 


Again     (1  +  iy^'    =   ;/ 
Therefore     ii  log  (1  +  ?)   =    log  p' 

« logy 


and 


n    = 


pi 


7.  A  sum  of  money  is  invested  at  3  per  cent.  Find  approxi- 
mately in  how  many  years  the  sum  will  have  increased  to  four 
times  the  original  figure. 

From  G.  F.  Hardy's  formula  we  may  obtain  the  time  within 
which  the  sum  will  double  itself — 

•693 
"   =   ^03-    +  '^^ 
=   23-45 

The  sum  at  the  end  of  23  45  years,  being  double  that  at  the 
beginning,  only  needs  to  be  redoubled  to  reach  four  times  the 
original  amount.  The  time  required  for  this  operation  is,  of 
course,  again  23'45  years.  Therefore  the  time  required  for  money 
to  become  fourfold  the  original  sum  is  46  9  years. 


CHAPTER   II 


Annuities- Certain 

1.  The  amount  of  an  annuity-due  of  1  per  annum  for  n  years, 
interest  at  rate  i  convertible  yearly,  is  as  follows  : — 

(l+0-f(l+z)2  +  (l+z7+    •    •    •    +(l+^> 


=    (1+/Yv—    or   s — -, 


-1. 


The  value  of  the  same  annuity-due  is  as  follows  : — 


c\-^% 


=    (l+i)a—   or    1+a — - 


2.  The  value  of  an  annuity-due  of  1  per  annum  for  ?i  years, 
payable  p  times  a  year,  interest  at  rate  i  convertible  q  times,  is 
found  as  foUoAvs  : — 

±  •    _?? 


a  =  l{l  +  (l  +  1 
_    1  V  7 


'+    1  + 


+ 


+ 


(np-iyi-\ 


;' 


1-1  + 


(-i) 


=   1  + 


i  ,    1  -  (iH-  ^'"'" 
t  \p    I  \  7 


1  +  ^V  -1 

7 


That  is,  the  value  of  an  annuity-due  is  equal  to  the  value  of  an 
ordinary  annuity  of  this  nature  with  all  the  payments  advanced  by 

—  of  a  year,  which  is  obviously  correct. 

3.   Formula  (13)  may  be  written  in  the  form — 

i  \  -m 


a  = 


1__A___JL 

q  J_ 

7 
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from  which  it  is  more  easily  seen  that  an  annuity  for  n  years,  both 

payable  and  with  interest  convertible  q  times  a  year,  is  the  equiva- 

1  •  i 

lent  of  an    annuity  of  —  for  nq  periods,  calculated  at  interest  — , 


or  we  may  write — 


(9)  1  .       .       i 

a—.    =   — a—,   at  rate  — ■ 

n  1  n      "-'/I  q 


If  i  be  the  effective  rate  of  interest,  we  have  : — 


(q)  l-(\+t) 

n  I  i 


<?{(i  +  0"-i} 


i 


'/{(i  +  O  -1} 


=  a—,     X 


9{(l+i/    -  1} 


The  following  explanation  of  this   formula  may  be  offered  in 
sup})lement  of  that  given  in  Article  26 : — If  the  q  payments  of 

—  each,  payable  at  the  end  of  each  qih  part  of  the  year,  were  to 

be  superseded  by  one  payment  at  the  end  of  the  year,  this  single 
pavment  must  be  made  equal  to  the  accumulation  to  the  end  of 

the  year  of  all  the  q  payments  of  —  each  ;  that  is,  equal  to 

-(i+(i+0"+(i+0"  +  -  •  •  +(1+0 'I 
1        «• 

(1 +.•)''-! 


payable  q  times  a  year  in  instalments  of    —  each,   equal  to  the 


We   therefore   have   the   value   of  an   annuity   of   1    per  annum, 
payable  q  times  a  ye; 

value  of  an  annuity  of 

i 

r       ' 

9{(l+0''-l} 
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payable  once  a  year^  or  in  symbols 


(1) 


=     a- 


In  formula  (13)  as  modified  at  the  beginning  of  this  section,  if 
n  be  increased  indefinitely  the  annuity  is  changed  to  a  perpetuity, 
and  the  term  involving  n  in  the  numerator  disappears  ;  we  have 


a 


(Q)     = 


_1^  J_ 
q      i_ 

9 


1 


«_    at    rate 


1 


i 


as  the  value  of  a  perpetuity  at  nominal  rate  of  interest  i,  perpetuity 
payable  and  interest  convertible  q  times  a  year. 

The  value  of  such  a  perpetuity  may  also  be  found  as  follows ; — 


1  /           2  \"^ 
The  value  of  the  first  instalment  is  — ( 1  -i )      ,  of  the  second 


9  \       q 

1  /          i  \~^ 
— (1  -] )      }  and  so  on.     We  therefore  have 


1  + 


(9^ 


1  +- 
(1 


-1 


i 


ad  inf. 


.f] 


1  + 


-  1 


i-  2. 
q      i_ 

H 
i 


i 


That   this  value  is    correct   may   be    shown    thus : — If    1    be 
invested  at  this  rate  of  interest  it  will   provide  —  at  the  end  of 

each   —  of  a  year  (which  is  the  same  thing  as  saying  that,  if  it 
be  invested  at  rate  —  pei'  7thly  period,  it  will  yield  —    at    the 


i 
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end  of    each  such  period),  and  therefore,  if  -^  be    invested,   by 

simple     proportion    it    will    yield    —  at   the   end  of  each  period, 

which  is  the  perpetuity  we  desire. 

Similarly  in  formula  (13rt),  let  p  =  q  and  let  n  be  increased 
indefinitely,  and  the  annuity  becomes  a  perpetuity,  the  term 
involving  n  vanishing  as  before.     We  then  have 

W  1  1 

"■»  =  7 1 — 

{(1+. •'")'-!} 

where  M>  is  the  effective  rate  of  interest  convertible  q  times  a 
year. 

This  perpetuity  may  also    be  valued  thus  : — The  value  of  the 

first  instalment  is  — (1  +  eC*?))    '^ ,  of  the  second  — (1  +  «('^))    '^and  so 

on.     We  therefore  have 

-1  -A  -A 

«^^>  =  1/(1  +  ii'D)  % (1  +  an))"  u (1  +  i^'V '  +  •  •  •  «^  "(/'} 


1  ^     O  +  ^'<^0 


7  -1 


l_(l+i('z))    '^ 

_  J_  1 

"7  ^ 

{\j^i{<iyf  -1 

This,  then,  is  the  value  of  a  perpetuity  at  effective  rate  of 
hiterest  i^*^),  perpetuity  payable  and  interest  convertible  ij  times  a 
year,  and  may  be  explained  thus  : — If  1   be  invested  at  this  rate  of 

1  .      -1 

interest,  it  will  yield  at  the  end  of  each  —  of  a  year  {(1  4-  i^'^'^Y^  -  1  }^ 

and  therefore  1 will  produce  1  at  the  end  of  each 


{(l+i('i))'^-l} 

such  period,  and 

1  1 


7 


{(l+i(5>)'-l} 
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will  produce   — -  at  the  end  of  each  period,  which  is  the  perpetuity 
required. 

4.  The  following  equations  should  be  carefully  noted : — 

(l+iyn+n       ^  (1+z)™     X     (1+iy 


^■m+n 


vi+n\ 
O- 


=        s- 
=        a- 


X     V''^ 


+     (1+Z>*- 


m+n]  m\ 

These  formulas  are  of  importance  in  connection  with  Interest 
Tables.  It  may  be  desired  to  obtain  the  value  in  respect  of  (jn  +  n) 
intervals,  where  the  values  in  the  tables  are  tabulated  in  respect 
of  intervals  up  to  m  only 

6.  The  value  of  future  fines  for  the  renewal  of  a  lease,  or,  in 
Scotland,  of  future  duplicands  of  feu-duty,  and  the  substitution  for 
them  of  an  equal  annual  payment  in  perpetuity  may  be  considered 
as  follows : — 

Suppose  F  the  duplicand  due  now  and  at  the  end  of  every 
/th  year  from  now.  Then  the  present  value  of  all  the  payments  of 
F  in  perpetuity  is 

F(l+y«  +  y2f  +  y3<+    .    .    .  ad  inf.) 

1 


=   F 


l-v* 


i 


Now  let  P  be  the  annual  payment  to  be  found  which  will  be 
substituted  for  the  periodical  payments  of  F. 

1  hen  the  present  value  of  all  the  payments  of  P,  assuming  the 
first  to  be  due  now,  is 

V{l->rV-\-v-  +  v^+    '    •    •  ad  inf.) 


=--    P 


1 


=    P 


1+e 


1  —V  I 

Now  the  present  values  of  these  two  series  of  payments  must 
be  equal  to  one  another,  and  we  therefore  have 

^1  ^1 


i 


-1-.  =  '' 

whence     P  =  F 


1-D« 
d 

l-v« 
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But  we  see  that  the  annual  sum  payable  in  advance  for  t  years 
which  a  sum  of  F  payable  now  will  purchase  is 

"        ^         =F^-i-   =  F     "^ 


{l-\-i)a-  \-\-i\-v*  \-v^ 

Our  result  is  thus  confirmed  by  general  reasoning. 

Supj)ose  now  the  first  payment  of  the  duplicand  be  due  t  years 
hence  ;  the  present  value  of  all  the  payments  is  then 

F(i)'  + w^^ +i;^' +    •    •    •  ad  iiij".) 


«   F 

=   F 


1 


(i  +  O'-i 

And  the  present  value  of  all  the  annual  payments  of  P,  thf»  first 
being  assumed  to  be  payable  a  year  hence,  is 

F(v  +  v-  +  v^+    •    •    •  ad  inf.) 


pi 

2 


We  therefore  have  in  a  similar  way  as  before 

P-1  =  F         ' 


i  (l+iy-l 

P  =  F 


(1  +  0^-1 


Now    the   annual    payment   which    requires   to    be    set    aside    to 
accumulate  to  the  sum  F  due  at  the  end  of  t  years  is 

1 
F— =  F 


s-      {i  +  iy-1 

this  result  also  being  arrived  at  by  general  reasoning. 

6.  The  schedule  given  in  Article  39  illustrating  the  redemp- 
tion of  a  sum  by  equal  payments  including  principal  and  interest 
is  very  instructive.     It  is  shown  how  the  capital  contained  in  the 

With  payment  of  the  annuity  is  yn-m  +  i^     We  also  know  that 

a— 

the    capital    contained    in    the    first    payment    is   — j  and  in  the 
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K 

second    is     — (1 +i),  because  the  interest  on  the  first  repayment 

of  capital  has  been  released  and  must  be  utilised  to  increase  the 
capital  contained  in  the  second  payment.     Similarly  in  the  third 

instalment    the    capital    is    — (1+iy,  and   generally  in   the   7nth. 
instalment  the  capital  is  — ^  (1  +  i)™  ~  ■^. 

o 


That 
For 


K  K 

—  (1+iy^-^  =     — yn-m+i  is  easily  proved. 

S — ;  CI — V 

n\  n\ 


(1  +  0 


im-1     — 


-1 


By  the  first  way  of  looking  at  the  matter^  the  repayments  of 
capital  in  t  years  amount  to 
K  K  K 

a—  ^  ^       «      ^  n|        n-ty  a—.  **-*' 


And  by  the  second  the  total  capital  repaid  in  t  years  is 


These  two  expressions  are  identical,  for 
K 

6'— 


^t  I  vn  s^ 


n\ 


K  K 


t\ 


a 


K 


(i;«  +  y™-!  +  •  •  •  +i;'^-^  +  l) 


K 


=     —  (a-   -   a — -,) 

a—,  ^  n\  n-ty 


=    K a — -, 

a—     ■^-^1 


K 

Again,  the  capital  returned  in  the    first  payment  is  —  v^ ,  in 

a~ 

n\ 

K  K 

the  second — i;^-^,  and   so   on,  and  in  the  last  it  is  — v.     Now 


* — 1 


a—. 
n 


m 
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the    present    value    of     the     capital    in    the     first     payment    is 

K  K  K  K 

V  — V^    =    — t'^  +  i,  of  that  in  the  second  v^ — n^-^    =     —  ij^+i, 
a-.  a-.  a-  a-. 

n\  n\  n\  n\ 

K  K 

of   that    in    the    last   v™  — -  v    =    —  i;^'^+i.       Therefore    the    total 

Or-.  a—. 

n|  n\ 

value  of  all  the  capital  repaid  in  the  n  instalments  is  n  —  v™+i. 

n\ 

This  expression  is  of  use  in  ascertaining  the  value  to  be  paid  for 
an  annuity-certain  allowing  for  income-tax,  when  tax  is  deducted 
from  the  whole  annual  payments  without  regard  being  had  to  the 
proportions  of  capital  contained  therein.  It  is  obvious  that,  for  an 
annuity  of  1  for  n  years,  a  purchaser  in  these  circumstances  should 
not  pay  a—  ,  but  should  deduct  the  value  of  income-tax  on  capital 

at  t  per  unit,  or  t?iv'^+^.  Thus  the  net  price  paid  for  the  annuity 
will  be  a—  —  hiv'"'-^'^.     This  result  is  necessarily  only  approximate, 

as  an  adjustment  should  now  be  made  for  the  reduction  of  interest 
following  on  the  reduction  of  capital  invested,  and  for  the  con- 
sequent increase  of  capital  returned  in  the  successive  payments  of 
the  annuity. 

In  making  up  a  schedule  such  as  that  given  in  Article  39,  it 
should  be  carefully  noticed  that  it  is  only  necessary  to  work  out 
the   figures   in   column   (3).      The   first  value   in   this  column  is 

.     The  succeeding  values  are  obtained  by  continued  multipli- 

cation  by  (1  +t).  The  figures  in  all  the  other  columns  are  obtained 
from  those  in  column  (3).  In  forming  the  schedule  in  this  way, 
however,  a  periodical  check  should  be  applied,  the  figure  in  column 

(3)  opposite  m  being  (1  +i)™-i. 

When  the  annuity  is  payable  q  times  a  year,  it  should  be 
assumed  that  interest  is  convertible  at  the  periods  of  payment  of 
the  annuity.     The  schedule  should  then  be  formed  in  respect  of 

an  annuity  for  nq  intervals  at  rate  of  interest  — ,  bearing  in  mind 
the  formula  previously  found,  namely 

a_    =    —  a — -at  rate  of  interest  — 
n\  q      ^'il  q 

B 
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7.  In  the  circumstances  mentioned  in  Article  40,  where  an 
investor  has  lent  money,  repayable  by  an  annuity  and  yielding  a 
given  rate  of  interest,  say  i,  but  where  he  is  able  to  accumulate  the 
sinking  fund  returned  to  him  annually  at  a  lower  rate  only,  say  i', 
it  will  be  seen  that  for  an  advance  of  1,  the  borrower  must  pay 
interest  amounting  to  i  per  annum,  and  also  the  sinking  fund  at 

rate  i'  to  replace  the  advance  of    1    or   ~ —      In    other    words, 
1    is    the    value    of    an     annuity    of    i-\-—, — ,    and  by   proportion 


l+is- 


is  the  value  of  an  annuity  of  1  per  annum. 


To  find  in  such  a  case  the  amount  of  capital  outstanding  at  the 
end  of  t  years. 

If  K  was  the  original  advance,  the  annual  payment  being 


K 


*  — . 


the  sinking  fund  will  have  accumulated  at  i'  to 

K     , 


in  t  years.  Now,  if  the  borrower  be  asked  to  repay  the  capital 
outstanding  for  the  convenience  of  the  lender,  he  should  pay  only 
the  balance   outstanding  after  deduction   of  the  accumulation   of 

sinking  fund,  that  is,  K  -  - — 


If,  on  the  contrary,  it  be  to  the  borrower's  convenience  that  he 
should  repay  the  balance  of  capital,  the  lender  must  receive  such 

a  sum  as  will  enable  him  to  purchase  an  annuity  of  K  (  i  +  -— 


for   the  remainder  of  the  term,    that  is,    K  (  i  +  -j~ 


'nl 


n-t 


,  th 


m 


value  of  the  annuity  being  calculated  at  rate  i',  as  that  is  the  ratdj|| 
returned  by  investments  elsewhere.  ^^1 

The  third  case  may,  however,  arise  where  both  parties  desire 
to  end  the  contract,  and  in  such  circumstances  it  will  be  sufficient 
if  the  lender  get  such  a  sum  as  will  enable  him  to  set  up  a  similar 
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contract  for  the  remainder  of  the  term.     That  is,  he  should  get 
the  value  of  an  annuity  of  K  (  i  h — - — j  for  the   unexpired   period 

on  the  same   terms   as  the   original  annuity  was  calclilated.     We 
saw  that  the  value  of  an  annuity  of  1   for  the  whole  n  years  was 

^  n\  /I 

= .-\-~.     Hence  we  get  the  value  of  an  annuity  of  K  f  z  h 

l+i*-.  ''  \     ^  s'- 


for  {ii  ~  t)  years    as    K  (  i  h — , —  ) 


s 


s 

n-t\ 


*'-,  Jl+is' 


n\  n-t 


8.  The  general  rule  given  in  Article  43«  for  finding  the  present 
value  of  a  series  of  payments  of  any  amounts,  to  be  made  at  any 
times,  the  value  to  be  so  calculated  as  to  yield  the  purchaser  the 
remunerative  rate,  i,  on  his  whole  investment  throughout  the 
longest  of  the  periods,  n  years,  and  to  return  him  his  capital  at  the 
accumulative  rate,  i',  should  be  most  carefully  noted,  as  it  is  in- 
valuable in  finding  the  present  value  of  varying  annuities  of  this 
nature.  It  is  sufficient  to  know  the  first  part  of  the  rule  ;  namely, 
that  the  present  value  may  be  found  by  multiplying  the  amount 
accumulated  at  rate  i'  to  the  end  of  the  n  years  of  the  series  of 

payments  by  ^— r— • 

9.  In  Article  50  it  is  shown  how  to  approximate  to  the  rate  of 
interest  by  means  of  Finite  Differences,  given  the  value  of  the 
annuity  and  the  term.  By  the  same  means  an  approximation  may 
be  made  to  the  value  of  an  annuity  at  a  rate  intermediate  between 
the  rates  in  a  given  table  of  values. 

The  general  formula  may  be  stated  in  the  form 

^^nx+h  =    Unx  +  —^Uojc   +    — ^^ltnx+     '     ' 

where  the  values  at  intervals  of  x  in  the  rate  of  interest  are  given. 
For  example,  if  tables  of  values  at  3  per  cent.,  Z\  per  cent., 
4  per  cent,,  etc.,  be  given,  and  it  is  desired  to  find  the  value  at, 
say,  3 1  per  cent,  we  have 


«(3|%)       =     «(3%)   +   t^«(3%)   +    ^-^— ^A2flf, 


9  -  "(3%) 
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For  a  term  of  20  years, 

«(3a;/)     =      14-87748  + 1(  -  -66508)  +  f  x  -04301 
=     14-87748 --99762  + -01613 
=      13-89599 

10.  With  reference  to  Article  65,  a,  it  should  be  noted  that 
value  of  an  annuity-certain  for  n  years   deferred  t  years,  interest 
at  rate  i  during  the  first  t  years  and  at  rate  j  thereafter,  can  be 
conveniently  expressed  only  in  the  form 

(1 +,•)-.  WlizI 


J 

It  should  not  be  written  in  any  modification  of  the  formula 


\a— 

t\    n\ 


=    a — - 


Vl 


11.  To  find  the  annual  premium  payable  in  advance  for  t  years 
required  to  provide  an  annuity-certain  for  n  years,  the  first  payment 
of  which  is  to  be  made  at  the  end  of  t  years. 

The  value  of  the  benefit  to  be  obtained  is  r*~^rt— ,. 


The  value  of  the  payments  to  be  made  to  secure  this  benefit 
(P  being  the  required  annual  premium)  is 

P(l4.^  +  j;2+...  +,,<-!)  =  Pa^  ^^1 

Now  the  value  of  the  benefit  must  equal  the   value    of   tn^^ 
payments  made  for  it,  whence  we  have 


Pa- 


and     P     = 


a— 

M 

v^  a—. 


If  the  premium  be  payable  half-yearly,  we  have  as  before  the 
benefit  side    =    v*-^  a—  ,  and  the  payment  side  ^l 


P  i 

-—a-,  where  interest  is  at  rate  -— - 
2    2(|  2 
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Therefore  -—   =    — ^ 

2  1+a 


2t-l\ 

i 


a being  calculated  at  rate  —-    and   the    other    functions    at 

2«-l|  °  2 

rate  i. 

12.  Sinking- Fund  Assurances  are  of  importance,  as  they  are  more 
frequently  in  use  than  formerly  was  the  case.  They  are  employed 
to  provide  sums  required  for  the  redemption  of  debenture  issues  at 
their  due  date,  to  return  at  the  expiry  of  a  lease  the  capital  sum 
paid  for  property  held  on  leasehold,  and,  in  short,  to  secure  the 
payment  of  a  sum  of  whatever  nature  at  the  end  of  a  term  certain. 

The  present  value  of  such  a  sum,  that  is,  the  single  premium 
to  secure  it,  is  v'"' . 

Putting  P—  for    the  annual    premium  to  secure   this   benefit, 

the  present  value  of  the  premiums  is 

P_(l+„  +  ,,2+    .    .    .    +„.-.)  =  p_  (1+a— ) 

whence         P_  (1  +  «_^| )  =  a;" 


and  P-,  = 


n-1 1 


If  the  premium  be  payable  p  times  a  year,  we  have  the  payment 
side  equal  to 

-(np-l)]  p^) 

I     =        nl  (1    +  a -.) 

V  »w  - 1  K 


J  P 


1 

where  a is  calculated  at  rate  — 

np  - 1 1  J) 

From  this  we  get 

p(^) 


J)  1  +  «- 


71^  -  1  I 

We  have  so  far  made  but  a  simple  application  of  the  formulas 
already  obtained,  interest  being  assumed  to  remain  constant 
throughout  the  whole  term  of  n  years.  It  is,  however,  the  case 
that  the  rate  of  interest  has  shown  a  tendency  to  decline  for  many 
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years,  though  of  late  this  tendency  appears  to  have  received  a 
check,  which  however  is  probably  of  only  temporary  effect.  It 
will  in  any  event  be  prudent  to  make  allowance  for  such  a  fall, 
and  we  must  seek  formulas  to  give  effect  to  this  consideration. 

Suppose  the  rate  of  3^  per  cent,  to  hold  for  10  years,  there- 
after falling  ^  per  cent,  every  10  years  till  a  minimum  of  2  per 
cent,  is  reached.     Then  the  value  of  1  due  at  the  end  of  (10 +  m) 

years  (m  <    10)  is  v^^^^    x   v^^^^. 

At  the  end  of  (20  +  7n)  years  (m  <  10),  the  value  is 


10 


X     V, 


10 


X     V, 


(3i)  (S\)     '-     ^(3) 

At  the  end  of  (60  +  m)  years  the  value  is 
X    ?;.„,.    X    ?'_;    X 


4 


10  10 

V,-,.     X     V, 


10  10  10 

"(3)     X      "(2})     >=     "(.21, 


X     V 


10 
'(2i) 


X     V 


(2) 


(3D     '^     "(Si) 

where  m  has  any  value. 

The  present  value  of  the  annual  premiums  where  the  sum  is 
due  at  the  end  of  (10  +  7«)  years  (in  <  10),  is 

10 


P(a 


101  (3i) 


and      P   = 


+    V 


(3A) 
10 


^ml  CSIV 


ml  (HV 


4 


V 


(H) 


X     V 


(3i) 


^10]  (3i)  ■*■ 


10 


Similar  values  of  P  where  the  sum  is  due  at  the  end  of 
(20  +  7w),  (30  +  m),  (40  +  7Ji),  and  (50  +  m)  years,  m  in  each  case  being 
less  than  10,  may  be  found. 

Finally,  when  the  sum  is  due  at  the  end  of  (60  +  7n)  years,  m 
being  of  any  value,  we  have  for  the  value  of  the  annual  premiums 

10 


P( 


101  (3J) 


+  V 


m 


a—    4-  '-^^  ^^ 
101  (3i)  ^  ^  (Si)   ^3J)  '"^Tol  (3) 


10    10    10 

^   m)  (w   (3) 


+  • 

10 


10    10    10 
"(2})  "(24)  "(2»  " 


m\  (2)  -'• 


4 


And,  the  value  of  the  benefit  being  as  found  above,  we  may  at 
once  determine  the  value  of  P. 


13.  To  find  the  value  of  an  annuity-certain  of  1  for  n  years 
paying  the  purchaser  a  desired  rate  of  interest  and  securing  by 
a  Sinking  Fund  policy  the  return  of  his  capital  with  one  year's 
interest  at  the  end  of  the  year  following  the  last  payment  of  the 
annuity. 

A  purchaser  would  pay  1  for  an  annuity-due  for  (w  +  1)  years 

^^(^^hTI  +  ^)^  ^^^^^'^  P^+Ti  ^^  *^^^  premium  payable  in  advance 
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charged  by  an  office  for  a  Sinking  Fund  policy  of  (??  +  !)  years 
term,  and  d  is  the  interest  in  advance  on  1  at  the  rate  desired. 
For  an  annuity  for  n  years  of  (P .  +  f?)  he  would  therefore  pay 

1  —  (P  - — -  +  d),  and  for  an  annuity  of  1  for  n  years  he  would  pay 

'      -1. 


Again,  for  the  annuity  of  (P — —  +  d)  for  n  years,  we  saw  that 
the  policy  effected  was  for  1,  and  therefore  for  an  annuity  of  1  the 
policy  will  be  for  — .  and   the   annual    premium   will   be 

P 

n+l| 


n+l| 


We  have  now  to  see 

(1)  What  the  total  capital  invested  is  ; 

(2)  How  each  annual  payment  is  divided  between  interest  and 
premium  ;  and 

(3)  Whether  the  policy  returns  the  capital  invested  with  one 
year's  interest  at  the  end  of  (w+  1)  years. 

(1)  The  value  raid  for  the  annuity  is,  as  above,       . 1 

P--r,  +  f/ 


But  in  addition  the  purchaser  must  pay  the  first        ^^+11 
premium  on  the  Sinking  Fund  polic 

Therefore  the  total  capital  invested  is 


premium  on  the  Sinking  Fund  policy,  which  is     p j^  d 


PnT^  +  '' 


(2)  Each   annual    payment   is    1, 

whereof  there  is 

V  d 

Interest  on  -n ,   of  capital         .  .  .     ^ — > 

P — r,  +  ^  P-m  +  " 

n+l|  n+\\ 

And  premium  on  policy  .  .  .  .  .      p —      '  . 


Together   ,,,,..     1^ 
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(3)  The  capital  invested  is,  as  before, 
One  year's  interest  thereon 
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•     p ^d 

n-l-l| 


Together,  making  up  the  amount  payable 


under  the  policy 


71+11 


If  P — -  be  a  net  premium,  and  calculated  at  the  same  rate  as 

71  +  1  I  *  ' 

dy  then  the  price  paid  for  the  annuity, -  1,  is  equal  to 


71  +  1 


+  d 


a—  ,  the  value  of  an  annuity-certain  for  ti  years 

1 


For,  since  P = 


^  ■'    71  +  1 

1 


P.-T^+^ 


+  1| 
d 


AC— -0 

l+t\a ,  J 

^   n+l\  ^ 


P-pr,  +^     ~      ""^+11 
m+l| 


And 


»+i| 


— -.  -  1    =    a——.  -  1 

+  d  n+l\ 


=   a-.. 


EXAMPLES 

1.  If  an  annuity-certain  is  payable  twice  a  year,  interest  con- 
vertible four  times  a  year,  and  the  effective  rate  of  interest  is  i, 
what  is  the  amount  of  the  annuity  in  n  years  ? 

The  general  formula  to  be  applied  is 


S    = 


P 


i'*i)- 
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where  J  is  the  nominal  rate   of  interest  convertible  q  times  a  year. 
But   by    the   terms  of  the  question  M   +  -sLj     =    (1+0     where 

q  =  4:.     Also  p  =  2.     Therefore  we  have 

1(1 +e>  -1 

2.  Find  the  amount  per  annum  payable  momently,  interest 
convertible  momently,  for  n  years,  corresponding  to  a  yearly 
payment  of  a  for  n  years,  interest  convertible  yearly. 

Let   K  be  the  amount  per  annum  required.     Then  the  value 

1  —  e~''^^ 
of  K  for  n  years  will  be  K ^ —   ,   which    must  be  equated   to 

the  value  of  the  payments  of  a,  that  is,  to  a ^^ — ; — ^ —  . 

We  therefore  have 

1  -e-«5           1  _n^iyn 
K 5 —    =  « . 

o  I 

whence       K   =   a ^^— ^ — - —    x 


1  -c-«^ 


3.  An  annuity-due  of  1  per  annum  is  to  be  allowed  to  accumulate 
until  the  first  payment  has  doubled  itself.  Assuming  that  this  occurs 
at  the  end  of  an  integral  number  of  years  exactly,  find  what  is  then 
the  amount  of  the  annuity.     Prove  the  result  by  general  reasoning. 

If  n  be  the  number  of  years  it  takes  the  first  payment  to  double 
itself,  we  have  the  amount  of  the  annuity-due  at  the  end  of  that 
time  equal  to 

(i  +  0  +  (i+02+  .  •  •  +(1+0^ 

=    (l+«)  -^- 

since  (1  +  iy  -  2 

l+i 
i 

This  is  the  value  of  a  perpetuity-due  of  1  per  annum,  and  our 
result  is  easily  proved  to  be  correct.  For,  the  first  payment  having 
accumulated  to  2,  of  this  1  may  be  paid  away  and  the  remaining 
1  accumulated  for  n  years  further,  while  the  second  and  succeeding 
payments  will  accumulate  to  2  in  succession,  yielding  1  per  annum 
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to  be  paid  away  and  1  per  annum  to  be  re-invested  and  accumu- 
lated, and  so  on,  ad  infinitum  ;  all  which  is  obviously  the  value  of  a 
perpetuity-due. 

4.  Find  the  value  of  an  annuity-certain  of  1  payable  half- 
yearly  for  48  years  and  48  days  at  <£3,  3s.  2d.  per  cent,  interest, 
given  log  1-01579  =  -006804  and  log  -22132  =  1-345027. 

We  must  assume  here  that  interest  is  convertible  half-yearly, 
and  then  remembering  that  where  both  annuity  is  payable   and 

interest  convertible  p   times    a   year    a_ 
interest    — ,    we  have 


1 
=    — a — 1    at    rate 


V 


a 


(2) 


1 


l-V 


^365 
(•01579) 


48+ 


48  I 
365 


2      -01579 


To  evaluate  v 


96+ 


96 
365 


(•01579) 


,  we  have 


96  /  QP  \ 


Therefore      a 


(2) 


4S+ 


48 
865 


=   r-345027 
=   log  -22132 

1- -22132 
-03158 

=    24-657. 


5.  Each  payment  of  a  perpetuity  is  divisible  equally  among  five 
funds.  It  is  arranged  that,  instead  of  the  perpetuity  being  shared 
as  at  present,  four  of  the  funds  should  for  a  fixed  number  of  years 
each  in  succession,  receive  the  annual  payments  in  full,  and  that 
the  fifth  fund  should  be  entitled  to  the  perpetuity  in  full 
thereafter. 
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Find  the  number  of  years  which  must  elapse  before  the  fifth 
fund  comes  into  possession. 

Here  the  benefit  which  the  fifth  fund  is  procuring  is  a  perpetuity 
deferred  t  years,  and  the  benefit  it  is  forgoing  is  a  fifth  part  of  a 
perpetuity,  and  these  two  must  be  equal. 

i.    -   JLi_ 
i  5     i 

if  =    -2 

log -2 


Hence 


and        t   = 


log  V 


6.  Find  the  value  at  3  per  cent,  of  an  annuity-certain  for  30 
years,  the  annual  payment  to  be  reduced  by  one-half  after  the  end 
of  each  period  of  10  years.     Given  v^^  at  3  per  cent.    =  '74409. 

Here  the  value  of  the  annuity  may  be  written 

l_i,io         1 --74409         „_„^ 
Now  a—.    =    : —    =   H-jr =    8-530 

lol  t  -03 

v^Oa       =    •74409x8-530   =   6-347 
and         v20«_    =    -74409x6-347    =    4-723 

Therefore  a   -    8-530  +  -^  x  6-347 +  4"  x  4-723 

2  4 

=    12-884. 

7.  A  shareholder  in  a  life  company  holds  £2000  of  its  paid-up 
capital,  the  dividends  on  which  are  increased  10  per  cent,  every 
quinquennial  valuation.  Supposing  a  valuation  to  have  just  taken 
place  and  the  dividends  for  the  next  five  years  to  be  fixed  at  £100 
per  annum,  what  is  the  value  of  his  interest  in  the  undertaking 
upon  a  5  per  cent,  basis .'' 

The  aimual  payment  for  the  first  five  years  is  1 00,  for  the  next 
five  100  xM,  for  the  next  five  100  x  (1-1)2,  and  so  on.  The 
present  value  of  all  these  payments  is 

=    lOOa-{l-{.vXl'l)  +  v^O(^l'lf+    •    •    •} 
which  at  5  per  cent,  is  equal  to  X3 134-547. 


Jl 
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8.  Calculate  the  price  to  be  charged  for  an  annuity-certain  of 
£25  for  30  years,  assuming  4  per  cent,  interest  for  the  first 
10  years,  decreasing  thereafter  by  t}  per  cent,  per  annum  each 
period  of  10  years.  (Use  the  Tables  given  at  the  end  of  the 
Theory  of  Finance,^ 

We  have 

10 


'^lOl  (4%) 


+ 


V%)^10|(S|%) 


10         10 


=   8-11090 +  (-675564  x  8-31661) 

+  (•675564  X -708919  x  8-53020) 
=   8-11090  +  5-61840  +  4-08528 
-    17-81458 
and  25x«=    445-3645 

.  =   £445,  7s.  3d.  nearly. 

9.  In  connection  with  a  feu-duty  of  £20  per  annum,  a  duplicand 
is  payable  every  21  years,  the  next  being  due  7  years  hence. 
Find  the  present  value  at  4  per  cent,  of  all  future  duplicands ; 
and  the  equivalent  addition  to  the  feu-duty  if  all  duplicands  be 
dispensed  with.     Given  v^  =  -88900,  v^  =  -85480. 

The  present  value  of  all  future  duplicands  is 

20 (i;7  + 1)28  +  ^,49+    .    .    .  adifif.) 

=    20—^^ 

1-1)21 

Nowv^   =   v^xv^   =   -88900  X -85480   =-75992, 
and         ^21    _   (^7)3   _    -43883. 

Therefore  the  value  of  the  duplicands 

•75992 


=   20x 


-43883 


1- 
=   27-083. 
This  may  be  looked  on  as  the  benefit. 

If,  then,  the  annual  addition  to  the  feu-duty  be  P,  we  have  the 
payment  side 

^  25  P. 


I 


=    P 


04 


Equating  the  two  sides,  we  have 

25  P   =    27-083, 
whence        P   =    1-083. 

=   £1,  Is.  8d. 
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10.  The  annual  value  of  a  certain  property  is  £20,  and  this 
increases  each  year  by  1  per  cent.  The  property  is  subject  to  a 
feu-duty  of  £S  a  year,  but  the  feu-duty  payable  at  the  end  of 
every  21st  year  from  the  present  time  is  to  be,  not  £8,  but  the 
full  annual  value  of  the  property  at  that  time.  Give  a  formula  for 
the  present  value  of  the  feu-duty. 

The   value   of  the   annual    payment   of  £S   in   perpetuity   is 

obviously     — r- , 

But  every  21st  year  the  £8  is  not  receivable,  and  the  deduction 
on  this  account  is  therefore 


8  (i;2i  -H  tj42  +  ^63  + 


ad  inf.^ 


,21 


l_i;21 

Instead  of  the  .£8,  there  is  receivable  the  full  annual  value  of 
the  property,  at  the  end  of  every  21st  year,  and  the  present  value 
of  this  is 

20(l-01)2iy2i  +  20(l-01)4V2  +  20(l-01)63v63+    .    .    .  ad  inf. 

20(1-01)2^1 
""    l-(l-0J)2Vi 
Therefore  the  full  value  of  the  feu-duty  is  expressed  by  the 
formula — 

v2 


%  1  -  1)21 


21  ^^      (1-01)2V1 

+  20    ^        ^ 


\-{\-QlfH 


21 


1 1 .  Construct  a  schedule  showing  the  repayment  of  a  loan  of 
£1750  by  means  of  an  annuity-certain  for  4  years  payable  half- 
yearly  at  5  per  cent,  interest. 


Half- 
Year. 

Interest 

contained  in 

each  Payment. 

Principal 

contained  in 

each  Payment. 

Principal 
Repaid 
to  Date. 

Principal 

still 

Outstanding. 

1 

43-750 

200-318 

200-318 

1549-682 

2 

38-742 

205-326 

405-644 

1344-356 

3 

33-609 

210-459 

616-103 

1133-897 

4 

28-348 

215-720 

831-823 

918-177 

5 

22-954 

221-114 

1052-937 

697-063 

6 

17-427 

226-641 

1279-578 

470-422 

7 

11-761 

232-307 

1511-885 

238-115 

8 

5-953 

238-115 

1750-000 

... 
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1 2.  Construct  a  similar  schedule  of  the  repayment  of  a  loan  of 
£1300  in  7  years  at  3  J  per  cent. 


Year. 

Interest 
in  Annual 
Payment. 

Principal 
in  Annual 
Payment. 

Principal 
Repaid 
to  Date. 

Principal 

still 

Outstanding. 

1 

45-500 

167-108 

167-108 

1132-892 

2 

39-651 

172-957 

340-065 

959-935 

3 

33-598 

179-010 

519-075 

780-925 

4 

27-333 

185-275 

704-350 

595-650 

5 

20-848 

191-760 

896-110 

403-890 

6 

14-136 

198-472 

1094-582 

205-418 

7 

7-190 

205-418 

1300-000 

... 

13.  A  loan  of  £10,000,  bearing  interest  at  the  rate  of  4  per 
cent,  per  annum,  payable  half-yearly,  is  to  be  repaid  by  40  equal 
half-yearly  payments,  including  interest  and  instalment  of  principal. 
Having  given  (1-02) -20   =    -67297,  find 

(a)  The  amount  of  the  half-yearly  payment. 

(6)  The  amount  of  principal  included  in  the  first  and  in  the 

twenty-first  half-yearly  payments  respectively, 
(c)  The  total  amount  of  principal  repaid,  after  payment  of  the 

twentieth  half-yearly  sum. 


(«)  The  half-yearly  payment    --- 
10000  x^-02 


10000 

%(2%) 

200 


1   -  V 


40 
(2%) 


1- (-67297)2 


=   365-557. 
(b)  The  principal  in  the  first  payment 


10000 


X  v40  =  365-557  X  (-67297)2 


40l 

=    165-557. 
That  in  the  twenty-first  payment 
10000 


X  «;20  =  365-557  x  -67297 
246-009. 


«40| 
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(c)  The    total    principal    repaid   after   the   twentieth 
payment 

innnn  10000 

=    10000    -    X  a—. 

a-  20| 

40| 

=  10000  -  365-557   x   ^  ~  '^^^"^ 

•02 

=    10000    -    5977-405 
=   4022-595. 

14.  Given  a~  at  4  per  cent.  =  15-6221,  and  a—  at  the  same 

rate  =  8-1109,  find  the   capital  included  in  the   15th  payment  of 
the  former  annuity. 

The  capital  included  in  the  15th  payment  of  «— . 

_|;25-15  +  1     _     1,11 

the  value  of  which  is  found  as  follows : — 

l_i,io 

d—,        =     ; 

whence     v^^    =    1  -  ia~ 

=    1- -04x8-1109 
=    -675564 

rru        r  n  '675564 

1  hereiore  v^i    = 


1-04 
=    -649581. 

15.  A  life  office  advances  .£1000,  repayable  in  10  years,  by  an 
annuity  to  secure  interest  at  the  rate  of  5  per  cent.,  and  provide 
for  the  accumulation  of  the  sinking  fund  at  the  rate  of  3  per  cent. 
When  the  sixth  annual  payment  becomes  due,  the  borrower  desires 
to  cancel  the  arrangement  and  repay  the  loan  at  once.  Find  the 
amount  of  capital  actually  outstanding  and  state  what  sum  you 
would  advise  the  office  to  accept  in  satisfaction  of  its  claim. 

The  capital  outstanding  is  the  original  loan  less  the  accumula- 
tion of  sinking  fund, 

=  1000  -  J^52_  X  (1-03)^-,,,,,  =  522-988 


*i7Ti 


&  I  (3%) 


'10|  (3%) 

But  the  redemption  money  should  be  the  value  of  an  annuity-due, 
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of  the  same  amount  as  the  office  was  receiving,  for    5  years 
3  per  cent. 

=    1000(-A_    +  -OS^Cl+a^^g^p  =  647-330 

^*iO|  (3%)  ^ 

16.  Given  that  the  amount  of  an  annuity-certain  of  1 
26-87037,  and  that  the  present  value  of  the  same  annuity 
14-87748,  find  the  rate  of  interest. 


II. 

at 


is 
is 


Using  the  formula 


1  1 

—  —  I    = 


n\ 


we  have 
In  the  present  example 


n 


I   = 


1 


1 


14-87748         26-87037 
=    -067216      -    -037216 
=    -03. 

17.  A  perpetuity  of  £7,  10s.  payable  yearly,  and  a  composition  of 
£7,  10s.  payable  at  the  end  of  the  10th  and  every  20th  year  there- 
after, are  to  be  redeemed  by  an  annuity  payable  half-yearly  for  30 
years.    Find  the  amount  of  the  annuity,  taking  interest  at  4  per  cent. 

Here  it  will  be  convenient  to  find  separate  expressions  for  the 
value  of  the  old  benefit  which  is  being  given  up  and  for  the  value 
of  the  consideration  which  is  taking  its  place,  equating  the  two 
thereafter  to  ascertain  the  amount  of  the  annuity. 


The    Benefit    Side    =    7-5 


=   7-5 


=   7 


/I         t;io    \ 
VT'^l-W 

.  /„^     •675564\ 
'H''-' ^543613) 
196-8205. 


+  ^30  +  ^50  + 


ad 


'■»/•)} 


Now,  if  P  be  the  half-yearly  payment,  the  Payment  Side 


=    P 

=    P  X  34-7609 


^  "iiol  (2%) 


interest  being  assumed  to  be  convertible  at  the  periods  of  payment 
of  the  annuity. 
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Equating,  we  have 

Px  34-7609   =    196-8205 
196-8205 
^"""^      ^  "   34^7609 
=   5-662. 
=   £5,  13s.  3d.  nearly. 

18.  If  a  Slim  of  £1,000,000  be  borrowed  at  4  per  cent,  interest, 
payable  annually,  and  £60,000  be  applied  each  year  towards 
paying  the  interest  and  reducing  the  principal,  in  what  time  will 
the  loan  be  finally  discharged  ,'* 

Here    we   have  1,000,000  =  60,000  a—  where  n  is  unknown. 

I'o  find  n  we  proceed  as  follows  : — 


6a-,    = 

100 

a—    = 

«l 

16| 

l-v»    = 

o 
t 

yn     = 

1 

n  log  V   = 

-log  3 

-  log  3 
^   ^    -log  1-04 

=    --4771213 
-•0170333 

=    28-01. 
The  time  is  therefore  practically  28  years. 


19.  An  annuity  of  £50,  payable  by  half-yearly  instalments  for 
20  years,  is  bought  at  14  years'  purchase.  Find,  approximately, 
the  rate  of  interest  realised  by  the  purchaser. 

It  should  be  explained  that,  when  "r  years*  purchase"  is 
spoken  of,  it  means  that  the  price  paid  is  r  times  the  annual 
rent  of  the  annuity.     In  this  case  £700. 

[Effective  rate  =  3f  per  cent,  almost. 

20.  An  annuity-certain  for  35  years  is  bought  at  20  years' 
purchase.     What  rate  of  interest  is  made  on  the  investment  ? 

[Rate  of  interest  =  3|  per  cent,  very  nearly. 

C 


34 


ACTUARIAL  THEORY 


[chap.   II. 


21,  An  annuity  of  £80,  payable  in  half-yearly  instalments  for 
25  years,  is  bought  for  £1400.  Required  the  half-yearly  rate  of 
interest  which  is  made  on  the  investment. 

Here  we  have  1400  =  ^^^^i 


«      =  35. 

50| 


Hence 

Rate  of  interest  =  IJ  per  cent,  very  nearly. 


22.  Find   the  rate  of  interest  at  which  a  is   calculated  when 
it  =  16'938,  given  annuity  values  for  the  same  term  as  follows : — 

3  per  cent.     17-413 
31  per  cent.     16-482 

4  per  cent.     15-622 

Using  formula  (43)  of  this  chapter  in  the   Theory  of  Finance^ 

we  have 

-•931  + -0355 
p  =  -005  X 


(-•931)2 
-•475 

=  '^^^  ^  R8F3 


+  •0355 


whence 


=  ^0025,  approximately, 
i  =  'OS  +  p  =  '0325,  or  ^\  per  cent. 


23.  From  the  tables  given  at  the  end  of  the  Theory  of  Finance, 
calculate  the  value  at  3^  per  cent,  of  an  annuity-certain  for 
20  years. 


The  formula  to  be  used  is 


i 


\(\ 


-  1 


A2« 


(3%) 


where  A  «  ^„,,  and  A2«„„, , 


represent  the  successive  differences  of  a 

(3%)j 


a,g,  y  and  «.^^  for  a  period  of  20  years. 

The  true  value  of  «_   at  3 J  per  cent,  is  14'539. 

24.  From  the  tables  given  at  the  end  of  the  Theory  of  Finance, 
calculate  the  amount  at  7|  per  cent,  of  an  annuity-certain  for 
25  years  payable  half-yearly,  interest  convertible  half-yearly. 


I 


m 
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The  formula  to  follow  is 

4ir7i%)  =  4  -'501(31%)  =  H  ""(^^^^  "^  J^^HX)  +  ^J^^^\sm] 

where  ^  ^/g^o,)    and    ^^^'^g./)   represent    the   successive    differences 
^^  ''(3i%)'  ■%%)'  ^"^  *Vi%)  ^^^  ^  V^^'^o^  of  50  years. 
The  true  value  of  ^  .v_  at  35  per  cent,  is  68 "032. 

Neither  in  this  question  nor  in  the  previous  one  will  the  formula 
quite  give  the  true  value  of  the  function,  as  second  differences 
are  assumed  to  be  constant, 

25.  Assuming  one  rate  of  interest  throughout,  obtain  pro- 
spectively and  retrospectively  the  value  of  a  Capital- Redemption 
Policy  of  1  taken  out  n  years  ago  for  a  period  of  t  years  at  an 
annual    premium   of    P— ,   and    prove   the    identity   of    the    two 

expressions. 

Before  attempting  this  question,  the  student  should  know 
something  of  prospective  and  retrospective  policy- values,  though 
he  will  come  more  in  contact  with  them  when  discussmg  life- 
policies  at  a  later  penod. 

When  a  capital-redemption  policy  is  entered  upon,  the  value  of 
the  benefit  to  be  ultimately  received  is  exactly  equal  to  the  value 
of  the  series  of  premiums  to  be  paid  therefor.  As  time  goes  on 
and  the  date  of  payment  approaches,  the  value  of  the  capital  sum 
obviously  increases,  while  on  the  other  hand  the  premiums  to  be 
paid  are  fewer  and  their  value  consequently  decreases.  Thus  the 
value  of  the  benefit  now  exceeds  the  value  of  the  premiums  still  to 
be  j^aid.  For  this  difference  the  office  must  keep  a  sum  in  hand 
which  is  called  the  "  policy-value."  The  policy-value  has  here 
been  looked  at  from  the  "prospective"  point  of  view. 

But  again,  after  the  policy  has  been  in  force  for  a  number 
of  years,  the  premiums  which  the  office  has  received  have  been 
invested  and  accumulated  (at  the  rate  of  interest  assumed  in  the 
calculations).  These  accumulations  constitute  the  value  of  the 
policy,  which  has  here  been  discussed  from  a  "  retrospective  "  point 
of  view. 

In  the  case  in  the  above  question  the  value  of  the  benefit  at 
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the  commencement  of  the  contract  is   v*  ;    and  the  value  of  the 


premmras  is 


i«  P7l(l  +«rT-|)'  ^^^""^  ^Tl  =  u^ 


(-11 


After  n  years  the  value  of  the  benefit  is  increased  to  v«-»^  while 
the  value  of  the  premiums  is  reduced  to  Pyj(l +Q^_^_^j)-  There- 
fore prospectively  for  the  value  of  the  policy  we  have 

n      t]  t\^  t-n-ly 

Again,  the    n    premiums    already    paid    have    accumulated    to 
P-j(l  +i)s-,  and  therefore  retrospectively 

V-  =  ¥-,(!+ i)s-. 

These  two  expressions  are  identical,  for 

Vi-^^    -    P_(l+« )    =   V^-^    - (l+fJ- -,) 


r-1 


L  n+a ,)xi  -I 


(l+i){(l+if-l] 


26.  Calculate  the  net  level  annual  premium  for  a  capital- 
redemption  assurance  of  ,£100  payable  at  the  expiration  of 
50  years,  assuming  3^^  per  cent,  interest  for  the  first  10  years, 
3  per  cent,  for  the  next  20  years,  and  2^  per  cent,  thereafter. 


10 


20 


20 


The  Benefit  Side       =    100  x  v^^^.^^^  x   v'^^.^^^   x   i-^^^^^ 


The  Payment  Side 


10 


10 


Therefore 
P   = 


^^TO\mX)    +   Vi%)    ^    ^201(8%)    +  ^3i%)    ^    V%)    ^    ^201  (2i%)^ 


10 


20 


20 


100  X  „^3j^,  X  „-^^  X  .,;^j^, 


aTTT 


10|(Si%)  +  l%''/)    ^    ^20|(3%))  +  V  V%)    ^    ^3%)    ^    ^201(2^%)) 

100  X  -7089188  x  -5536758  x  -6102710 

8-6076866  +  -7089188  (15-3237994  +  -5536758  x  15-978891 1) 

23-954 

25-743 
=   -931 
=    18s.  8d.  nearly. 
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27.  Find  the  annual  premium  per  cent,  for  a  Leasehold  Assur- 
ance to  mature  at  the  end  of  30  years, 

{a)  assuming  3  per  cent,  interest  throughout ; 
(b)  assuming  3  per  cent,  for  the  first  20  years  and  2|  per  cent, 
thereafter. 

Answers :  («)  £2,  Os.   lOd.  per  cent. 
{b)  £2,  2s.     8d.  per  cent. 

28.  It  is  desired  to  have  a  policy  providing  .£1000  at  the  end 
of  30  years.  The  policy  is  to  be  by  annual  premiums  under  a 
special  system  which  provides  for  the  premium  being  doubled  at 
the  end  of  5  years.  Calculate  at  3  per  cent,  interest  the  premium 
payable  during  the  first  5  years. 

Here  we  may  state  the  Benefit  Side  as  1000  t'SO  =  411-987, 
and  the  Payment  Side  as 

P{(l+^',-„)  +  '^Xl+«^,)}    or    P{2(l+a-)-(l+./_)} 
=    Px  35-660. 
Equating  the  Benefit  Side  to  the  Payment  Side,  we  get 
Px  35-660   =   411-987, 
whence         P   =    11-553 

=   £11,  lis.  Id.  nearly. 

29.  Express  in  the  simplest  form  for  applying  to  Interest 
Tables  the  annual  premium  required  to  provide  £1000  at  the  end 
of  3n  years,  the  premium  to  be  reduced  by  one-half  from  the 
beginning  of  each  n  years. 

The  simplest  formula  for  this  premium  is 

1000  i)3^ 


p  = 


a —  +  a —  +  2a-i 

3n  2n I  n\ 


Then  the  premium  for  the  first  n  years  is  4P,  for  the  second 
n  years  2  P,  and  for  the  remainder  of  the  period  P. 

30.  Calculate  the  reserve  required  at  the  end  of  30  years 
under  a  Leasehold  Assurance  policy  with  a  premium  of  £10 — 
(a)  assuming  2^  per  cent,  throughout ;  (6)  assuming  3;^  per  cent, 
for  10  years,  decreasing  thereafter  by  \  per  cent,  per  annum  each 
period  of  10  years. 
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(a)  The  reserve  required  is  (by  the  retrospective  method) 

(b)  The  reserve  here  is 

31.  An  insurance  office  calculates  its  Leasehold  Assurance 
premiums  at  3  per  cent,  interest,  and  allows  as  the  surrender  value 
of  a  yearly-premium  policy  the  premiums  paid_,  with  the  exception 
of  the  first,  accumulated  at  3  per  cent,  interest,  less  a  deduction  of 
10  per  cent.     Given  v'^^  at  3  per  cent.  =  '55368,  find — 

(«)  The  aimual  premium  required  to  provide  a  Leasehold  Assur- 
ance policy  for  £100  payable  at  the  end  of  20  years ; 

(b)  The  surrender  value  allowed  by  the  office  for  such  a  policy 
at  tlie  end  of  10  years. 


(«) 


W 


^20l 


s.v. 


,,20 


•55368  X  -03 


(l+zy/_  (1-03)(1- -55368) 

=    £3,  12s.  3d.  per  cent,  nearly. 


Now 

% 

= 

«To|    _     1-^^^ 

^10              iv^o 

and 

^10 

= 

(f^)h    =   (-55368)* 

= 

•74410. 

Therefore 

% 

= 

1- -74410 
•03  X -74410 

= 

11-464, 

and 

S.V. 

= 

•9  X  3-613  X  10-464 

= 

34-026 

= 

£34,  Os.  6d.  nearly. 

32.  If  A  represents  the  fund  of  a  life  assurance  company  at 
the  beginning  of  the  year,  B  the  fund  at  the  end  of  the  year,  and 
I  the  amount  received  for  interest  during  the  year,  find  the  rate  of 
interest  realised  by  the  office  during  the  year. 

I 

^     ^  represents  the  mstantaneous   rate  or  force  of  interest. 


1 
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being  the  annual  rate  per  unit  at  which  the  funds  are  increasing 
by  interest  at  any  moment  of  time,  assuming  that  the  increase  or 
decrease  in  the  funds  is  uniform  throughout  the  year. 

re  presents  the  effective  rate  of  interest  or  the  rate 

^-^^ 

of  interest  actually  realised  by  the  company  during  the  year. 

33.  An  estate,  the  clear  annual  value  of  which  is  £800,  is  let  by 
a  college  at  a  rent  of  £300  per  annum  on  a  lease  for  20  years,  which 
may  be  renewed  at  the  end  of  7  years  on  payment  of  a  sum  of 
money.  Interest  being  reckoned  at  6  per  cent.,  what  sum  should 
the  tenant  pay  on  renewing  his  lease  ?  Given  log  106  =  2*0253059, 
log  4-688385  =  -6710233,  and  log  3-118042  =  -493^820. 

The  lease  has  13  years  to  run  ;  the  tenant  wishes  the  term 
extended  to  20  years.  Therefore,  if  he  is  to  continue  at  the  same 
annual  rent,  he  must  pay  the  difference  between  the  full  annual 
value  and  the  rent  for  the  period  of  extension,  or 


=  500  (i^M^) 


.  .,13  _  „20 

=   500 


Now     log(l-06)-i3   =  -13  log  1-06 

=  -  13  X -0253059 

=  --3289767 

=  T -6710233 

=  log  -4688385 

And     log(l-06)-20   =  -  20  X -0253059 


Therefore        500,.J«_-  =    500  x 


=  --5061180 

=  T  -4938820 
=  log  -3118042 

4688385- -3118042 


13  1    7j  -06 

=    1308-619. 
The  sum  to  be  paid  by  the  tenant  is  thus  £1308,  12s.  5d.  nearly. 


CHAPTER    HI 
Varying   Annuities 

1.  In  the  scheme  of  figurate  numbers  it  is  to  be  noted  that 
the  mih  term  of  any  order  is  equal  to  the  sum  of  the  first  (?«  -  1) 
terms  of  the  preceding  order. 

Again,  from  the  consideration  that  the  terms  of  the  (r-l)th 
order  are  the  first  differences  of  the  terms  of  the  rth,  those  of  the 
(r— 2)th  are  the  second  differences,  and  so  on,  and  those  of  the 
first  are  the  (r-  l)th  differences  of  the  terms  of  the  rth  order,  and 
from  the  formula 

u^  =  u,  +  (m-l)Awj  ^(7;^-l)(m-2)^2^^^^   ^    ^    ^ 

Ir- 1  ^ 

we  have 

<_,_  =  /   _  +  (,«-i)A/-,-  +  ('« rlL(!^2) 

m\r\  l|r|  ^  ^l|r|'  2  1|»-| 

+    (^-l)(^«-2)   •    >•    '  (m-r+l)^r-i^ 

\r-l  l|r| 

(all  higher  differences  vanishing) 

=  r-i  —    +  {7n-l) t~  — -,  +  ^ v^ — —■^  t +    .    .    . 

1|  r|  V  y  i|r-l|    ^  2  1|  ^-^1 

(7n-l)(m-2)-    •    •  (m-r+l)^ 

[T^T  T|i| 

But  the  first  terms  of  all  orders  except  the  first  are  zero,  and  the 
first  term  of  the  first  order  is  1 .     Therefore 


^ ^    (m-l)(7n-  2)   .    . 

wj  r|  Ir-  1 


(m-r+1) 


J 
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2.  A  proof  by  induction  of  the  value  of  a—  —  is  as  follows : — 
We  must  premise  that 

a—  ~   =  V  a — — ,  — -.  +  v^a  — -,  — _  +    •    •    •    +v'^-'^a- 


n\r\  n-l|r-l|  n-2|r-l|  Ik-ll 

which  may  easily  be  proved  by  expressing  a—  —  in  simplest  terms 
of  V  and  /,  and  rearranging  so  as  to  obtain  the  right-hand  side  of 
the  above  equation. 

Then  we  have 

_   1  -  «» 

n|2|  71- 1|  1|    ^  n-'>\\\^  ^  1|1| 

1  -i;«-i       „1  -v»-2  ,   1  -« 

=     V     ; \-V^ ; h      •       •      •      +y""^    : 


n-l   1        ^  ^ 


«|8|  ^rT|2r  n-2|2|^  1|2| 


n-M  l\       ^  ^  I   ^2      «-2|  1|       ^  ^ 


)\„w-2 


a —  V 


+  V 


11  fw  -  1 ) 

a —     — ^: '    V'"' 

n\2\  2 


Here  the  law  of  the  formula  seems  to  be  disclosed,  and  we  may 
assume  that 

„ "("-!)  ■    -    •  ("-'■  +  2)  ^, 

»|  r-l|  Ir-  1 


rt— :   —       = 


ml  r  I  t 

To  obtain  the  value  of  a— -,   we  must  add  to  the  right-hand 

71 1  r+l|  " 

side  the  difference  between  «— ,  _    and  a—.  —— ,,  or  otherwise 
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n+l\  r\ 


n  +  fa , 

,  ^^    »|  r+ll         o|  rP 


=       »|  r-l| 
1   ( 


=    -7-    (^      n\7^\^^      n\r\      ^     n+l\  t\       '^      n+l|  r+l| 

+  («-,  -.  +  va -,  _  +  i;2«  +     .     .     +v«-l«  ) 

^   n\  r  \  ?<,  - 1 1  r  I  71  -  2|  r  |  1  i  »^  I 

^      »-l|  rj^        «-2|  r^  M^r         n-l\rl         n-l\  r\j 

=    -^(a .-v^t ) 

I    ^   n\  r\  n+l\  r+iy 

n (w-1)  '    •    •  (n-r+1) 


a-  — - 


which  follows  the  same  law  as  the  expression  we  assumed 
for  a ,  and  which  has  been  obtained  therefrom  by  assmninff 

71 1  r  r  JO 

nothing  but  the  truth  of  the  equation  above  premised.  Therefore 
if  the  expression  holds  for  the  rth  order  it  also  holds  for  the 
(r+l)th.  But  we  have  seen  that  it  holds  for  the  third  order, 
therefore  it  holds  for  the  fourth ;  therefore  for  the  fifth ;  and  so 
on,  until  we  reach  the  rth  order,  when  we  have  the  general 
expression 


a—  — , 

n    r-1 


n(ji  —  1) 


a——  = 

7i|  r  I 


r-1 


(n-r  +  2)    ^ 


3.  The  following  may  serve  as  an  alternative  explanation  of  the 
value  of  an  annuity  of  the  rth  order  as  found  by  general  reasoning — 

Suppose  one  is  entitled  to  a  perpetuity  of  the  (r-l)th  order, 
a-.  — ,  but  prefers  not  to  spend  the  payments  as  they  fall  due. 

Instead,  they  are  invested,  and  the  interest   on  the  investments 
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alone  is  spent.  Now  for  the  first  (r-  2)  years  nothing  is  received 
and  nothing  can  be  invested.  At  the  end  of  the  (r-  l)th  year  a 
payment  of  t^-  — —    is  received,  which  is  invested,  and  yields  in  a 

year  interest    of  i  t — -,  — - ,,  or  i  t—  _ .      This  amount  is  spent   at 

J  r-l|  r-ll'  ■  »■  I  ^  J  ' 

the  end  of  the  rth  year. 

But,  further,  at  the  end  of  the  rth  year  a  payment  of  t—  — -  is 

received,  which  is  invested  along  with  the  previous  <^  ——s,  and 
the  interest  received  at  the  end  of  the  (r+l)th  year  is 
id — . +/ ,\  or  it — ,  — , 

since  the  7«th  term  of  any  order  is  equal  to  the  sum  of  the  first  {in-\) 
terms  of  the  preceding  order.  This  amount  of  i  /-—  —  is  spent  at 
the  end  of  the  (r  +  l)th  year. 

The   payment   of  t — ,  — ,    receivable    at    this    time    is    also 

*    -^  r+l|  r-l| 

invested  and  the  whole  interest  received  at  the  end  of  the  (r  +  2)th 
year,  i(t — ,  -,  +  / — .  — -,)  or  it — -,  —  ,  is  spent. 

^        '      ^  r+l|  FI  f+l|  r-lK  r+2|r|'  '■ 

This  process  goes  on  in  perpetuity.  But  we  notice  that  the 
annuity  being  spent  is  i  a—^  — 

We  therefore  have 

a— 1  —  =  ia  —I  — r 

ool  r-l|  ool  r I 

and  a-,-  =     "'."-^' 

If,  however,  the  payments  receivable  cease  at  the  end  of 
n  years,  we  have  an  annuity  for  n  years,  and  in  this  case  we  must 
take  account  of  the  payments  of  the  annuity  of  the  (r-  l)th  order 
which  have  been  held  back  and  not  si)ent.  The  sum  of  these  at 
the  end  of  n  years  is 

^r-l|r-l|  r\r-\\  r+llr-l|  n\r-\V 

which  is  of  course  equal  to  t — -  — 

1  n+l|r| 

We  thus  see  that  the  value  of  an  annuity  for  n  years  of  the 
(r-l)th  order 'is  equal  to  the  value  of  i  times  an  annuity  for  n 
years  of  the  rth  order  plus  the  value  of  a  payment  of  ^-—  —  due  n 

years  hence.     In  symbols 

a =    i  a—~   +  v'^  I — -, — 

•ftj  r-l  I  ni  r  I  w+l  |  r\ 

whence  a-^-  =    ""^1  ^^1   ~. ''''  ^M  H 
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4.  As  explained  in  Article  25_,  Finite  Differences  are  of  great  use 
in  finding  the  value  of  any  varying  annuity,  and  it  is  here  also  that 
the  use  of  the  values  of  annuities  according  to  the  several  orders 
of  figurate  numbers  comes  in.  For  it  will  be  observed  that,  in 
stating  u^,  u.^,  u^,  etc.,  in  terms  of  ?/j  and  its  successive  differences, 
the  coefficients  of  the  differences  follow  precisely  the  same  laws 
as  the  scheme  of  orders  shown  in  Theory  of  Finance,  Article  3, 

Thus  we  have 

V  ?/j   +  v'^u.2  +  vhi^  4-    •     •     •    +  V^  Un 

=  a~,—  u.  +  a——Au.  +  a— _A%,  +    •    •    +a iY~\i. 

n  1 1 1     1  71 1 2 1  1     '       71 1  3  I  1  •»,  I  r  I  1 

where  the  rth  and  higher  differences  of  the  series  Wp  u^,  Wg,  etc., 
vanish. 

If  the  series  be  a  perpetuity,  we  have,  as  is  shown. 


V  u.  +  z'-Wn  +  vhio  + 


ad  inj\ 


=  a--u.  +  a-,-Au^  +  «-,-A2m    +   .    .    •    +a-.-i 

co|l|-i  oo|2|        ^  ooiS|         '■  oo|r| 

where  the  rth  and  higher  differences  vanish 


.r-1 


_    i'l. 


+ 


?- 


+ 


+ 


From  this  we  may  get  a  formula  for  the  value  of  the  series  of 
payments   u^,  u^,  u^    •    •    •  w^ ,  as  follows  : — 

«  Wj  +  v^U2  +  v^u^  +    •    •     •    +  V'^Un 


_    /  "1 


.r-l. 


+ 


.■2 


+ 


+ 


_  yn  {^Ji±l    ^     ^»n+l    _^ 


.r-1 


»TC  +  1 


+ 


This  will  be  found  useful  where  the  differences  are  not  numerous, 
and  the  number  of  terms  unknown. 

As  an  example,  suppose  it  is  required  to  find  the  value  of  the 
annuity  whose  payments  are  1,  5,  11,   •    •    •   109. 

Here     it^  =  1,     Aw^  =  4,     A-u^  =2,     and 


109 


=       1+4(;,_1)  +  (,,_1)(;,_2) 

=    n^  +  fi  —  I 
whence     w=10. 


J 
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Also     «ii-131,   u^^=l66,   Amii  =  24,   A%^  =  A\==2. 
Therefore 

«;  +  5t;2  +  llr3+    •    •    •    +109uio 

1  4  2\  ,,/131  24  2 


+    72    +    ;3 


-,/131  24  2\ 


EXAMPLES 

1.  A  20-year  sinking-fund  policy  is  effected  on  an  increasing 
scale  of  premiums,  beginning  at  £100  per  annum  and  rising  by  £3 
each  year  till  the  end  of  the  term.  At  the  end  of  the  fourth  year 
it  is  proposed  to  commute  further  payments.  Determine  their 
value  on  a  3  per  cent,  basis. 

The  premium  due  at  the  beginning  of  the  5th  year  is  £112, 
which  will  increase  by  £3  per  annum  for  each  of  the  succeeding 
15  years.  Now,  assuming  for  the  moment  that  the  premiums  will 
be  payable  at  the  end  and  not  the  beginning  of  each  year,  we  have 
their  value  equal  to 

Adjusting  this  expression  (since  the  premiums  are  actually  payable 
at  the  beginning  of  each  year)  by  multiplying  it  by  (1  +2*),  we 
have  the  commutation  price  of  the  future  premiums  equal  to 

(1+0(112.-,-  +  3«-,-) 

a-.  -  16yi6N 


=   (l+^^(112a-,+3-iL^ 

=    1.03(  112x12-56110  +  31^:5511^^1^^^^^7) 
=   1-03  (1406-8432  +3  12-56110 -9-97067 


•03 

=    1-03  (1406-8432 +  259-043) 
=   £1715-863. 


2.   Prove  that  if  a——  denote  the  value  of  a  varying  annuity  of 

n  I  r  I  JO  J 

the  rth  order  for  w  years  then  (1  +iy  a~  —  is  equal  to  the  sum  of 

the  first  (7«-r+l)  terms  of  the  expansion  of  (1  -i;)"^   in  powers 
of  V. 
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(7n-r+  1)  ^        Q 


m\r\    "  |r-  1 


771-1    r  - 1 


and  that  where  m  <  r,  t- -^   =  0,  we  have    (l+iya-^-^ 

^  "^   \^  1 2  I « -  r  I  ■/•  -  1  J 


r(r+l) 


=  i+ri)+  ^^:  j'^t)^+ 


71-  r 


which  is  the  sum  of  the  first  (w-r+1)  terms  of   the  expansion 
of  (1  -v)-^'  in  powers  of  v. 

3.  Find  at  4  per  cent,  the  value  of  the  annuity  of  which  the 
first  three  payments  are  40,  45,  and  52  respectively,  and  the 
last  325. 

The  first  step  necessary  is  to  find  the  term  of  the  annuity. 
For  this,  we  use  the  formula 

In  this  case 
325  =  40  +  5 (?« -  1)  +  (w  -  1)  (w  -  2),  since  A?/j  =  5  and   ^hi^  -■=  2 

Hence  w2  +  2w- 288  =  0 

(w  +  18)(w-16)  =  0 
«  =  16. 
Now,  proceeding  to  find  the  value  of  the  annuity,  we  have 

a   =    40«-  +5a-|-  +  2 «-,  _ 

=  (40x  ll-652)  +  (5x77-744)  +  (2x341-879) 
=    1538-558. 

4.  What  is  the  value  at  5  per  cent,  of  the  annuity  whose  pay- 
ments are  16,  26,  58,  124,  etc.,  the  sum  of  all  the  payments  being 
1322480.? 

Here  it  is  necessary  to  find  /t,  the  term,  from  the  formula 
V  .    '^(^-1)a       .  '^Cw- !)(«- 2)  A9 
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Then  proceed  to  apply  the  formula  of  varying  annuities — 
a  =  u.a--  +  Am  «         +  i\hi.a---  +  A%,«__ 

^n|l|  ^    n\2\  ^»|3|  ln|4| 

The  value  required  is  287998*936,  as  follows  : — 

40|  1  I  401  2  I   ^  40]  3  I  ^  40|  4  | 

=  (16  xl7-159)  +  (10x  229-545) 

+  (22  X  2374-991)  +  (12  X  19431-595) 

=  274-544  +  2295-450  +  52249-802  +  233179-140 

=  287998-936. 

5.  Find  the  present  value  of  an  annuity  of  the  rth  order,  to  yield 
interest  at  the  rate  i  per  annum  on  the  whole  capital  for  the  entire 
term  of  the  annuity,  the  capital  to  be  replaced  by  means  of  a 
sinking  fund  accumulating  at  the  rate  J  per  annum. 

Here  we  must  resort  to  the  general  rule  given  in  Article  43«  of 
Chapter  H.  that  the  present  value  of  any  series  of  payments,  n 
remaining  constant,  may  be  found  "by  multiplying  the  amount, 
accumulated  at  rate  j  to  the  end  of  the  n  years,  of  the  series  of 

payments  by r-, — ." 

Now  the  amount  of  an  annuity  of  the  rth  order  accumulated  at 
rate  j  is  *'_  -j  and  we  therefore  have  the  value  of  an  annuity  of 

the  rth  order  under  the   conditions  laid   down  as  ,   /^  , —    where 

%\ 
*'-.  —  and  s—  are  taken  at  rate  /. 

n\r\  n\  ♦' 

6.  Find  the  value  of  an  annuity-certain  for  20  years  whose 
several  payments  are  1,  2,  3  •  •  •  20,  the  value  to  be  so 
calculated  as  to  yield  the  purchaser  5  per  cent,  on  his  whole 
investment  throughout  the  whole  of  the  20  years  and  to  return 
him  his  capital  at  3  per  cent. 

Applying  the  rule  cited  in  the  preceding  example,  we  have 

a     =      ^201  T\  (8%)  "^  ^20l  2|  (3%) 
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since   the   amount   of  the   annuity   to    the   end   of    20    years 
(s :  +  s—,  —)  at  3  per  cent. 

>•  20]  1 1        201  2  r  ^ 

26-87037 +  229-01248 
"  1  + 1-34352 

-    109-187. 


7.  A  loan  of  £42,000  has  been  made  with  the  following" 
condition  as  to  repayment :  Annual  instalments  of  principal  for 
20  years,  the  first  being  £4000,  the  second  £3800,  the  third 
£3600,  and  so  on ;  interest  at  the  rate  of  4  per  cent,  being  paid 
annually  on  the  outstanding  amounts.  Immediately  after  pay- 
ment of  the  fifth  instalment,  it  is  arranged  to  repay  the  balance  of 
the  advance  with  a  premium,  the  lenders  being  able  to  re-invest  at 
only  3  per  cent.     Show  how  the  premium  should  be  comj)uted. 

The  value  of  the  capital  at  3  per  cent,  is 
and  of  the  interest  on  the  outstanding  amounts  of  capital 

Therefore  the  whole  value  of  the  outstanding  loan  is 
3960a^,  ^  (3^)  -  320«-|  ^  ^3^^  +  8«j^|  -^  ^3^^. 

And  the  premium  required  is 

3960«,-,|  ri  (3^,  -  320«j^,  ^  (3^,  +  8«jj,  ^  ^3^,  -  24000. 


CHAPTER   IV 
Loans  Repayable  by  Instalments 

1.  In  connection  with  the  discussion  of  loans  repayable  by  instal- 
ments^ it  is  important  to  remember  that  the  symbol  C  stands  for  the 
capital  actually  returnable  by  the  borrower,  that  is,  taking  account 
of  any  discount  or  premium  on  the  par  value  of  the  loan,  and 
further,  that  j  is  dependent  on  this  definition  of  C,  being  the  ratio 
which  the  annual  payment  of  interest  bears  to  C.  These  two 
points  must  be  clearly  borne  in  mind  in  all  questions  of  this 
nature. 

2.  The  following  wording,  differing  slightly  from  that  of  Mr 
King,  may  be  useful  to  explain  the  general  formula  for  the  value 
of  a  loan,  repayable  by  instalments  at  stated  periods  of  time,  with 
interest  in  the  meantime  at  rate  j,  so  as  to  yield  the  purchaser  a 
given  rate  of  interest,  i. 

Had  the  borrower  contracted  to  pay  interest  at  rate  i  per 
aniunn  on  the  capital  C,  then  the  required  value  of  the  loan  would 
have  necessarily  been  C,  since,  interest  at  rate  i  being  payable  at 
the  end  of  each  year,  with  C  repayable,  the  investor  would  have 
realised  rate  i  on  the  purchase  price.  The  value  of  the  capital  at 
rate  i  being  K,  the  value  at  rate  i  of  the  interest,  on  the  basis 
assumed,  would  have  been  (C  -  K),  which  then  is  the  value  of  the 
annual  payments  of  interest,  if  these  were  made  at  rate  i.  But,  in 
point  of  fact,  the  annual  payments  of  interest  are  made  at  ratej, 

and   therefore    by   simple    proportion    their   value   is  -4-  (C  —  K). 

Adding  to  the  present  value  of  the  interest  the  present  value  of 
the  capital  as  already  noted,  namely  K,  we  have  the  whole  value 

of  the  loan  equal  to  K  +  4-  (C  -  K). 

3.  In  the  converse  problem  to  find  the  rate  of  interest  yielded 
by   a  loan    purchased    at   a    given    price,   we    have    the    equation 

i  =  "^-^ — z^,  whence    i   may   be    found   as   exj^lained  in   Articles 

11  and  12. 
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Mr  Ralph  Todhunter  has  given  (/.  /.  A.  xxxiii.  356)  a  very 
useful  formula  for  approximating  to  the  rate  of  interest  yielded  by 
a  bond  bought  at  a  premium.  In  the  explanation  accompanying 
the  formula,  he  suggests  that  the  premium  might  be  dealt  with 
in  practice  b}'  writing  down  the  book-value  out  of  each  dividend 
by  an  equal  proportionate  part  of  the  premium,  the  remainder  of 
the  dividend  being  treated  as  interest.  Taking  the  case  of  a  bond, 
repayable  at  par  at  the  end  of  n  years,  interest  meantime  at  rate  J, 
purchased  at  a  premium  ofp  per  unit,  Mr  Todhunter  gives  us  the 
following  schedule  : —  I 


Year. 

Book-Value  of  Bond  at 
begiiuun;4  of  Year. 

Interest. 

1 

2 
3 

• 

n-l 
n 

I    +  p 

1    + p 

n 

,        w-2 
1  +  p 

• 
• 
• 
• 

,         2 
1  +  — p 

1 
1   +  — » 

n  '■ 

i-  '' 

•^         n 

'          n 

giving  an  average  rate  of  interest 


I  = 


•      P 
•^      n 


n  \  n 

P 


J- 


n 


1       w(«-fl) 

n  ^        In 


,    ,     1/         n-\         n-2     ,  ^2  1     \" 


j- 


1  ,  "+1 
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The  result  by  this  formula  will  as  a  rule  be  sufficiently  close  for 
practical  purposes  ;  but  if  greater  accuracy  be  desired,  the  rate  of 
interest   thus    found    may    be    used   to  obtain    K    in   the  formula 

i  =  *^--^- — — -^,  when  a  very  close  approximation  would  be  obtained. 

Mr  Todhunter,  however,  points  out  that  his  formula  should  only 
be  applied  as  a  final  result  when  n  and  J  are  not  large.  The 
reason  for  this  will  be  readily  understood  from  the  following : — 

Using  Makeham's  formula,  we  have 

:_y(C-K) 
'  ~     A-K 

or  in  the  example  submitted  by  Mr  Todhunter 

l+p-v^ 
where  d"  is  calculated  at  rate  i. 

Hence  i(l  -  v''^)  +pi  =  J(l  -  u^) 

and        pi    =    {J  -  i){^  -V^) 

j-i   =    pi{\-{\  +i)-n}-l 

^"  V'    ni~"  Li  ^ 

p  f,         n+l  .       (nA-V,(n-h2)  .„  1  "^ 


n 


V  --ra-'-'- :3 '   -■    ■    •   J 


n  \ 


n  +  l  .       n^-l 
^2  12 


Neglecting  higher  powers  of  i  than  the  first,  we  have 

n  +  l 


.      .  p/         n  +  l.\ 


whence  t   =   - 


1        w+ 1 
which  is  Mr  Todhunter's  formula  as  given  above. 
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EXAMPLES  m 

1.  A  bond  for  £11^,  15s.  lOd.,  repayable  at  par  in  five  years, 
and  bearing  interest  at  3|  per  cent,  payable  half-yearly  (first 
payment  six  months  hence),  is  bought  at  a  price  (.£750)  to  yield 
the  investor  4^  per  cent,  on  his  investment.  Draw  up  a  schedule 
showing  the  amounts  that  must  be  added  to  capital  each  half-year 
so  as  to  gradually  write  up  the  sum  invested  to  the  redemption 
value. 


The  schedule  will  be  a?  \ 

ollows  : — 

P 

Half- 
Yea-. 

Book- Value  at 

y)eRinnin<: 
of  Half- Year. 

Interest  on 

Book-Value 

at  2i%. 

Interest 

received  at. 

li%on 

£775, 15s.  lOd 

Amount  to 

be  added  to 

Book- Value. 

(3) -(4) 

Book-Value  at 

end  of 

Half- Year. 

(2)+(5) 

Half- 
Year. 

(1) 

(2.) 

(3.) 

(4.) 

(5.) 

(6.) 

(7.) 

1 

750-000 

16-875 

14-546 

2-329 

752-329 

1 

2 

752-329 

16-927 

14-546 

2-381 

754-710 

2ii 

3 

754-710 

16-981 

14-546 

2-435 

757-145 

3  1 

m 

4 

757-145 

17-035 

14-546 

2-489 

759-634 

4 

5 

759-634 

17-092 

14-546 

2-546 

762-180 

5 

6 

762-180 

17-149 

14-546 

2-603 

764-783 

6 

7 

764-783 

17-207 

14-546 

2-661 

767-444 

7 

8 

767-444 

17-267 

14-546 

2-721 

770-165 

8 

9 

770-165 

17-328 

14-546 

2-782 

772-947 

9 

10 

772-947 

17-391 

14-546 

2-845 

775-792 

10 

2.  The  value  to  yield  4  per  cent,  of  a  5  per  cent,  bond  for 
£1000  due  after  five  years  is  £1044,  10s.  4d.  Give  a  schedule 
of  the  amounts  to  be  carried  each  year  to  principal  and  interest, 
with  the  amount  of  principal  outstanding  at  the  beginning  of  each 
year. 

Here  the  bond's  book- value  lias  to  be  written  down  (not  up,  as 
in  the  former  case),  and  the  schedule  will  accordingly  be : — 


Year 

Book- Value  at 

beginning 

of  Year. 

Interest  on 

Book-Value 

at  4%. 

Interest 

received  at 

5%  on 

£1000. 

Amount 
carried  to 
Principal, 

(4) -(3) 

Book- Value  at 

end 

of  Year. 

(2) -(6; 

Year. 

(1.) 

(2.) 

(8.) 

(4.) 

(5.) 

(6.) 

(7.) 

1 

1044-517 

41-781 

50-000 

8-219 

1036-298 

1 

2 

1036-298 

41-452 

50-000 

8-548 

1027-750 

2 

3 

1027-750 

41-110 

50-000 

8-890 

1018-860 

3 

4 

1018-860 

40-755 

50-000 

9-245 

1009-615 

4 

5 

1009-616 

40-385 

50-000 

9-615 

1000-000 

5 
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3.  The  five  per  cent,  stock  of  a  colonial  municipality  is 
redeemable  at  par  in  20  years.  What  can  a  purchaser  give  for  it 
in  order  to  make  4  per  cent,  on  his  investment  ? 

Using  Makeham's  formula, 

A  =  K  +  i(C-K) 

we  have     K  =  100y^'^\,^,  j  =  -05,    i  =  -04,    and  C  =  100. 

Therefore 

A    =   100  {  ^;'^^ +J|(1-^;\P}  =  100  (-456387 +  |x -543613) 
=    113-590. 

4.  Two  loans  were  granted  10  years  ago — (a)  £20,000  at  4|  per 
cent,  per  annum  nominal,  repayable  by  60  equal  half-yearly 
instalments  which  include  both  principal  and  interest ;  (b)  £20,000 
at  4^  per  cent,  per  annum  nominal,  repayable  by  60  equal  half- 
yearly  payments  of  principal,  interest  being  also  paid  on  the 
balance  from  time  to  time  remaining  outstanding.  Find  in  each 
case  the  amount  of  the  payment  due  to-day,  and  show  the  amounts 
of  principal  and  interest  included  in  the  pajanent.  Find  also  the 
sum  for  which  each  loan  may  be  redeemed  to-day,  assuming 
interest  at  3^  j)er  cent,  per  annum  nominal. 

First,  as  to  the  payments  due  to-day^ 

(«)  In  this  case  the  periodical  payment  is  always  the  same,  and 

20000          .         n  20000         41       .       .     •     1       J  4.1, 
IS  equal  to      whereof   x  r   ^^^    is  prmcipal,  and  the 

6C|  (2|%)  601 

.   J            20000,,         41    X    .    •  ,. 
remainder,  or (1  -  v,„.,,j,  is  interest. 

eo| 

/,x  r^i  ,  ■  .      f  n^  20000     .       .     .     , 

(b)  The   payment  due  now  consists  of  (1)  ot    principal 

and   (2)  interest  on   the  balance   of  principal  outstanding  at  the 
beginning  of  the  twentieth  half-year,  that  is 

(20000- 19  ?|50) -0225. 
Thus  the  whole  payment  due  is    20000  jgQ  +  (l  "  ^q)  '0225  j 
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Secondly,  as  to  the  redemption  price — 

(a)  As  the  amount  paid  to  redeem  the  loan  can  only  be 
invested  at  3^  per  cent.,  the  future  half-yearly  payments  must  be 
valued  at  that  rate,  that  is,  the  price  is 

20000 


(6)  The 
1 


^(^+"iol(if%)) 
value     of    the     future     instalments     of    capital    is 


^601(21%) 


20000  X 


^Zoiasyy    ^^^    ^^    ^^^    future    payments    of    interest 
20000/^—  X  •0225a^-j^,-i,,_,-  —  X  •0225fl^-^,^ .^,.,.Y      Therefore    the 

\Q()  40|  1  I  (If/)       QQ  40|  2  I  (l|//)y 

redemption  price  is  ^ 

plus  the  payment  due  to-day. 


•0225 


^401  2  I  (lf%)/ 


5.  A  6  per  cent,  debenture  of  <£100,  redeemable  at  par  in 
20  years,  is  sold  for  £107,  10s.  How  would  you  approximate  to 
the  rate  of  interest  realised  by  the  purchaser,  given  that  to  obtain 
5  per  cent,  he  would  have  paid  £112,  9s.  3d.  ? 

Since  we  are  given  the  value  of  A  to  return  5  per  cent,  to  thj^ 
purchaser,  we  can  find  the  value  of  K  from  the  equation 


112-463  =  K  + 


g(lOO-K) 


For 

But 

therefore 


K(«-l)   =    120-112-463 
and  K   =    37-685 

20 
(5%) 

37685. 


K   =   100^' 


20 


Now   the    question  is   to   find  the  rate  of  interest  when   the 
purchase  price  is  £107,  10s. 

.  C-K 

I  =  J 


We  have 


A-K 

or  substituting  37*685  for  K  (that  is,  approximating  with  5  per  cent.) 

^.62-315 
'  =  •^^69^ 
=  -0536 
from  which  we    see   that   5   per  cent,   is  too  low,  the  true  rate 
being  about  5|  per  cent. 
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6.  A  bond  of  £100,  bearing  interest  at  the  rate  of  4  per  cent, 
per  annum,  payable  half-yearly,  and  redeemable  at  the  expiration 
of  30  years  at  a  premium  of  10  per  cent.,  is  bought  for  c-6114. 
Find  approximately  the  rate  of  interest  realised  by  the  investor, 
having  given  a~  at  If  per  cent.  =  36-964. 

C  —  K 
In  the  formula    i  =  j  — —j  i  and  J  for  this  question  denote 

half-yearly  interest,  J  =  -02  x   ^  =  ^,  C  =  110,  K  =  llOv^o, 


and  A  =  114. 

Since 

1  -«60 

■0175    =   ''■''' 

t;60   =    -35313 

Therefore  trying  1^ 

\  per  cent.,  we  have 

•02       110-38-8443 

I     =     v-v     X 


M        114-38-8443 
=   ^  X  -94678 
=   -01721. 
Hence  the  approximate  yearly  rate  of  interest  is 

(1-01721)2-1  =  -03472,   or   3-472  per  cent. 

7.  A  bond  for  £1000,  bearing  interest  at  5  per  cent,  payable 
half-yearly,  and  repayable  at  par  in  30  years,  is  purchased  for 
£1250.  What  rate  of  interest  does  the  investment  yield  to  the 
purchaser  ? 

As  before,  we  liave 

.C-K 
*=^A3k 

where  it  will  be  well  to  treat  i  and  J  as  interest  for  a  half-year. 
We  then  have 

^„.  1000 -1000  i;60 

I  —   -025  

1250- 1000  I'^o 

Trying  v^^  first  at  2  per  cent,  we  get 

^opc  1000 -304-782 

I  =  -025 

1250  -304-782 

=^   -0184 
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Seeing  that  2  per  cent,  is  too  large,  we  try  again  with   1|  per  cent. 


and  get 


/   -  -025 


1000-353-130 


1250-353-130 
=  -0180. 


4 


Now  a  reduction  of  J  per  cent,  makes  a  change  of  -04  per  cent, 
in  the  result.     Therefore  to  get  the  true  rate  we  have 

-04 


-25 


2  -  .r  =  1-84  - 

whence  x  =  -19 

and  i  =  -0181. 

This  being  the  half-yearly  rate,  the  effective  yearly  rate  is 
(1-0181)2  -  1  =  -0365,    or    3-65  per  cent. 

8.  Towards  the  close  of  1905  the  Japanese  Government  issued 
a  four  per  cent,  loan  at  90  per  cent.,  repayable  at  par  on  1st 
January  1931  (or  in  certain  circumstances  earlier),  coupons  for  a 
half-year's  interest  payable  1st  January  and  1st  July  each  year, 
with  first  payment  on  1st  July  1906.  Allowing  for  discount  on 
the  instalments  the  issue-price  may  be  taken  as  89^  on  1st  January 
1906.     Find  the  rate  of  interest  realised. 


=  J 


C-K 


A-K 

100-  100  v50 


'^^89-5-1001)^0 
=    (taking  v^^  at  2i-  per  cent.  =  -29094)  -0235 
=    (taking  v^^  at  ^.  per  cent.  =  -32873)  -0237 

whence  approximately  the  half-yearly  rate  is  -0236  and  the  effective 
rate  is  (1-0236)2  -  1  =  -04776  =  about  £4,  15s.  6d.  per  cent 

9.  A  debenture  of  £100,  redeemable  at  £110  on  1st  July  1915, 
and  bearing  interest  at  the  rate  of  4^  per  cent,  per  annum,  payable 
half-yearly  on  1st  January  and  1st  July  in  each  year,  is  purchased 
on  1st  April  1905  for  £109.  How  would  you  calculate  the  yield  to 
the  purchaser  ? 

Here  i  must  be  considered  as  the  rate  yielded  to  the  purchaser 
per  half-year.     At  1st  July  1905  the  value  of  the  capital  will  be 
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llOx  vf!!.  and  of  the  interest  2*25(1 +«„7ri,..).     As  that  date  is  half 

a  period  forward  we  must  discount  these  values  for  that  time,  and 
we  get  the  equation 

109(1+0*  =110«»  +  2-25(l+«^,^^p. 

i  must  now  be  approximated  to,  and  this  result  being   the  half- 
yearly  rate  we  obtain  the  effective  yearly  rate  from  (1  +iy—  1. 

It  is  probably  better,  however,  to  proceed  in  the  same  way  as 
in  our  other  examples.  Then,  i  being  the  half-yearly  rate  as 
before,  we  have 

.   _    -0225     110(1+0^-110^^0^ 
'   ~    TT"^        109- 110^20^ 

As  before,  i  may  be  approximated  to,  and  the  yearly  rate  found 
from  the  result. 

The  formulas  produce  the  same  result. 

10.  A  bond  for  £100,  bearing  interest  at  6  per  cent,  per 
annum  payable  half-yearly,  and  redeemable  at  par  at  the  end 
of  40  years  from  the  date  of  issue,  was  issued  at  par  30  years  ago, 
the  present  market  value  being  £115. 

(r/)  Find  the  rate  of  interest  yielded  to  a  purchaser  now  buying 
at  the  market  price. 

(6)  Find  the  rate  of  interest  obtained  by  the  original  holder 
when  his  profit  on  sale  is  taken  into  account. 

(c)  If  it  were  proposed  to  convert  the  bond  into  one  for  £125 
bearing  3  J  per  cent,  interest,  redeemable  at  par  in  30  years,  what 
gain  or  loss  would  there  be  to  the  holder  of  the  bond  on 
conversion  ? 

,.       .         .     C-K         ^^     100-100^20 
W      ^   =^^X3K   =='^^^115-100.20 

Trying  2  per  cent , 

100-67-297 


i   =    -03 


X 


115-67-297 


=  :03j<  32-703 
47-703 

=   2-0567  per  cent. 
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Also  trying  2J  per  cent., 

.•  =   -03  X  ''' 


64-082 


115-64-082 
03x35-918 


50-918 
=    2-1162  per  cent. 
2-25  gives  2-1162 
and      2  gives  2-0567. 
Thus  a  difference  of  -25  gives  a  difference  of  -0595. 

Therefore 

whence        x  =  '0744 

and         i  =  2-0744  per  cent. 

The  yearly  rate  then  =  (1-020744)2  -  1  = -04192  =  4-192  per  cent. 


2  +  x  =  2-0567 +  ^.r 


t   = 


(6) 

Trying  3  per  cent., 


•03      115-115^60 


X 


I   = 


1-15     100-115^60 

•03      115- 115  X -16973 

X 


1-15'^  100- 115  X -16973 
__   -03(100-16-973) 

100-19-519 
=    3-0949  per  cent. 

Also  trying  3J  per  cent., 

.   ^     -03(100-14-676) 
*   ~    100- 115  X -14676 
-03  X  85-324 


•01  f^^ 
3  +  x  =   3-0949 --^x 
-25 


83-123 
=   3-0794  per  cent. 

A  difference   of  -25   in  the   rate  per  cent,  gives  a  difference 
of    --0155. 

Therefore 

whence        jc   =   -0894 

and        i   =   3*0894  per  cent. 

and  the  yearly  rate  =  (1-030894)2  -  1  =  -06274  =  6-274  per  cent. 

(c)      A   =    K  +  4-(C-K) 

.0'?'=) 
=    125y30+ -^(125-125«;30) 
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Where      i   =    '04192,  as  found  in  (a) 

A    =    36-465+ ^2  (^25-36-465) 

=   36-465 +  73-920 
=   110-385. 

Thus  there  is  a  loss  of  4*615,  or,  say,  £4,  12s.  4d.  to  the  holder 
of  the  bond  on  conversion  on  the  terms  given. 

11.  A  foreign  corporation  issues  a  loan  of  X390,000  4  per  cent, 
bonds,  repayable  by  annual  drawings  as  follows : — £10,000  at  the 
end  of  5  years,  £11,000  at  the  end  of  6  years,  .£12,000  at  the  end 
of  7  years,  and  so  on,  till  the  whole  is  repaid.  The  issue-price 
being  94J  per  cent.,  what  rate  of  interest  is  paid  by  the 
corporation  ? 

Here  it  is  necessary  to  find  the  term  when  the  last  instalment 
is  paid.     We  have 

390   =    10  +  11  +  12+    •    •    .    +{10  +  (w-l)} 

20  +  (»-l) 
= ^ ^-n 

whence    n   =    20. 
Therefore  the  value  of  the  instalments  of  capital  is 
1000»H10«^,^  +  <^l^). 

C  —  K 

Using  now  the  formula    i   =  J  - — -    and  trying  4J  per  cent., 

A  —  K. 

we  have  K  =  196943*6,  as  found  below. 
Also 

C   -  390000 

A  =  390000  X  -945  =  368550 
and  j  =   '04. 

Therefore 

390000-196943*6 


i  =  *04  X 


368550-196943*6 


=  *045. 

Thus  the  rate  is  4|^  per  cent. 


20l  1| 

20i;20 
+  *045 


a—,  — 

20|2| 


lOa 


20|  1 


X  lOOOt;* 
K 


13*00794 
8*29286 
4*71508 

104*7796 
130*0794 
234*8590 
838*561 


=  196943-6 
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12.  Having  given  the  value  of  a—  at  4 J  per  cent.  =  13'0079 

and  at  5  per  cent.  =  12'4622,  find  approximately  the  rate  of 
interest  yielded  by  an  annuity  for  20  yearS;,  in  which  the  payments 
are  successively  20,  19,  18,  etc.,  when  purchased  for  £150. 


i 


The  successive  terms  of  this  annuity  Involve   first  differences 
only,  and  consequently  its  value  may  be  stated  in  the  symbols 


20«^iri  -  %|2| 


Now  at  41  per  cent.  «-,-  =  13-0079, 

^  *  20  1  ' 


^20  _    I  _  I  fi 


2U| 


1- -585355  =  -414645 


and     cr— .  — 

20|  2  I 


^20111  -^^^'^'^ 

•045 


13-0079-8-2929 
^045 


104-778 


Therefore 


20fl-_-fl-,-  =  260-158-104-778  =  155-380 

20|  1 1  201  2  I 


Again,  at  5  per  cent.  a—.  —  =  12-4622 


"'"  =  i-'«r«i  =  1 


and     a 


fl_--20i)20 

20  1 


20|  2 , 


•05 


623110  =  -37689 

H 

•05 


Therefore 


20a-|--r/-|-  =  249-244- 98^488  =  150-756 


We  see  that  a  rise  of  -005  in  the  rate  means  a  fall  of  4-62^ 
the  price,  and  to  bring  the  price  from  155-380  to  150  (a  fall  o£c 
5*380)  the  rate  of  interest  must  be  increased  by 


-005  X  5-380 
4-624 


=    -00582 


Therefore  approximately  at  the  price  of  150  the  rate  of  interest 
realised  is  5-082  per  cent. 


13.  Apply  Todhunter's  formula  to  determine  the  rate  of  interest 
yielded  by  a  terminable  6  per  cent,  debenture,  repayable  at  par  at 
the  end  of  20  years,  purchased  for  £119,  10s. 
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Here  we  use  the  formula — 


t  z^ 


^         n 

'        n  +  l 

•HA       '^^^ 

l-l-fix-195 

=    -04558 

=   £4: J  lis.  2d.  per  cent. 

14.  Twenty  years  ago  a  Local  Board  borrowed  £100,000  at 
5  per  cent,  from  an  Assurance  Company,  such  loan  bemg  repayable 
by  30  equal  annual  payments,  including  principal  and  interest. 
The  Board  now  offers  3|  per  cent,  debentures,  repayable  at  par 
60  years  hence,  but  now  issued  at  90,  in  equitable  fulfilment  of  the 
contract  with  the  Assurance  Company.  What  amount  in  deben- 
tures should  the  Company  accept  ? 

The  annual  payment  made  under  the  contract  of  the  original 
loan  is  ,  and  there  are  10  such  payments  still  to  be  made. 

"36\  (5%) 

If  the  Company  is  to  forgo  the  receipt  of  these  they  should  be 
commuted  at  the  rate  of  interest  presently  ruling  in  the  market, 
and  the  proceeds  should  be  employed  in  buying  the  new  debentures 
at  90. 

To  find  the  rate  of  interest  now  obtainable  on  investments  we 
may  take  the  rate  yielded  by  these  debentures  as  fair.  1  hus  we 
have 

.C-K 
'   =^A3K 

where  y= -0375,  C  =  100,  A  =  90,  and  K=±100t;60  at,  say,  4J  per 
cent.  =  8-231 

^   •0375(100-8-231) 
90-8-231 

=    -0421  approximately. 
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The  value  of  the  10  annual  payments  outstanding  is  therefore 
" ^  ^^1  /..  oi  o/nj  *^d  the  amount  of  debentures  this  sum  will 

801  (6%) 

purchase  at  the  price  of  90  is 


100000 

^301  (6%) 


^    '^i0|(4-21%) 


100000  X  8-02677 


•9  15-37245  x  -9 

=  58016-994    =   £58,016,  19s.  lid.  nearly. 


15.  A  Company  has  an  issue  of  6  per  cent,  debentures 
maturing  after  5  years,  which  are  quoted  at  a  price  which  yields 
4  per  cent.,  and  it  proposes  to  redeem  them  by  issuing  5  per 
cent,  debentures  for  the  same  nominal  amount  in  lieu.  Show  how 
to  find  the  number  of  years  for  which  the  5  per  cent,  debentures 
should  run  so  that  the  holders  would  still  realise  4  per  cent,  on 
their  investment. 


In  the  general  formula 

A  =  K  +  4-(C-K) 
t 

when  C  =  1,  we  have 

A  =  1-(1-K)(l  -Vj 

Under  the  present  arrangement  of  6  per  cent,  debentures 

•06^ 


A   =    1 


a--4))(i-3 


«=    l  +  -02«_ 

61(4%) 

On  the  proposed  altered  basis  of  5  per  cent,  debentures 

•05^ 


A  =  i-(i-.;4i-3 


=    1  +  -01«_     ^ 
«l(4%) 


Equating  these  two 


•01(1-."    )=   -02(1- /,0 


4 


i 


i^xy 


CH 
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Therefore  v'^^^^^  =    2^(4%)"! 

and  n  =   i-^^^^ 

logy 

T-80879 
~   I-98297 

=    11-23. 
The  period  may  therefore  be  put  at  nearly  11 J  yeare. 


CHAPTER  V 


Interest    Tables 

1.  In  Articles  16  and  17  is  discussed  the  formation  of  a  table  of 
log  (1  +  iY  •  The  column  of  values  thus  formed  may  be  used  further 
to  get  the  values  of  (1  +  e)^  by  taking  the  natural  numbers  corre- 
sponding to  the  logs.  As  this  is  not  done  by  a  Continued  Process, 
a  periodical  check  is  not  sufficient.  Each  value  must  be  separately 
checked.  This  may  best  be  done  by  taking  independently  the 
logs  of  the  table  last  found  and  comparing  the  results  with  the 
original  logs. 

2.  If  a  column  of  (1  +  t)'^  has  been  formed^  a  column  of  v''^  may 
be  obtained  from  it  by  the  use  of  a  table  of  reciprocals.  By  taking 
the  reciprocals  of  the  values  thus  found  the  original  table  of 
(1  +  i)"'  should  be  reproduced,  and  a  check  put  upon  the  work. 

Again,  a  column  of  log  w™  might  be  formed  in  the  same  way  as 
a  table  of  log  (1  +  iY  (in  this  case  there  is  no  need  to  start  at  the 
end  of  the  table  as  for  forming  a  table  of  v'^  directly)  and  the 
natural  numbers  corresponding  would  be  the  values  of  v'^ ,  each  of 
which  requires  to  be  checked  as  before. 

3.  In  view  of  what  has  been  said  about  Leasehold  Assurances  ii 
will  be  well  to  discuss  methods  of  forming  a  table  of  annual 
premiums  for  such.  It  is  necessary  to  note  that  as  the  premiums 
are  due  at  the  beginning  of  the  year,  we  have  to  deal  with 
annuities-due  throughout. 


First,  we  have 
and  hence 


P_    = 


log  P_ 


a- 

n\ 

log  V'"' 


l+«^, 

n-l| 


log  (1  +« X 

Therefore,  being  supplied  with  values  of  ?;«  and  «-,  we  proceed 
to  form  columns  of  log  t;«  and  log  (l+« — ^,)  and,  deducting  the 
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value  ill  the  latter  of  these  from  the  value  in  the  former,  we  obtain 
log  P_,  from  which  P_  may  be  obtained  at  once. 

The  following  schedule  shows  the  process : — 


Term 
n. 

logr** 

losa+ar;^^ 

logP-|   = 
(2) -(3) 

log -1(4) 

(1) 

(2) 

(3) 

(4) 

(5) 

1 

2 

3 

4 

etc. 

Again,  we  have 


1 


P        =    —    =   -  — 

^1  a—  (l+i)»a— 


^  ■'     n]  71+11 


Therefore  knowing  the  values  of  .v— - ,  we  form  therefrom  a  column 

of  s -  1  and  take  the  reciprocals  of  these,  the  results  being 

the    values    of     P— .  .       The     following    schedule    indicates    the 
method  : — 


Term 
n. 

a) 

(2) 

«l    (2) 
(3) 

1 

2 

3 

4 

etc. 

Further,      P-;   = 


n 


1+a 


l-{l-vn)  ^  J 

1  +  a-—y  1  +  fl  — -^ 

»-i|  »-i| 

d 


I  a—, 


n-ll 


(1+0"; 


E 
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It  is  on  this  relationship  that  Orchard's  Conversion  Tables  for 
annual  premiums  are  founded.  By  them  if  one  enters  with  the 
given  value  of  ^^^yj  the  result  is  P— .     They  are  fully  discussed  in 

Chapter  VIII.  of  the  Text  Book,  Part  II.,  and  are  only  mentioned 
here  to  show  their  use  in  forming  a  table  of  P 

In  all  the  above  methods  it  has  been  assumed  that  one  rate  of 
interest  holds  throughout  the  term  of  the  assurance,  but  it  is  not 
implied  that  this  assumption  always  holds  good. 


INSTITUTE    OF    ACTUARIES' 
TEXT    BOOK  — PART    II. 

CHAPTER   I 
The    Mortality    Table 

1.  A  Mortality  Table  is  defined  in  this  Chapter  as  an  instrument 
by  means  of  which  are  measured  the  probabilities  of  life  and  the 
probabilities  of  death.  In  its  final  form  a  mortality  table  sets 
forth  the  history  of  the  experience  by  means  of  the  immber  living 
and  the  number  dying  columns.  If  we  refer  to  page  494  of  the 
Text  Book,  we  find  the  following  figures  : — 


Age. 

Number  Living. 

Number  Dying. 

0 

127,283 

14,358 

1 

112,925 

3,962 

2 

108,963 

2,375 

3 

106,588 

1,646 

4 

104,942 

1,325 

etc. 

etc. 

etc. 

These  figures  tell  us  that,  according  to  this  experience,  out  of 
every  127,283  persons  born,  112,925  on  the  average  survive  to  age 
one,  108,963  on  the  average  survive  to  age  two,  and  so  on.  Or 
again,  they  tell  us  that  out  of  the  same  number  of  births, 
14,358  on  the  average  die  before  attaining  age  one,  3,962  on 
the  average  attain  age  one,  but  die  before  attaining  age  two,  and 
so  on. 

It  cannot  be  too  carefully  impressed  upon  the  student  that  a 
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mortality  table  does  not  give  absolute  but  only  relative  or  average 
results ;  in  other  words,  it  is  not  intended  to  be  inferred  from 
these  figures  that  127,283  children  were  in  reality  found  who 
were  all  born  at  the  same  moment  of  time,  that  14,358  died  before 
attaining  age  one,  that  3,962  actually  attained  age  one  but  died 
before  attaining  age  two,  and  so  on.  An  arbitrary  figure  called 
the  radix  is  selected  to  represent  the  number  of  entrants  at  the 
initial  age,  and  the  figures  submitted  are  only  on  the  average,  and 
relative  to  one  another. 

Were  we  asked  to  form  a  mortality  table  representing  the 
experience  of  Edinburgh  during  the  calendar  year  1906,  it  would 
not  be  sufficient  to  give  us  merely  the  deaths  that  occurred 
in  Edinburgh  during  that  calendar  year,  arranged  according  to 
year  of  age.  The  summation  of  these  deaths  would  have  no 
relation  whatever  to  the  /q  persons  out  of  which  the  d^  deaths 
actually  occurred,  nor  again  would  the  (/q  —  d^)  persons  have  any 
relation  to  the  /j  persons  out  of  which  the  d^  deaths  occurred, 
and  so  on. 

It  is  possible  that  the  deaths  column  so  supplied  us  might  adopt 
a  quite  irregular  form,  for  it  naturally  depends  on  the  number 
living  at  each  age  out  of  which  the  deaths  occurred.  For  example, 
the  deaths  between  twenty  and  twenty-one  might  be  twice  as 
numerous  as  those  between  twenty-one  and  twenty-two,  owing  to 
the  fact  that  the  number  living  between  twenty  and  twenty-one 
happened  to  be  fully  twice  as  numerous  as  those  living  between 
twenty-one  and  twenty-two. 

Again,  it  would  not  be  sufficient  that  it  be  added  to  our  data 
that  the  number  born  in  each,  calendar  year  for  many  years  past 
had  been  equal  to  the  annual  deaths.  The  migration  element 
would  require  to  be  kept  before  us,  since  people  might  be 
emigrating  and  immigrating  in  different  numbers  and  at  entirely 
different  ages. 

Before  a  mortality  table  can  be  formed  in  the  way  here  dis- 
cussed, it  is  essential  that  the  population  be  proved  to  be  in 
every  way  stationary;  that  is,  that  the  annual  births  be  equal 
to  the  deaths,  that  the  births  all  take  place  on  the  same  day  of 
the  year,  say  1st  January,  and  that  there  be  no  emigration  or 
immigration. 
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EXAMPLES 


(q  )2  (q  )3 

1.   Prove  that  m  =  q  +  ^-llL   +    ll£i   + 


We  have  by  Text  Book  formula  (9) 

2m 
_  * 

^«   ~    2  +  m 

X 

2q^ 
whence  m     —   - — ^ 


2.  Prove  that  p  =1  -m  +l(m  )2-l(»n  )'+  .    •    • 

i   X  X  "  ^      X'  *  ^      X'' 

and  that  q^  =  m^  -\{m^f  +  \{inj^  -  i(»/^J^  + 

From  Text  Book  formula  (8),  we  have 
\-lm 

2      a: 


P.     = 


1+^W 


X 


=  (i-4«g(i+i»g-' 

=  (i-K)ii-K+iK)'-K"g'+-  •  •} 
=  i-'\+^Ky-iK)'+-  •  • 

Also  from  Text  Book  formula  (9) 
m 

X 

^«    ~     1  +  iw 

-     a; 

The   latter   result    might   have    been    derived   directly    from   the 
former,  since  q  =\  -p  . 
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3.  Given  the  following  particulars 


X 

20 

•00572 

21 

•00608 

22 

•00643 

23 

•00668 

24 

•00691 

fcHAP.   I. 

i 


find  how  many  of  10,000  people  living  at  age  twenty  die  dur 
each  year  of  age  up  to  twenty-five. 


ing 


Here  we  are  given  /^o  ^^^  ^'20^  ^^^^  hence  we  may  find  d.^^,  since 
from  Text  Book  formula  (5),  /go  ^  ^20  ^  ^20-     ^^^^  from  Te.vt  Book 


formula  (1),  /gj  =  /go  —  </20'  ^^^  being  given  ^gp  we  may  similarly 
find  d^i,  and  so  on  for  d^^f  ^23'  ^^^^  ^n-  ^^^  ^^^  example,  d^^  =  57, 
d2i  =  Q0,  ^22  =  6^^  ^23  =  ^^^  ^^^  d2^  =  Q7. 


4.  Find,   out  of  30,000  persons  living  at  age  thirty-five, 
number  who  are  still  alive  at  each  age  up  to  forty,  being  given 
7^35  = -00865,  7^36  = -00889,  7«3.  =  ^00914,  m3g  =  ^00942,  m 


m 


'39 


•00975. 


Here  the  first  step  is  to  find  jj^^,  p^^,  etc.,  from  m 
By  Text  Book  formula  (8) 


7//0 


35'  "'30' 


et< 


?n 


P.   = 


hence    p^r^   = 


2  +  m 


2 -•00865 
2  +  -00865 
•99139 


Also,  773^=^99115,  ;>3^  =  ^99090,  ^938  = -99062,  773^  = -99030. 
Now,    from   Text   Book   formula  (i),  we   have    /     ,=/?;, 


and 


therefore 


^36     ~ 


'37     - 


'38     ~" 
^39     ~ 

'40  = 


35  /^35 

30000  X -99139 
29742 

^36  VzQ 

29742  X -99115 

29479 

29211 

28937 

28656 


CHAPTER   II 

Probabilities    of    Life 

1.  It  is  very  important  that  the  student  should  have  at  his 
finger-ends  the  values  of  all  probabilities  in  which  two  lives  may 
be  involved,  and  for  that  purpose  he  should  practise,  till  he  attains 
complete  proficiency,  writing  down  the  values  of  the  following, 
giving  in  addition  the  symbols,  where  these  are  possible.  The 
answers  should  be  carefully  compared  with  those  given  in  the 
Text  Book. 

The  probability  that : — 

1.  (.r)  will  survive  n  years. 

2.  (x)  and  (^)  will  both  survive  n  years. 

3.  Neither  (x)  nor  (^)  will  survive  n  years. 

4.  At  least  one  of  the  lives  {x)  and  (^)  will  survive  n  years. 

5.  (x)  will  survive  n  years  and  (^)  die  within  n  years. 

6.  Exactly  one  of  the  lives  (x)  and  (^)  will  survive  n  years. 

7.  At  least  one  of  the  lives  (x)  and  ( ?/)  will  fail  within  n  years. 

8.  Both  (x)  and  (^)  will  die  in  the  nth.  year  from  the  present 

time. 

9.  The  first  death  will  happen  in  the  wth  year  from  the  present 

time. 

10.  The  second  death  will  happen  in  the  nth  year  from  the 

present  time. 

11.  One  only  of  the  two  lives  will  fail  in  the  wth  year. 

12.  Neither  of  the  two  lives  will  fail  in  the  nth  year. 

13.  One  at  least  of  the  two  lives  will  fail  in  the  wth  year. 

14.  {x)  will  survive  n  years  and  (^)  will  survive  (n  —  1)  years. 

With  regard  to  the  last  of  these,  it  is  useful  to  note  that, 
besides  the  form  given  in  the  Text  Book,  this  probability  may  be 
written  : — 

nPx^n-lPy     ==    ^x^  n-lPx+l  ^  n-lPy    =    Px^  n-l^x+l-.y 
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2.  To  find  the  probability  that  r  at  least  of  m  lives  will  survive 
n  years. 

An  alternative  proof  of  the  formula 


.V, 


n'  xyz  '   •   '  (m)  ^1  +  Z)'' 

is  as  follows  : — 

This  probability  is  equal  to  the  sum  of  the  probabilities  that 
exactly  r,  exactly  (r+l),  exactly  (r  +  2),  and  so  on  ad  inf.,  will 
survive  n  years  (though,  when  r  +  k  >  m,  the  individual  prob- 
abilities will  have  no  value). 

But  by  Text  Book  formula  (14),  we  have 

[r]  Z'* 


i 


Hence 


n    xyz 


P  — 

n    xyz 


(m) 


+ 


(™)         (l+Z)^+i 

Z^+1  Z^+2 


+ 


(iTzy+1  "^  (i  +  z)^+2  "^  (i  +  z)^+3 

Z'-       (-  z  Z2 

(l  +  Z)'-+H     "^  (1+Z)    +   (1+Z)2   + 

z^      /   _    z  \-i 


+ 


} 


(l+Z)^+i 

Z^ 
(1+Z)'- 


1+Z 


3.  In  expansion  of  Tejr/  Book,  Articles  34  and  35,  it  may  be 
asked  what  are  the  expected  deaths  and  expected  claims  respec- 
tively amongst  7n  joint-life  policies  on  (x)  and  (^)  for  ^K  each. 

The  expected  deaths  are  m((j  +g),  and  the  expected  claims 
£Kjn(l  —p).      In  the  former   of  these   expressions,  however,  it 

might  fairly  be  argued  that  it  is  incompetent  to  take  account  of  a 
second  death  on  any  one  policy  in  the  year,  as  the  lives  are  not 
traced  beyond  the  first  death. 

But  in  last-survivor  policies  this  does  not  hold,  and  the 
expected  deaths  are  as  before  m(^q  +q),  while  the  expected 
claims  are  £Km{(j  x  </  ). 

In  contingent  insurances  payable  if  {x)  die  before  (y),  the 
expected  deaths  may  be  considered  to  be  inq.,  and  the  expected 
claims  are  £Kmq  (1  -  i</  )• 

4.  It  is  most  necessary  that  a  clear  perception  should  be 
obtained  of  the  nature  of  the  force  of  mortality,  and  the  following 
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explanation  is  offered  in  the  belief  that  it  will  assist  towards  the 
attainment  of  that  object. 

On  page  495  of  the  Text  Book  will  be  found  a  table  of  q,  the 
rate  of  mortality.  This  is  the  probability  that  a  person  aged  x 
will  die  within  a  year,  and  it   is  deduced   from   the  elementary 

d 
equation    q     =   —. 

X 

It  must,  however,  be  evident  on  consideration  that  the  rate 
of  mortality  is  not  constant  between  ages  x  and  (.r+1),  then 
suddenly  rising  to  q^,^;  nor  constant  between  ages  (-^i^-f-l)  and 
(.r  +  2),  then  suddenly  rising  to  q^^^,  and  so  on.  The  probability 
that  a  person  of  any  age  will  die  within  a  year  obviously  depends 
upon  the  number  who  are  alive  at  that  age  (whether  the  age  may 
be  expressed  by  an  integer  or  not),  and  the  deaths  within  one  year 
after  that  particular  age. 

Now  it  is  frequently  necessary  in  actuarial  work  to  have  the 
probability  that  a  person  aged  x  will  die  at  a  particular  moment. 
The  function,  however,  that  is  tabulated  is  the  force  of  mortality 
at  age  x,  which  is  clearly  defined  in  Text  Book,  Article  38,  as 
"  the  proportion  of  persons  of  that  age  who  would  die  in  a  year^Jf 
thejntensity  of  mortality  remained  constanOor  a^'ear,  and  if  the 
number  of  persons  under  observation  also  remained  constant,_tJie 
places  of  those  who  die  being  constantly  occupied  by  fiesh  lives." 

^t  may  be  useful  at  this  point  to  introduce  an  illustration  to 
assist  in  making  the  idea  clear.  Let  us  consider  the  speed  or  the 
"  force "  of  a  railway  train.  This  is  generally  measured  by  the 
distance  covered  in  the  course  of  an  hour,  e.g.,  the  speed  is  40  miles 
an  hour.  Any  other  function  if  tabulated  would  convey  but  little 
meaning.  For  the  same  reason  the  force  of  mortality  is  always 
measured  as  within  one  year. 

Suppose  now  we  wish  to  measure  the  rate  at  which  a  train 
is  travelling  at  any  particular  point.  We  might  ascertain  precisely 
the  distance  covered  during  the  following  minute,  when  simple 
proportion  would  give  us  the  distance  covered  in  an  hour.  It  is 
obvious,  however,  that  a  minute  is  too  long  a  period  within  which  to 
measure ;  that,  in  fact,  the  rate  at  which  the  train  was  travelling 
may  have  varied  considerably  within  that  interval.  A  better 
result  would  be  obtained  were  we  to  measure  the  distance  covered 
during  the  following  second,  and  resort  as  before  to  simple  pro- 
portion.    In  other  words,  the  smaller  the  interval  of  time  within 
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which  we  measure,  the  more  accurately  shall  we  be  able  to  gauge 
the  rate  at  which  the  train  is  travelling  at  any  particular  point, 
it  will  be  noticed  that  our  answer  gives  us  the  distance  that  the 
train  would  cover  during  one  hour,  were  the  speed  at  which 
the  train  was  travelling  during  the  infinitely  small  interval  of 
measurement  to  remain  constant  for  an  hour. 

When  now  we  come  to  measure  the  force  of  mortality  at  any 
age  X,  we  might  work  out  the  probability  that  a  person  of  that 
age  will  die  within  one  day.  Multiplying  the  result  by  365,  we 
should  get  an  approximation  to  the  force  of  mortality.     In  symbols 


X  X  + 


l\ 


=    365 


3i3o 


/ 


approximately. 


d 


A  day,  however,  is  too  long  a  period  within  which  to  measure. 
A  better  result  would  be  obtained  were  we  to  reduce  the  interval 
to  one  hour.     This  would  give  us 


X  X  + 


24x365 


24x365 


/ 


approximately. 


The  smaller  the  interval  within  which  we  measure,  the  more 
accurate  will  be  our  result.     Hence  we  say  that 


t'x    = 


X        x-\-t 


where  t  approaches  the  limit  0. 

When  /  approaches  the  limit  0,   we   have   dl  -I       -I 

X        x+t        a? 

tf  the  infinitely  small  increase  in  x,As  written  dx. 


and 
We  therefore  have 


1 


dl 

x 

dx 


dl 


where  -^  is  the  first  differential  coefficient  of  l^  with  respect  to  x. 

It  may  be  pointed  out  here  that  the  value  of  the  force  of 
mortality  among  lives  assured  varies  between  zero  and  infinity. 
The  value  is  nearly  zero  in  the  case  of  lives  of  age  at  entry  x  who 
have  just  passed  the  medical  examination  for  life  assurance.  It  is 
infinitely  great  when  we  come  towards  the  end  of  the  mortality 
table,  say  when  there  is  only  one  person  alive,  and  that  one  about 
to  die.     In  the  last  year  it  rises  from  a  fraction  less  than  unity  to 
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infinity.  It  may  be  noted  that  the  rate  of  mortality  can  never 
exceed  unity. 

If  the  column  /    followed  a  mathematical  law,  it  would  be  a 

X  ' 

dl 

simple  matter  to  evaluate  -r^.  and  hence  w  .     The  several  formulas 
'  dx  ^^ 

that  have  been  suggested  for  /  will  be  discussed  later  in  Chapter 
VI.     Meantime  we  must  take  it  that  the  column  /   does  not  follow 

X 

a  mathematical  law,  and  be  content  to  obtain  an  approximate 
formula  for  fx  . 

At  this  point  we  find  it  useful  to  resort  to  the  method  of  Central 
Differences.  The  ordinary  formula  of  Finite  Differences  for 
interpolation  between  two  of  a  number  of  given  values  of  a 
function  is 

u  ^,  =  u  +  tAu   +  i(izi)  A2m  +  K^-l)(^-2)^3,,  +  .    .    . 

X+t  X  X  19  X  10  X 

where  all  the  known  values  but  one  are  on  the  same  side  of  the 
unknown  value,  for  t  is  supposed  to  lie  between  0  and  1.  In  a 
scheme  for  Central  Differences  we  choose  values  of  the  function 
which  are  distributed  more  nearly  equally  on  each  side  of  the 
required  value.     We  have  the  following 


Also, 


X-l 

u 

X 

«    1 

x-\ 
(a)          b 

\    X^                    X 

\+2 

"'x+l                            ^x+\ 
%+2 

where 

a 

X 

2 

2 

X-\          2     X 

and     a 

X 

-1 

X          ^     X 

0,            u 

'                     X 

-1 

=    u   -a     , 

X         x-l 

=    u  —  a  +  -b  . 

X         a;        -    je 
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.  ^/  ,  i>         ^  (^+^)h    .    (t  +  l)t(t-l) 

x-\-t  x-\       ^  '    x-\  9  X  o  aj+l 

neglecting   differences   beyond   the   second,   and   substituting  for 
u     ,  and  a     ,  their  values  as  found  above,  we  have 

x-\  x-\  ' 

u  ^=  (u  -a  +U)'^(t+l)(a  -kh)  +  ^i±3lb 

X+t  ^    X  X         ■i     X''        ^  ^  ^    X         ^     x^  o  X 

=  u  +ta  +  — h 

X  X  i)        X 

Adopting    now    the     notation    of   the    mortality     table,     and 
writing  /   for  u  ,  we  have 


f 

l,=  l+ta+-h 

x  +  t  X  X  f)         X 

whence       -^±^ =  a^  +  -^^x 

from  which  we  get,  in  the  limit  when  t  approaches  0, 
dl 

X 

a 


dx  « 


2 


1  dl 
But       /x  =  -  -L  ^ 


x-\         x+\ 


1,^-1^  /d     ^+d 

X  +  \  X-\  .  I        X-\  X 

^  -  or  — 


/d     ,+d\ 

I        X-  I  X  \ 

\       ^2        / 


/     d,v 

X 

Therefore,      /x  =  -  -L    '^+i  ~  "'-^    =     ^^-^~  ^+i 

X  X 


1 

or         /x^=-_x- 

X 


d     ^  +  d\  d    ,  +rf 

x-l         X \     x-1         a 

2  ~ "    /     ~  2/ 


We  might  otherwise   arrive  at   the  same  result  by  a  process 
slightly  different. 


du  n   , ,  -  u 

X  x  +  t  X 


dx 


when  /  approaches  the  limit  0, 


(„  +/A«  +'('-:iI)a^«      <(<-1)(<-2)^3„  +  .    .    .  \ 

I*  x|9  X  lo  a;  / 


when  /  approaches  the  limit  0, 
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^   =   A.  +  (lzi)A^.  +  (L^(1^)a3.  +  .    .    . 
dx  ^^      2^6 

when  t  approaches  the  limit  0, 

=    A?/  -1A2m  +1A3//  -  .    .    . 

«       "i         a;       -J         x 

=    A?/  -  ^A-?<    approximately. 

Hence,  since  in  this  approximation  third  and  higher  differences 
are  held  to  vanish,  and  therefore  second  differences  are  constant, 
dn 


dx 

X         '■^            X- 

-1     "I  I 

= 

X        -  ^       a 

.r^%-.) 

= 

K^\+^\. 

-,) 

= 

''x+l- ''x-l 

2 

approximately. 

rem 

this 

we 

get 

as  before 

dl            I  ^,-1    ^ 

X                x+\        x-\ 

dx                 2 

and 

/ 

1                     ^■ 

-1        x+l 
9/ 

This  formula  provides  a  good  working  approximation  to  the 
value  of  the  force  of  mortality  in  almost  all  cases. 

Again  arguing  from  the  same  formula  as  the  preceding  result 
was  obtained  from,  we  may  obtain  a  general  formula  for  /x  . 

We  have  successively 

IX  =  -^-j^=  --i(A/  -M2/  +M3/  -  .    .    .  ) 

f^x  I     fly,  l^       X       ^         X^  A         X  f 


X  X 

1 


=  --—('_  fi^  )    (stopping  at  first  differences) 

X 


=  1, 


fi  =  -  —  {-d  -^(d  -d      )}    (stopping  at  second  differences) 

x 
ft  =  -^{-d  -Ud  -d  ,^-l(d  -2d  ^   +rf  ^J} 

"«  /I         X       2  V.   a;         x+l-'       •->  ^   a;  x+l         x+2-'  » 

X 

(stopping  at  third  differences) 


78 


ACTUARIAL  THEORY 


=  7.(i+i+^)-ii^.a+f)+^x2i'/x 

(stopping  at  fourth  differences) 
And  generally 

+  4\%(.i+  •    •    •  )-   etc. 

The  proof  that  the  central  death-rate  is  approximately  equal 
to  the  value  of  the  force  of  mortality  at  an  age  half  a  year  older 
is  as  follows : — 

Making  the  usual  assumption  of  a  uniform  distribution  of  deaths 
throughout  each  year  of  age,  we  have 

(/       -I)   =   d     , 

^  a;-J       x) 

-  2(1  -I  ^ 

^  X       x+y 

But      IX     _      g-1      x+1 
^"^  -  ~~2i 

X 

(I     -/)  +  (/  -I ^A 

2/ 

X 

z=      ^  ""-h     ^^       ^  ^     x+y 


21 


I 


—    m 


z-i 


whence  also  m     =    u 


«+* 
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EXAMPLES 

i.  Write  down  formulas  for  all  the  possible  combinations  of  the 
probability  of  dying  in  or  sm'viving  a  year  among  three  lives,  and 
prove  the  truth  of  your  answer. 

(«)  (y)  («) 

live  live  live      =     p 

I  xyz 

live  live  die  =  p^^(l -p^) 

live  die  live  =  P    (}  -  P  ) 

die  live  live  =^  p    (I  -p^) 

live  die  die  -  Px(.^  ~  l\)0^  ~Pz^ 

die  live  die  =  PyG -/\)(^  "/O 

die  die  live  =  /?^(1 -;;^)(1 -/j^ 

die  die  die  =  (^ -P^)(}  -  Py)(} -Pz) 

If  these  probabilities  be  summed,  the  result  will  be  found  to  be 
unity,  and  thus  proof  is  obtained  that  all  possible  contingencies 
have  been  noted. 

2.  The  probability  that  two  persons  aged  respectively  twenty 
and  forty  will  not  both  be  alive  at  the  end  of  20  years  is  '38823. 
Out  of  96,223  persons  alive  at  age  twenty,  6,358  die  before  they 
attain  age  thirty.      Find  \^Qq^- 

1 80^30  ~  1  ■"  soPso 

—  1        ^60 
~    ^       7 

*30 

—  1        ^60  ^40   '20 

''40   '20   'so 

=  1-(1 -38823)  X  III 
=  -34495 

3.  Given  that  the  probability  that  two  persons  aged  twenty- 
five  and  fifty  respectively  will  both  live  25  years  is  '27516,  and 
that,  by  the  same  mortality  table,  out  of  93,044  persons  alive  at 
age  twenty-five,  82,277  attain  age  forty,  what  is  the  probability 
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that  a  person  aged  forty  will  survive  till  the  attainment  of  age 
seventy-five  ? 


^        _     175     _    175  150  ^ 
35/^40     —     /         ~     ]       1       I 

'40  '^50   '25   '40 


L 


_      .50  =  75  125      _  „  y  125 

~  /         ~     25/^25 :  50  -^  / 


r5  :  50  *'40 


40 


=   -27516  X 


=   -31117 


93044 

82277 


4.  An  annuity  society  is  formed  in  which  members  may  secure 
an  annuity  of  m  at  age  .r  +  w  by  payment  of  a  single  sum  at  age  x. 
If  k  members  aged  x  start  the  society  and  /  new  members  of  the 
same  age  join  each  subsequent  year,  find  how  many  members  will 
be  entitled  to  rank  for  annuities  at  the  end  of  w  +  /  years  and  the 
corresponding  amount  payable.  ■ 

Of  /   entering  now  /  ,     , ,  will  survive  at  the  end  of  w  +  /  years, 


x+n+t 


and  therefore   of  k  entering  now  k  will  survive  at  the  end 

of  n  +  t  years.     Again,  of  /    entering  one  year  hence  /  will 

survive  at  the  end  of  n  +  t  years  from  now,  and  of  /  entering  one  year 

/    '^+^+^~^  will  survive  ;  and  so  on  for  succeeding  years. 


hence 


Thus  the  total  number  surviving  at  the  end  of  n  +  t  years  and 
entitled  to  rank  for  annuities  will  be 


I    'x+n+t   _,     l(  x+n+t-1 


+ 


x+n+t-2 


XXX 


+ 


x+n 
1 


I 


Each    of  these    gets    an   annuity  of  ?n,   and  therefore    the    total 
amount  of  annuities  in  force  will  be 


5.  Obtain  from  the   Text  Book  mortality  table  the   numerical 
values  of  the  probability  that  out  of  three  lives  30,  35,  and  40 

(1)  One,  at  least,  will  die  in  the  10th  year. 

(2)  Not  more  than  two  will  fail  in  the  10th  year. 

(3)  All  will  die  within  20  years. 


I 
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(1)  This  probability  in  symbols  is 

l-(l-9l730)(l-9k35)(l-9lW 

\  ^30/    \  '35/    \  ^40/ 

V         89685A  86137/ V         82277; 

_  ^^^'^Q         85213  81176 

89685    ^    86137  ^    82277 
=   -03274. 

(2)  This  is  the  probability  that  all  three  will  not  die  in  the 
10th  year,  and  is  equal  to 

1  -  91^30X9^35X91^40 

^1  ^39     V     ^44     V     ^49 

III 

*30  *35  *40 

,         806  924  1101 


89685         86137         82277 
=   -9999987. 

\y)  120730:35  :40   ~    (^  ~  20P30)  C-^  ~  20 P35)  (1  ~  20^40) 


_  ^30   ^50 

y,     ^35   ^55  ^     ^40"  ^60 

^30 

/           / 

^35          *40 

16890 

19571    23435 

89685 

'^  86137  '^  82277 

=  -01219. 

6.  There  are  X  persons  living  aged  x,  and  the  number  of 
combinations  of  them  taken  3  together  is  35.  What  is  the 
probability  that,  at  the  end  of  n  years,  the  number  of  combinations 
of  the  survivors  taken  3  together,  will  be  at  least  lO.^* 

By  inspection  one  may  see  that  the  number  of  combinations  of 
seven  persons  taken  3  together  is  35,  and  of  five  taken  3  together 
is  10.  Thus  the  question  is  to  find  the  probability  that  at  least 
five  persons  out  of  seven  of  age  x  will  survive  n  years. 


Now 


Therefore,       /; 


n^xyz  .   .  .  (m)  (1  +  Z)^ 

Z5 


»    xxxxxxx  (1  +  ^)^ 

=    Z5-5Z6+15Z7 

P 
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7.  Find  the  probability  that,  out  of  five  lives  all  aged  cc,   one 
designated  life,  A,  will  die  in  the  year  and  be  the  first  to  die. 

This  may  happen  in  several  different  ways, 

(1)  A  alone  may  die  in  the  year,  thie  other  four  surviving  to 
the  end  of  the  year.     The  probability  of  this  event  happening  is 

(2)  A  and  one  other  may  die  in  the  year  (A  first),  and  the 
other  three  survive  to  the  end  of  the  year.     This  probability  is 

4Cll(0'(P.)'- 

(3)  A  and  two  others  (A  first),  the  probability  being 

(4)  A  and  three  others  (A  first), 

(5)  All  (A  first),  iiqj^ 
The  total  probability  therefore  is 

-  w-ip,r\ 

8.  Find  expressions  for  the  following  probabilities  : — 
That  out  of  25  persons  aged  x, 
(a)  Exactly  5  will  die  in  a  year. 
(6)  Not  more  than  5  will  die  in  a  year, 
(c)  5  designated  individuals  and  no  more  will  die  in  a'year? 
{d)  5  designated  individuals  at  least  will  die  in  a  year. 

(a)  The  5  may  be  chosen  in  25C5  ways,  and  therefore  the 

probability  is  •^f',{q^'>{p^T. 

(b)  This  is  the  sum  of  the  probabilities  that  none,  exactly 

1,  exactly  2;  exactly  3,  exactly  4,  and  exactly  5  will 

die,  and  is  therefore  equal  to 

(Pj'  +  26C:?/P,?*  +  ,,C,(q^y(pJ'  +  A(%f(pJ' 

+^Ci(<i:)Xp,y'+^c,(q^Kp,r- 
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(c)  The  5   can  only   be  chosen  in  one  way,  and  therefore 

the  probability  is  (^  y(^p  y^. 

(d)  It  is  no  matter  what  happens  to  the  remaining  20,  and 

therefore  the  probability  is  simply  (jq  y. 

9.  Two  offices  have  each  £1,000,000  assured  —  office  A,  by 
100  policies  of  £10,000  each ;  B,  by  1000  of  £1000  each. 
Assuming  all  the  ages  equal,  and  the  rate  of  mortality  to  be 
2  per  cent,  per  annum,  give  an  expression  for  the  probability  in 
each  case  that  the  claims  will  amount  in  one  year  to  £30,000  at 
least. 

In  the  case  of  office  A,  in  order  that  not  less  than  £30,000 
of  claims  should  be  made,  not  less  than  3  deaths  in  100  must 
occur.  In  other  words,  the  deaths  must  not  number  either  0,  1, 
or  2.     The  probability  required  is  therefore 

J /igyoo         /49\99  j_         /49\98  / 1  y\ 

^      I  Vsoy      "^  100^^50;     50  ^  100^2  [^)     [^)  j> 
the   probability  of  one  life's  surviving  being,   according  to  data, 

9«  49       \     .  .,     ,   .        1 

or    vt:^  and  or  its  dying  ^. 


100         50'  'v""j"'&  50' 

In  office  B,  the  deaths  must  number  not  less  than  30  in  1000^, 
if  £30,000  at  least  is  to  be  claimed ;  and  the  probability  of  this 
happening  is,  similarly  to  the  above, 

1  _  //49yooo  /49\999  J^  /49\97i  /  1  \29^ 

^     \\bOj       +ioo«^iV50;      50"^  •    •    '    +1000^9  (^50 j     [^)    j 

the  probabilities  of  surviving  and  dying  being  as  above. 

10.  At  the  beginning  of  a  year  there  are  100  policies  in  force, 
each  for  £100,  and  each  payable  on  the  death  of  the  survivor  of 
two  lives,  the  ages  in  each  case  being  thirty-six  and  fifty-five 
respectively: — Calculate  (1)  the  expected  mortality  in  the  year; 
and  (2)  the  expected  claims  in  the  year — given  />36  =  '991,  and 
P55='980. 

(1)  The  expected  mortality  is 

100(^36  +  955)  =  100(-009  +  -020)  =  2-9. 

(2)  The  expected  claims  are 

£10000(^8^  X  q^^)  =  £10000(-009  x  -020)  =  £1-8. 
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11.  Show  approximately  that  the  force  of  mortality  at  age  x  is 
greater  than  the  probability  of  dying  in  the  year  after  age  x,  when 
the  number  dying  in  the  year  after  age  a;  -  1  is  greater  than  the 
number  so  dying  after  age  x. 


f^.>   =   <9, 


approximately  as 

according  as 

that  is,  according  as 

12.  Show  that 


d     ,  +d 

X-l  X 


21 


>  =  <r 


d     ,+d   >   ^   <2d 

X-\  X         ,  X 


^.  1  >  =  <  ^, 

x-l  X 


%  = 


IJX.^.,,.  ^  i/M-^-.'^) 


=  --[ 


iprf/ 


X'  0    dt 

/    V  x  +  l        x-f 


d 


=  % 


13.  Prove  that 


^x    =  j  J  x+tl'xAtdt 


J  ( 


dl^ 
±ldt 


0    dt 
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14.  Show  that  approximately  colog^p^  =  ^^^^  +  _i_(<7js. 

Also    ft  ,  1  =  w   approximately 


=  9,  +  ^  +  -^+-t«-         •         -(2) 
Stopping  at  the  term  involving  (jq  y,  and  deducting  (2)  from  (1) 

(%y 

^e'  X       "x+J  1  o 

andcologj;^  =  fx^^^  +  ^^(q^^ 

15.  Show  how  to  obtain  an  approximation  to  fi    . 

Here  the  ordinary  approximate  formula  fx     =   — —     ^"^     fails 

us ;  for  if  we  wrote  11,  ,   =     M-i      W+^  ^g  could  assign  no  mean- 

[x] 
ine  to  /  ,  ,.     The  /,  ,  persons  aged  x  are  select,  and  come  under 

o  [a;]-l  l«j  ' 

observation  at  that  age  for  the  first  time,  and  consequently  we 
know  nothing  of  the  persons  of  age  .r  -  1,  of  whom  they  are  the 
survivors.     We  must  accordingly  seek  another  approximation. 

I'Hm 

=  -  r^^'l'ri^\}  +  ^^%r  ■    ■    •  )  approximately. 

[X] 

If  then  we  take  the  column  /  ,  /  ,  /  ,  etc.,  and  difference 
it,  we  obtain  successively  A/  ^  AH  ^  AH  ,  etc.  If,  further,  these 
be  divided  by  1,  2,  3,  etc.,  respectively,  and  the  sum  of  the  odd 
terms  deducted  from  the  sum  of  the  even,  the  result,  divided 
by  /   ,  will  give  us  an  approximation  to  fx    , 
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h 


Or  we  may  proceed  thus — 
1  di, 

J-  [X] 


[x] 


il  ^'^ 


^^SJ, 


[X] 


I    filogjoZ      (M  being  the   modulus   of  common   log- 
~  ""  1^        dx  arithms  and  equal  to  '4342945). 


M 


Following  a  method  similar  to  that  indicated  above  we  obtain 
another  approximation  to  the  value  of  jj.    . 


CHAPTER    HI 
Expectations    of   Life 

1.  The  definitions  of  the  following  functions  and  the  dis- 
tinctions between  them  should  be  carefully  noted. 

The  Complete  Expectation  of  Life  at  any  age  is  the  average 
future  lifetime  of  each  person  of  that  age. 

The  Curtate  Expectation  of  Life  at  any  age  is  the  average 
number  of  complete  years  which  will  be  lived  by  each  person  of 
that  age. 

The  expectation  of  life,  or  more  properly  the  complete  expecta- 
tion of  life,  is  also  sometimes  called  the  "  mean  after-lifetime  "  ;  the 
"average  after-lifetime";  the  "mean  duration  of  life";  or  the 
"  average  duration  of  life." 

The  most  probable  after-lifetime  at  any  age  is  the  difference 
between  that  age  and  the  year  of  age  in  which  the  life  will 
most  probably  fail,  that  is,  the  year  in  which  most  deaths 
occur. 

The  Vie  Probable  at  any  age  is  the  difference  between  that  age 
and  the  year  of  age  to  which  there  is  an  even  chance  of  living, 
that  is,  the  year  in  which  the  number  living  is  reduced  to 
one  half  the  original. 

2.  In  Text  Book,  Article  24,  Lubbock's  formula  is.  applied  to 
find  a  more  exact  expression  for  e    than  e  -\-\.     The  deduction  of 

the  formula  itself  may  be  presented  as  follows  : — 
To  find  the  sum  of  the  series 

«0  +  "  1  +  "  2  "^   '     *     *     +  '^1  +  "i  +  1  +  ^^  4-  1  +   •     •     • 

T        T  t  t 

to  the  end  of  the  mortality  table,  the   values  ultimately  disa})pear- 
ing  whatever  function  ii  may  represent. 
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We  have  then 


"o  =  "o 


1  /I 


=.u^+—Au.+ 


(i  -  ■)„.,.  4(t -■)(!-) 


,J        —     «-Q 


Ahi^  + 


Ahi 


2/2 


2  /2 


=  ?/  +       Aw  + 


ir  - ')..  .  K 


-^     -     1 


2  ~  '-0 


etc. 


A2m,+ 


-  2 


li 


A3«, 


etc. 


»'f-l  =  «0  + 


/-  1 


Am„ 


t-l/t^-1 


('-i^-')...^(-r-)('r-) 


AX  + 


A3wn+- 


And  summing  these 


t-i 


smce  coefficient  of  Auq 
coefficient  of  AhtQ 


=   0-1)^2/-!)  _  /_:J.  _    _  t^-l 

12^2  4   -     -j2r 


and  so  on. 


Similarly 

2t-l  t-l  /2-1  /2_1 

8<-l  ^_1  /2_1  /2_1 


12/ 


24t 


and  so  on. 


in 

I 


CHAP.  III.]  TEXT  BOOK— PART  II.  89 

Now  summing  these  summations,  we  get 

Mq  +  M^  +  W2+  •    •    •    +^i  +  "i+J_  +  ^i+_2  "^  •    •    • 

T      T  t  t 

-  tzl(_A\  +  A\  +  A2u,+  .    .    .  ) 


+  ^^^-J(iA\  +  A%  +  A\+  .    .    .  )-   etc. 

t-l         fi  -I  t^  -1 

=  /(«o  +  Wi  +  ?/2+  •    •    •  )--^-Wo+  T2r^"o  -  "24;^  ^^"o+   etc. 

Subtracting  Uq  from  both  sides  we  have 

T      T  t  t 

t-l  i^  -1  t^-1 

For  the  application  of  this  formula  to  the  case  of  the  complete 
expectation  of  life,  we  may  proceed  as  follows : — 

If  we  were  to  say 

we  should  be  wrong  in  that  we  take  account  of  no  more  than 
complete  years  lived.  We  should  therefore  obtain  a  somewhat 
better  result  from 

The  same  error  in  principle  appears,  however,  for  we  take  account 
only  of  complete  half-years  lived ;  and  we  shall  obtain  a  correct 
result  only  from 

where  —  is  smaller  than  any  assignable  value. 
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'llJ:A2/  +etcA 


=  e  4- + 


+ 


1                                                         A/^  -  |-A2/^ 
=  (where  —  is  infinitely  small)  e^  +  ^  +  Yt  — ^— y- ^  "^  *    *    'j 

'x 

But   in   discussing   the  force   of  mortality  in   Chapter   II.  we 

showed  that 

dl 
-—  =  A/^-iA^Z^  approximately. 


Therefore 


1     dl 

^x  =  ^x  +  i-^l2l-d^  approximately 


x-1        x+1 


^x  ^  2  24/ 


The  process  by  which  e    was  obtained  was  perfectly  general, 
and  we  may  similarly  write 


xy  xy  '     ^  12 


and  generally 


_  ,  i_ /*a!  +  /^3/  +  /*^+    •    •    •  to  w  terms 

ieyz  . .  .  («i)  ~    xyz  .  .  .  (m)      ^  22 


EXAMPLES 

1.  Given  the  following  mortality  table,  deduce,  in  respect  of  a 
life  aged  eighty-two,  (a)  the  curtate  expectation  of  life,  (6)  the  vie 
probable,  (c)  the  age  at  which  it  is  most  probable  that  he  will 
die.  Find  also  the  average  age  at  death  of  the  129  lives,  aged 
ninety-five. 


i 
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X 

/ 

d 

X 

/ 

d 

X 

X 

X 

X 

82 

10096 

1712 

92 

575 

209 

83 

8384 

1540 

93 

366 

144 

84 

6844 

1361 

94 

222 

93 

85 

5483 

1180 

95 

129 

58 

86 

4303 

1002 

96 

71 

34 

87 

3301 

830 

97 

37 

18 

88 

2471 

671 

98 

19 

10 

89 

1800 

527 

99 

9 

5 

90 

1273 

402 

100 

4 

3 

91 

871 

296 

101 

1 

1 

Answers:  (a)  3*582. 

(6)  3*5  approximately, 
(c)  82. 
The   average  age  at  death   of  those  aged  ninety-five  will  be 
96-593. 

2.  From  the  Text  Book  mortality  table  ascertain  the  values  of 

1 10^30  ^"^  5 1 15*^40- 

\J,,  =  9-599,  Ji,^,o  =  12-643. 


3.  Deduce  a  formula  for  \S^  without  making  the  assumption 
of  a  uniform  distribution  of  deaths. 

By  Text  Book  formula  (27)  we  have  approximately 
e    =  e  +  i  —  J^ii 

Now      \J^  =  ^,- JV.+n 

=    (.^x  +  ^-J2t'x^-nPx(.^x+n-^i--T^^x+7) 


CHAPTER  IV 
Probabilities  of  Survivorship 

1.  In  Text  Book  J  Article  3,  Q^  is  derived  from  formula  (1)  by 
giving  to  n  successively  every  integral  value  from  unity  upwards. 
It  may  be  derived  by  a  similar  process  from  formula  (2) 


n-l\"xy 


x+n-1         v+n-^ 

I 

xy 


Here  then  Qi     =  2    ^+^-i  ^   y+n-j 

X         y 
I    .        .   -/    .  / 


=  2- 


x+n-l 


x+n 


I 


X 


y+n-l 
"27 


+  / 


y+n 


=  2. 


x+n-l    y+n~l 

I   I 

X   y 


x+n    y-\-n-\ 

I    I 

X   y 

gj+n-l    y+n    _      x+n   y+n\ 


I 


X    y 


"x    y 


Since 


/ 1    ,       ,'■       ,  /         /       \ 

V  /     x+n-l    y+n-\  x+n    y+n\  i 

^  \  — n n~)  =  ^ 


2.  The  formula  Qi    =i-(l  -  ^^^^^  +  ^zil^)  is,  by  the  intro- 

duction  of  ages  x-\  and  y  -  1,  in  a  form  unsuitable  for  application 
to  select  tables.     To  render  it  in  a  suitable  form  we  have 

A(-i  x'.ij-\  x-\\y\ 

'  3/-1  ■'a;-! 

2     I  Py-l  P^.i  J 


xy  Z 
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3.  By  the  use  of  TeM  Book  formula  (2)  we  may  also  very  easily 
arrive  at  the  probability  that  (.r)  will  die  before  (y)  or  within  t 
years  after  the  death  of  (^),  i.e.,  formula  (14),  as  follows : — 

We  have      Q^  ;^,  =  (1  -  ,P,)  +  ^'^'^yfy^^-i 

X   y 

I       ^d  I 

0^  -v     ,       x+t        x+t+n-\    ?/4-n-J 
-A^  +  1 T—l 

X  x+t   y 


y 


4.  To  find  the  more  restricted  probability  that  (x)  will  die  within 
t  years  after  the  death  of  (^),  we  have  the  required  probability 

y+n-l^  x+n-i(        x+n+t~y 

*"  n 

y  X 

y+TO-l  x+n-ij    __  x+t        y+n-1  x+n+t-\ 
y   X  »  y   x+t 

^xy      t'  x^-x+t  :  y 

=  (i-Qy-A(i-QL  ) 

x+t  :y 

=  1-^(1 -Q^  )-Qi, 

=   Ql    -=-       Ql 

^x:y(t\)       ^xy 

which  is  obviously  correct ;  for,  if  we  take  the  probability  that  (.r) 
will  die  before  (^)  from  the  probability  that  (x)  will  die  before  (?y) 
or  within  t  years  after,  we  are  left  with  the  probability  that  (x) 
will  die  within  t  years  after  the  death  of  (^). 

5.  The  allied  probability  that  (.r)  will  be  alive  /  years  after  the 
death  of  (j/)  is  found  as  follows  : — 

Taking   the    nth   year,   the   probability  of  (y)  dying  therein 

.      ^,+     1 

is     .^Jy — ,  and  the  probability  of  (.i)  being  alive   at  the  end  of 


94 


ACTUARIAL  THEORY 


[chap.  IV. 


t  years  after  the  middle   of  the   wth  year  (since  (^y)'s  death  will 


x+n+t-h 


I 


Hence 


occur  at  the  middle  of  the  year  on  the  average)  is 

the  required  probability 

^d  ,      .  I  ,    , ,   , 

y+n-l    x+n+t-^ 

I    I 

y    X 

=   *P  Q   .  * .  ^  as  above. 

This  probability  is  the  same  as  the  probability  that  (x)  will 
die  before  (^)  or  within  t  years  after  (^)'s  death,  since 

tPj^x+t:l    =    A(1-QJ-      ) 

x+t:y 

=  i-{i-A(i-Qj_   )} 

x+t  :y 


6.  The  preceding  probability  must  be  clearly  distinguished  from 
the  probability  that  (x)  will  be  alive  at  the  end  of  the  tth  year 
succeeding  that  in  which  (?/)  dies,  which  may  be  found  thus — 

Taking  the  wth  year,  the  probability  that  (^)  will  die  therein 

is   -^^ — ,  and  the  probability  that  (x)  will  live  to  the  end  of  the 

y 

tth  after  the  wth  year  is   _£±!!±*.     The  total  probability  required 
must  therefore  be 

y+n-l    x+n+t  ^   V  -  /       ,p    -     p) 

y  X 

=    .p  (^  p    ,  ,  X       ,  «   -  2   /J    ,  ,  X     p) 

ti  x^    n^  x+t      n-1^  y         n^  x+t      n^  y^ 


/e 


x+t  : y-l 


—  e 


x+t  :  y 


i 


or    =    tPx^P,+t(y+^^+t+l:y)-^x+t:y) 

7.  We  may  find  an  alternative  formula  for  e  I    as  follows : — 
Taking  the  nth  year,  the  probability  of  ( //)  dying  therein  is 

C-i^  -^/?),  and  (.r)'s  expectation  of  living  to  the  end  of  that 

year  and  of  each  year  after  amounts  to 
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The  expectation  of  (.r)  after  {ij),  should  (//)  die  in  the  nth  year,  is 
therefore  «P^_lP^  -„PP(1  +e^+J.  and  the  total  expectation 

y\x  nrx\n-l^  y      n^y^^  x+TO'' 

That  this  expression  is  identical  with  that  in  the  formula 

y\x  ~      n'  x^         n"y^ 

may  be  shown  as  follows  : — 

=  lPx%  +  2Px(%  +  l\%')  +  3Px^%  +  l\%  +  2\%)+'     '      ' 

^9yU\  +  2Px  +  sPx-^'       '       •     ) 

+  l\%i2Px  +  ^Px-^-     '     •    ) 

+  2\%(.sPx+'     ••)+••• 

»■*«(.«.- l-'y      ni  y^^  x+tJ' 


8.  In  finding  e    — =^  we  have,  as  shown  in  the  Text  Book,to  divide 

x:y{t\) 

the  expectation.  Then  the  expectation  for  t  years  depends  on  (^r) 
alone,  and  is  equal  to  re^.  Thereafter,  in  order  that  (.r)'s  living 
to  the  end  of  the  {t-\-  l)th  year  may  count,  (y)  must  live  to  the  end 
of  one  year ;  that  (.r)'s  living  to  the  end  of  the  (t  +  2)th  year  may 
count,  ( j/)  must  live  to  the  end  of  two  years  ;  and  so  on.  We  have 
therefore 

p      -=.     -     \   p       ^      (c+t+l    y+\^  x+t+2   y+2^ 

^x:y{t\)     -     \t^x^  n 

«  y 
I  I      4-1  /      4.  .    .    . 

^     \   p    4.    ri     ^+<+l    y+1^  x+t+2   y+2     

\t    x'^  tlx  I        I 


x+t    y 
x+t:y 

=    e  -  .p  (e  , ,-  e  , ,    ) 

X       i-t  x^  x4-t  x4-t  •.iiJ 


=    \,e   +   n  e 

U    a;       M  a;   ; 


X      i-*  x^  x+t        x+t  :y^ 

9.  Coming  to  the  probability  that  (x)  will  die  first  of  the  three 
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lives  (x),  (^y),  and  {z),  we  may  proceed  in  the  same  manner  as 


in  the  case  of  two  lives. 


^+n-i 


^xyz 


—  y,    a?+^-l        «+«■  y     y+TO-1        y+7t         z+n-l        g+n 


2/ 


—  v„ 


x+n-l    y+n-l    z+n-1        "x+n  "y+n-1  "z+n-l 


21 


I  .    I  ,      J 


I  I  I 

X   y   z 


I   I   / 

X   y   z 


I 


x+n-1    y+n-l    z+n         x+n   y+n-l    z+n 


I   I    I 

X    y    z 

I  II  ...  , 

x+n-1   y+n   z+n-1         x+n  y+n   z+n-i 


I   I    I 

X   y    z 

I    .      I    .      I 


I   I    I 

X   y    z 


I    I    I 

X   y    z 


+ 


x+n-1    y+n    z+n         x+n    y+n    z+n 


I    I    I 

X    y    z 


I    I    I 

X   y    z 


40- 


x:y-l:z-i         x-l:y -l:z         x:y-\:  z         x-1  :y:z-l 


P.-- 


+ 


P.- 


+ 


y-l:z-l  ^x-l:y-l  ■*  2/-1     '«-!:«-! 


Px-- 


x:y:z-- 


+ 


^x-1  :y  :z 


Pz-X  Px- 


x-1 


since 


.n 


I  .     A  .     A 


I  .    I  .    I 


x+n-1    y+n-l    z+n-1         x+n   y+n   z+n 


I    I    I 

X   y   z 


I   I    I 

X   y   z 


) 


The  formula  given  in  the   Tea-t   Book  differs  from   the  above, 
exceeding  it  by 

1    /  p  c  c 

J^/i    _      x:y-l:z-l  _     x-l:y-l:z         x~l:y:z-l 

12\  Py.i:,.i  P,-i:y.i         P._i:._i 

c  c  p  \ 

x:y-l:z         x:y:z-l,      x-l:y :z\ 

Py-1  Pz-1  Px-1     I 


which,  however,  is  a  very  small  quantity. 
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10.  To  adapt  the  expression  given   above  for  use  with  select 
tables,  we  have 

%^   =    T{^-Px(^+^x+l:y:z^+Py(^+'.:y+l:.^+Pz(^+'x:y:z+l) 

-  Pxy(^  +  ^«+l  :  y+l  :  z^  '  PxS^  +  'x+1  :  y  :  .+l)  +  PyzO^  +  ^.  :  y+l :  .+l)} 
Si"^^      'x'.y-l:z-^-Px:y-l:z-lO^+'x+l:y'.z)'   ^^^^ 


11.   A    simpler    solution   of   the    problem    to    find    the    value 
of  ej^l     than   that    given    in   the    Text   Book  may  be  suggested. 

If,  in  the  equation 

e^  \    =  2  «  X  I   7  ^ 

yz\x  n^  X      \n  i  yz 

it  be  assumed  that,  for   all   values    of  w,    I   o^  =Qi  x  i   o      (see 

'  '     \n  ^  yz       ^-yz      \n  ^  yz     ^ 

Articles  7  and  8  Text  Book,  Chap.  XV.),  we  have  at  once 
e^  \     =   2  »  Qi    X  I   <7 

yz\x  n'  x^-yz       \n^  yz 

^yz  yi\x 
=   QUe  -e    ) 

^■yz^  X        xyz-' 


Also 

c  2|     =    e^  \   -  e  \ 

yz\x  yz\x        y\xz 

=    QUe  -e     )-(e    -e     ) 

^-yz^  X        xyz-'       ^  xz        xyz-' 

\  ^-yz-'  ^  X        xyz-'       ^  xz        xyz^ 

=   (e  -e  )-QHe  -e    ) 

^  x        xz-f       ^-yz^  X        xyz-f 

Or  we  may  proceed  thus  : — 

C-l      =2»X|</2 

yz\x  71 '  X       \n'yz 

=    2  /;  Ci    q    -  I    7  1) 
TO '  xv  1 »  ^  3       I  n  '  2/^ 

z  I X        2/2 1  a: 

=   (e  -  e  )  -  Q  i(e  -  e     ) 

^  x        xz-'  yz^  X        xyz-' 

12.  The  following  should  be  carefully  noted. 
There  are  two  formulas  for  q~  : — 

^xy 
"xy    ~    "x      ^y      "xy 

and     q—    =    q  xq 

^xy  ^x      ^y 

We    may   express   in  similar  forms    the  probability   that   two 

G 
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children,  ten  and   fifteen   years   old    respectively,  ^vill    both  die 
before  attaining  age  twenty-one,  viz. : — 

+  L'/,.-(|69io:l5+6^10:16^|59l6) 


and 


liiVio+lcVis 


n  ^10        6  ^15 


The  probability  that  one  at  least  will  so  die  is .  ^^ 

le^iotis  +  e^ions^Mie  ^K 

and     l-Cl-ln^ioXl-jeO-  VI 

Now  to  obtain  the  probability  that  both  the  children  will  die 
before  twenty-one  in  the  lifetime  of  their  mother  aged  fifty,  we  have 

1 11  ^10 : 50  "^  1 6  ^Ib  :  50  ~  (|  6  ^ll0TT5i :  50  "^  6 ^10  :  15  :  50  ^  \o  ^16  :  56^ 

but         1-1 


ii'/ioiso^  |6^i\:50   does  not  apply  in  this  case. 
The  probability  that  one  at  least  will  so  die  is 


n 


^ii 


1 


+  fiPi 


0  :  151:50      6-^10:15:50 


^    5  ^/l6  :  66 


but       1  -  (1  -  L  7  !o  :  5o)(l  -y  15  :  50)    ^^^^  "^^  ^PP^^  ^^  ^^''^  ^^'^• 


EXAMPLES 

1.  Out  of  I  married  couples,  the  husbands  being  all  aged  ^r 
and  the  wives  aged  y,  show  how  the  number  of  husbands  who 
become  widowers  in  the  7ith  year  may  be  ascertained. 

The  number  of  husbands  becoming  widowers  in  the  wth  year  is 
I  X        |«i    =    /xAf     ■,P  -    p)(     ~,P  +    p) 

X      n-l\ 'xy  X       ^^n-1^  y      n^  y-'^n-l'  x      n^  X'' 


=     I     X 

X 


y+n-1         x+n-i 


i  I 

y  ''X 


We  do  not  cancel  /  in  the  numerator  with  /  in  the  denominator, 

X  X  ' 

since  the  fonner  is  taken  from  actual  experience,  while  the  latter 
is  taken  from  a  table  which  represents  suitably  the  mortality  of 
the  lives  concerned. 

2.  If  the  probability  that  (x)  will  die  before  (z)  is  -1996 ; 

,,  W  „  both(j/)and(2:)is-1610; 

W         «  W  is  -2990  ; 

«  W         „         -both  (j:)  and  (s)  is -2602; 

find  the  values  of  the  following  probabilities  :  — 

(1)  That  the  survivor  of  (x)  and  (^)  will  die  before  (2). 

(2)  That  (jc)  will  die  before  (z),  {tj)  having  died  first. 
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(1)  Ql   =  Q2  +Q2  =  Ql  _Q1  4.QI  _Q1 

1     1 

-  -1996 --1610  + -2990 --2602 

-  -0386  + -0388 
=  -0774 

(2)  Q2   =  -0386 

1 


3.  Find  the  probabilities  that,  in  the  rth  year  from  the  present 
time, 

(«)  A  life  now  aged  x  will  die,  having  survived  a  life  now  aged  y 

by  at  least  m  years,  and  a  life  aged  z  by  at  least  n  years. 
(U)  The  last  survivor  of  three  lives  (x),  (^),  and  {2)  will  die. 
(c)  A  life  (z)  will  die,  leaving  (x)  and  (y)  surviving. 

(«)  To  fulfil  the  conditions,  {x)  must  die  in  the  tt\\  year,  (j/)  on  the 
average  before  the  middle  of  the  (t  -  7w)th  year,  and  (z)  on  the 
average  before  the  middle  of  the  {t  -  n)th  year  respectively. 
The  probability  is 

d  , ,   ,      I  —I  , .        .      I  -I  , ,        , 

x+t-l       jy y^t-m-^         z       z+t-n-^ 

1^1  ^  I 

X  y  z 

W    t-lYll^z-  t-lV^z-  iP^z 

=  ^t-lPx  +  t-lPy  +  t-lPz-  I  -iPxy-  t-lPxz-  t-,Py.^  t-lPxyz) 

-  itPx  ■^tPy  +  tPz  -  tPxy  -  tPxz  "  tPyz  +  tPxyz) 
=  t-l\%  +  t-ll'iy-^  t-l\%-  t-ll%y-  t-iyixz-  t-l\%z 
"^  <  - 1  I  ^xyz 

V  I'  V 

z  X  y 

4.  Find  expressions  for  the    piobabilities   that  of  three    lives 

(1)  In  the  same  year  as  (s),  whether  first,  second,  or  third  of 

the  lives. 

(2)  At  least  t  years  after  (j/),  and  at  least  /  years  before  {z). 
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(1)  This  probability  is  equal  to  the  sum  for  all  values  of  7/  of  the 
probability  that  both  (.r)  and  (s)  will  die  in  the  nth  year 

=    ^(     .p    +    p    —      ,wxw-nx         «) 

^n-\^xz      n'xz      n-l^  x      n'  z      n^  x      n-1^  z^ 


=    l+2e    - 


x-l ;  z 
Px-l 


X  :  z-l 
P'z-l 


i 


(2)  If  (.r)  die  in  the  (w  +  /  4-  l)th  year,  then  to  fulfil  the  conditions 
(?/)  must  on  the  average  have  died  before  the  middle  of 
the  (n  +  l)th  year^  and  (s)  must  live  on  the  average  till  the 
middle  of  the  (w  +  2^  +  l)th  year.  The  probability  required 
is  therefore 


y     x+n+t 


y      y+n+h 


I 


I 


z+n+2t-{-i 
I 


m 


Px  ^  2iPz  ><  ^    -7 


x+t+n 


y        y+n+^  z-h2t  +  n+i 


x+t 


I 

y 


z+2t 


tPx'^^tPz^ 


x+i  :  y  :«+2< 
1 


I 


5.  Required  (.r)'s  expectation  of  life  ten  years  after  the  death 
of  a  life  presently  aged  y. 

From  the  whole  expectation  of  life  of  (x),  we  must  deduct  the 
part  during  the  life  of  ( j/)  and  for  ten  years  after.  The  expectation 
required  is  therefore 

^«~^x:j/(10|)    "^    ^x~  ^^x~  \QPx\^x+\{)~^x+V):.y^i 
^     10-P/^x+lO  ~  ^x+10  :  y^ 

Or  we  may  proceed  otherwise.  The  (?i+10)th  year  will  count 
only  if  (.r)  survive  it,  and  if  {y)  die  within  n  years.  The  prob- 
ability of  its  being  reckoned  is  therefore  (1  -    p^   , ,,«  ,  and  the 

"  ^         Ti*  yyn-\-\0^x' 

sum  of  this  expression  for  all  values  of  n  is  the  expectation 
required 

=     ^^^  ~  nPy)n+loPx 


4 


lO^xV^x+10      ^x+10  :  y) 

6.  Write  down  in  respect  of  the  (^+l)th  year  the  probability 
icated  by  each  of  the  following  sy 


indicated  by  each  of  the  following  symbols: — (o)  Q2   ,  (b)  Q2 


xy  :z 


'xy'iz 
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^")    ITT  ^^+t^^y  ~  h+t+i^  ^^+t+h 

X  y  z 

X  y  z 

X  y  z 

«  2/  * 

+  a- ',+,+,)«,+,+,} 

X    y    z 
X   y   z 

7.  Show    that   Qi    =   —  (    ^"^'^  -  P  e  ^,      )  approximately. 

^  X-  I 

^iy  =   7T  /o  ^^+tl\+t^y^t'^^ 

X   y  '   ^ 

__    —  r  I       I  x+<-i-  x+i+i  ^^  app,.oximately. 

x    y      ^  x+t 


_1  ^  ^ 

■2 

2  V  p^_j        ^*  *+i=i/ 


since     e 


dt 


CHAPTER    V 

Statistical  Applications  of  the  Mortality  Table 

The  intricate  problems  relating  to  population  in  this  chapter  may 
be  simplified  by  the  following  explanations.  '^|| 


1.  In  Text  Book,  Article  14,  we  are  told  "the  average  age  at 
death   of  a  stationary    population,    kept    up    by    births    alone,    is 

To,, 

-yfi  =  ^Q,"  which  is  explained  as  follows  : — 

The  d^  persons  who  die  betw;een  0  and  1  are  on  the  averag 
\  year  old  at  death,  that  is,  amongst  them  they  have  lived  ^d^ 
years. 

The  d^  persons  who  die  between  1  and  2  are  on  the  average 
1^  years,  etc. 

The  d^  persons  who  die  between  2  and  3  are  on  the  average 
2\  years,  etc. 

Therefore,  the  </q  +  </j  +  d.^  +  etc.  persons  who  die  have,  taken 
altogether,  lived  ^^Q  +  fof^ +  |rf.,  +  etc.  years,  and  the  average  age 
at  death  of  each  is  therefore 

■i^o  + 1^1  +  1^2  +  ^t^-    _   Lq  +  Lj  +  Lo  +  etc. 


I 


m 


^0  +  ^1+^2+    ^*^- 


/. 


T 


=    e^ 


To  find  the  average  age  at  death  of  those  who  are  aged  x  and 
upwards,  we  have  by  a  similar  process  such  average  age 


d   +  d 


.  +  l+^«.+2  + 


i 


=     X   + 


L.+  Vi+^.4-2  + 


=     X   + 


=  X  +  e 
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Again,  similaidy,  the  average  age  at  death  of  those  who  die 
within  the  n  years  after  age  x  is 

~    ""  ^  I   -I    ^ 

X       x-\-n 

T  -T  ^    -nl 

,        X         x-\-n  x+n 

=  ^  +  — ir^r — 

X        x+n 

since         Ac?  +5«?  ,,+  •    •    •    +(n-l)d  ,      _ 

^    x      -    a;-|-l  ^         ^■'    x+n-1 

v-2  X     2  x+i     2  x+2  y 

-<'^x+n  +  '^x+n+l-^^x+n+2+   '     '     '    ) 

=    T  -T^    -nl 

X  x+n  x+n 

We  are  now  in  a  position  to  state  the  solution  to  the  problem 
in  Text  Book,  Article  14,  as  to  the  effect  at  the  end  of  n  years, 
on  the  average  age  at  death  of  an  otherwise  stationary  population, 

disturbed  by  "  an  annual  influx  of  —  x  /   persons  aged  x." 

K  ^ 

The  total  years  lived  by  those  that  have  died  out  of  the  original 
population  are  (|</q  +  \d^  +  %d.^  +  •  •  •  ),  and  the  total  years  at 
death  lived  by  the  immigrants  are 

^{(■'^+i)rf.+(^+f)'',+i+-  •  •  +(^+»-iH+„.,} 

Also  the  whole  number  of  deaths  of  both  is 

5  +  1  "^  ■    ""x+l 

and  therefore  the  average  age  at  death  of  each  who  dies  is 

T.  +  i- !(/  -/^  )x  +  (T  -T  ^    -nl      )1 

^        K    I  x+nJ  ^    X  x+n  x+w'  { 

L  +  La  -I     ) 


{d,+d,+d,+  .  .  .)+l.(^d^+d^^^+.  .  .  +d^^^^_;) 
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2.  Passing  to  the  problems  discussed  in  Text  Book,  Articles 
18  to  20,  we  may  find  the  average  present  age  of  the  existing 
population  as  follows  : — 

There  are  L^  persons  living  between  0  and  1,  and  they  have^ 
lived  on  the  average  \  year  each.  ^|j 

There  are  L^  persons  living  between  1  and  2,  and  they  have 
lived  on  the  average  1 J  years  each.  M\ 

There  are  Lg  persons  living  between  2  and  3,  and  they  have 
lived  on  the  average  2|^  years  each,  etc. 

Therefore  the  total  years  lived  amount  to  (JLq  +  f  Lj  +  f  Lg  + 
and  the  average  lived  by  each  person  is 

•      _   iTo  +  T,  +  T,+  .    .    ■ 


—  _o 

-  T. 


Similarly  the  average  present  age  of  the  population  who  are 
aged  X  and  upwards  is 


=    a:  + 


=    A'  + 


L  +  L   , ,  +  L   ,  „  +  • 

X  Z-fl  X  +  2 

•^       X  X+1  «+2 


8.  Again,  to  find  the  average  future  lifetime  of  the  existing 
population,  we  must  first  note  that  the  average  future  lifetime 
of  /    persons   is  T  .     Hence   the .  average    future    lifetime    of  L 

persons,     i.e.,    K^x  +  ^aj+i)     Persons,     is     JC^a- + '^x+i)'    ^"^     ^^^^ 
average  future  lifetime  of  each  of  these  L   persons  is  therefore 

= — ^^    years. 

X 

Now  the  average  future  lifetime  of  Lq  persons  living  between 

0  and    1    will  be    2(Tq  +  Tj),    and  of   Lj  „ 

1  „       2  „         JC^i  +  Tg),   and  of   l.^  „ 

2  J,      3  ,,         I  (T2  +  T3),    and  so  on. 


i 


CHAP,  v.] 


TEXT  BOOK— PART  II. 


105 


Therefore  the  average  future  lifetime  of  each  of  the  whole 
existing  population  will  be 

j,(T,  +  T,)  +  KT,+T,)  +  KT,  +  T,)+.    ■    ■ 
L„  +  Li  +  L2+  •    ■    • 
_  *T,  +  T,+T,+  .    .   . 
T. 

_  II 
Similarly  the  average  future  lifetime  of  the  existing  population 
who  are  aged  x  and  upwards  may  be  shawn  to  be  -f^. 

X 

4.  Now  if  the  average  present  age  of  the  existing  population  is 

Y  Y 

™^,  and  if  their  average  future  lifetime  is  ttt,  it  is  obvious  that 

the   average   age  at  death    of    the    existing   population   will   be 

2Y 

-Fp-^  ;  and  for  those  of  the  existing  population  who  are  aged  x  and 

2Y^ 
upwards  the  average  age  at  death  will  be  x  +  — -^. 


5  The  distinction  drawn  in  Text  Book,  Article  21,  may  be 
shown  thus : — 

In  the  case  of  the  stationary  population  which  is  recruited  each 
year  by  births,  we  have  for  the  average  age  at  death 

i^o  +  l^i  +  l^2+  •    •    • 
-   lo 

o 

=     ^0 

In  the  case  of  the  existing  population  we  have  as  follows ; — 


(1) 

0-1 

1-2 

2-3 
etc. 


Number 
living. 

(2) 


•*^2 

etc. 


Average  age  at  death 
of  each. 

(3) 


J   + 


+ 


KTi  +  T,) 


6    ,   iffl+Zs) 

"5"    "T  i 


etc. 
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M  ultiplying  the  number  living  at  each  age  by  the  average  age 
at  death  of  each  of  the  group,  and  dividing  the  sum  of  these  pro- 
ducts by  the  total  population,  we  have  for  the  average  age  at  deatl 
of  the  existing  population 

L,+  Lj  +  L2+---  L„  +  L,  +  L2+... 

^   iT„  +  T,+T,+  -    ■    ■   ^   iT,  +  T,+T,+  .    • 


■^0 

To 
2Y, 


+ 


In  the  case   of  Sq  we  have  the  average  age  at  death  of  the 
population    and,    assuming    that   there    are   /q    annual  births,  this 

2Y. 


average    age    is    the    same    every    year.       In  the  case  of 


t:  *^| 


0 


multiply  the  number  at  present  living  in  each  age  group  by  the 
average  age  at  death  of  the  group,  and  by  this  process  obtain 
the  average  age  at  death  of  the  present  members  of  the 
community.  H|| 

Applying  the  same  process  to  those  of  the  present  population 
aged  X  and  upwards  we  have  for  their  average  age  at  death 

(x  +  i)L^  +  (.v  +  |)L_+(..  +  |)L_  + 


L  +L^. +  L  ,„  + 

X  x+1  x+2 


+ 


iT  +T 

^       X 


+  T      + 

x+l  x+2^ 


L  +L  ,,  +L  ^  ,+ 

X  x+l  x+2 


Y  «       Y 

^  +  Y  +  Y 


2Y 


^    X  + 


EXAMPLES 


1.  Having  given  a  complete  table  of  p^,  accurately  representing 
the  probabilities  of  life  at  all  ages,  show  how,  from  the  deaths 
taking  place  in  one  year,  to  calculate  approximately  the  total 
numbers  living  in  a  stationary  population  where  there  is  no 
disturbance  from  immigration  or  emigration. 
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Since  the  population  is  stationary,  the  deaths  in  any  one  year 
must  equal  the  births,  that  is 

We  are  also  given  p^,  p^,  p.^,  p^,  etc.,  and  therefore  since 

1^  =  IqXPq 

*'3—^2^  P2 

etc. 

we  can  successively  obtain  l-^,  l^j  l^,  etc. 

Now  making  the  assumption  of  a  uniform  distribution  of 
births  and  deaths,  the  total  population  numbers 

=     J^o  +  ^l  +  ^2  +  ^3+    •      •      • 

2.  A  military  power  desires  to  maintain  a  standing  army  of 
1,000,000  men.  Five  years'  service  is  compulsory  on  all  males 
attaining  the  age  of  twenty.  How  would  you  apply  a  table, 
showing  the  mortality  amongst  males,  to  ascertain  the  annual 
number  of  recruits  required  to  maintain  the  army  at  its  proper 
strength  } 

By  the  table,  an  entry  at  age  twenty  of  /.,q  males  will  support 
a  population  between  twenty  and  twenty-five  of  T^q  -  T^..  By 
simple  proportion  we  find  the  number  of  recruits  of  age  twenty 
necessary  to  support  an  army  of  1,000,000  men  of  ages  twenty  to 

.        ^    fi      *     K     1000000  , 
twenty-nve  to  be  = — —  /go* 

1  20  ■"   1  25 

This  formula  naturally  only  takes  account  of  the  numbers  in 
time  of  peace.  It  further  does  not  allow  for  the  necessary 
selection  by  medical  examination  of  the  recruits,  nor  for  the  effect 
thereof  on  mortality. 

3.  In  a  stationary  community  supported  by  5000  annual  births, 
each  member,  on  attaining  the  age  of  twenty,  makes  a  payment  of 
£20,  and  contributes  .£1  at  the  end  of  each  succeeding  year  until, 
and  inclusive  of,  the  sixtieth  birthday ;  receiving  thereafter  an 
annuity  of  £15,  payable  at  the  end  of  each  year.  In  respect  of 
each  contributor  who  dies  before  receiving  the  first  payment  of 
£15,  a  payment  of  £5  is  made.  Find  expressions  for  {a)  the 
number  of  contributors,  (U)  the  annual  receipts,  (c)  the  total 
yearly  annuity-payment,  and  {d)  the  annual  death  claims. 
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(a)  The  number  of  contributors  is  — —  (T^q  -  T^.^). 


(6)  The  annual  receipts  are 
5000 


5000 


L 


(20/20  +  ^21  +  ^22  +  •  •  •  +  ^00)  =  -1—  (20^20  +  N'20  -  N^eo 

I'd 


(c)  The  total  yearly  aimuity-payment  is 

5000     ,,,,,,  ,       ,        5000     .^^, 

-v-xl5(/gi  +  /62  +  ^63+-    •    •    +/C0-1)  =  -/— xl5N 


CO 


(d)  The  annual  death  claims  are 

5000     ^,^        ,        ;  ,  .       5000 

-7— x5(c?2o  + ^21  +  ^22  +  •    •    •    +^6o)  =  -7— x-^(^2o-'( 


614 


T  2Y 

4.  Explain  clearly  the  difference  between  —Qand-Tfr^-       What 

does      "^   ^   ^+^  represent?  ^M 

A  community  otherwise  stationary  is  subject  for  n  years  to  an 
annual  increase  from  immigration  at  age  x  to  the  extent  of  10  per 
cent,  of  the  number  who  attain  that  age.  Show  how  to  ascertain 
the  effect  of  this  immigration  upon  the  average  age  at  death  at 
the  end  of  ?i  years.  What  practical  consideration  would  vitiate 
your  result  ? 


—fi  is  the  average  age  at  death  of  each  of  Zq  persons  born  in  a 
^0 
stationary  community,  while  as  explained  in  Te.vt  Book,  Article  21 

2Y 
of  this  chapter,  — ^    is  the  average  age  at  death  of  the  present 

-'■0 

members  of  this  community. 

T  -T 

— — —JLn}'  is  the  average  number  of  years  lived  by  each  of  / 

X 

persons  between  ages  x  and  (x  +  n).     See  Text  Book,  Article  12. 
To  get  the  average  age  at  death  in  the  above  described  com- 

munitVj  put  —  =  — -  in  the  formula  in  Text  Book.  Article  14. 

•^      ^  K  10 

The  result  is  vitiated  as  shown  in  Text  Book,  Article  16,  by 
reason  of  no  increase  in  births  following  on  the  increase  in 
population  being  taken  into  account. 
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5.  In  a  population  of  1,000,000^  hitherto  stationary,  the  birth- 
rate begins  to  increase  at  the  rate  of  1  per  cent,  per  annum. 
What  is  the  population  at  the  end  of  three  years,  assuming  a 
uniform  distribution  of  births  and  deaths  throughout  the  year  ? 

According  to  the  mortality  table,  a  population  of  Tq  must  be 

supported  by  Iq  births,  and  therefore  a   population   of  1,000,000 

^1                 ^  A  I      J        1000000  ,  .  ., 
must  be  supported  by  l^  x  — bn*ths. 

At  the  end  of  a  period  of  three  years,  the  population  due  to 
the  increase  in  the  birth-rate  is 

lOOOOOOr  .  n 

-^-^[{(1-01)3-1}^+|(,1-01)2-1}L^  +  -01L^] 

=  1000000^.^3^3^^^^^.^^^^^^^.^^^^^ 

0 

Hence  the  total  population  is 

1000000  4-  ,-^(30301  Lq  +  201  OOLj  +  lOOOOL^) 

6.  In  a  certain  community  the  number  of  annual  births  has 
been  observed  to  decrease  approximately  in  a  geometrical  pro- 
gression. It  is  desired  to  introduce  a  pension  scheme,  pensions 
to  commence  at  age  sixty-five,  the  contribution  being  from  age 
twenty  to  age  fifty-five.  The  number  of  births  this  year  being  k, 
find  expressions  for  the  immediate  numbers  of  pensioners  and 
contributors. 

Let  -7  be  the  common  ratio  of  the  geometrical  progression 

in  which  the  annual  births  are  decreasing.     Then  it  follows  that 
the  births  n  years  ago  were  r^^k. 

Assuming  that  the  births  take  place  uniformly  throughout  the 
calendar  year,  that  the  figures  are  required  at  the  close  of  the 
calendar  year,  and  that  there  is  no  disturbance  from  immigration 
or  emigration,  we  have  the  number  of  immediate  pensioners 

and  the  number  of  contributors 

i(r20L2o  +  r2iL2i  +  r^^L22+-    •    •    +  r^^LJ. 
'0 
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7.  A  system  of  free  education  is  introduced  into  a  community, 
embracing  all  children  from  the  age  of  five  to  thirteen  inclusive. 
The  present  number  of  such  children  is  A,  but  the  birth-rate  in 
the  community,  previously  stationary,  has  been  increasing  during 
the  last  four  years  at  1  per  cent,  per  annum.  What  would  you 
estimate  to  be  the  number  of  children  under  education  at  the  end 
of  twenty  years,  and  how  many  children  will  have  passed  out 
during  the  period  ?  .fllj 

Assuming  that,  during  the  period  the  population  was  stationary, 
a  table  of  mortality  was  formed  showing  the  column  of  L  and  the 
column  of  T,  we  may  proceed  as  follows  ; — 

In  the  first  year  of  the  system  the  number  under  education  is 


L.  +  L.  +  L^  + 


+  L,, 


In  the  second  year  A  i 


T  -T 

L,(1-Q1)  +  L,  +  L^  + 


T,-T 


14 


i 


In  the  third  year 


^  rL,(i-Qiy+L,(i-oi)+L,+ 

\  T.  -  T 


14 


and   so 
will  be 


on,   till   at   the   end  of  the   twentieth    year  the   immber 


{ 


L,(l-01)i'-'  +  L,(l'Qiy8  +  L>-(l'0iy^  + 


+  L,3(l-01)n- 


T. 


14 


The  number  that  will  have  passed  out  during  the  twenty  years, 
having  attained  the  age  of  fourteen,  will  be 

Ax/..  |io  +  (l-01)  +  (l-01)2+  .   .    .   +(i-oiyo| 


T.-T 


I*  dies 


8.  In  a  pension  society  it  is  a  condition  that  if  a  member 
after  m  years  from  entry  his  widow  is  entitled  to  an  annuity.  If 
on  the  average  there  enter  the  society  in  the  course  of  the  year 
k  new  members  aged  x,  each  with  a  wife  aged  y,  how  many 
widows  entitled  to  draw  annuities  will  there  be  at  the  end  of  the 
n\h  year  of  the  society's  existence  } 

The  widows  between  {^y  +  tn)  and  (^  +  m+ 1)  years  of  age  are 
on  the  average  each  (y  +  m  +  ^),  and  that  they  may  be  entitled  to 
annuities  their  husbands  must  have  died  between  (x  +  rn)  and 
(a:4-m  + J).  Similarly  the  husbands  of  the  widows  whose  average 
age  is  (^  +  W2  +  f )  must  have  died  between  (:i;  +  ni)  and  {x  +  w  +  J) 


CHAP.  V 


.]  TEXT  BOOK— PART  II.  Ill 


if  their  widows  arc  to  get  annuities,  and  so  on  for  (n  -  ni)  terms. 
Therefore  the  number  of  widows  entitled  to  draw  annuities  is 
k     [ 

a:    w    V 


X  y 


=  k(   n  X     \         e  —     \        e   ) 

^vii  X      m\n-m    y      m\n-m   xy^ 


An  alternative  method  of  arriving  at  the  same  result  is  to 
deduct  from  the  number  of  females  who  are  alive  and  who  have 
become  entitled  to  annuities  by  the  survivance  of  their  husbands 
for  the  necessary  7n  years  the  number  of  females  who  are  alive  and 
whose  husbands  are  still  alive.  The  result  is.  obviously  the  number 
of  widows  who  are  entitled  to  draw  annuities.  Following  out  this 
plan  we  get 
k     f 

I    I    'I  ^  2/+m+^    x+m        »/+m+5    x+m'^  •     •     •     "h  y^^.j    x+m^ 
X   y   ^ 

^  y+m+i   «+m+i        y+m+f    x+m+3  "^  .     .     .     -f-   ^^^^_^    x+n-y  f 

=   k(   p  X    ]        e  -    \        e'jas  above. 

^m^x      m\n-m   y      in\n-m   xy^ 

9.  A  railway  staff  in  a  stationary  condition  is  recruited 
annually  by  500  entrants  at  age  twenty,  who  are  required  to 
contribute  to  a  pension  fund.  At  age  sixty  they  have  the  option 
of  retiring  on  pension,  and  retirement  is  compulsory  at  age 
sixty-five.  Assuming  that  there  are  no  secessions  other  than  by 
death,  and  that  one-half  of  those  who  reach  age  sixty  retire  at 
that  age,  the  others  remaining  till  age  sixty-five,  give  expressions 
for : — 

(1)  The  total  immber  of  present  contributors. 

(2)  The  total  number  of  present  pensioners. 

(3)  The  total   number   of    future    years'    service    with    which 

existing  contributors  will  be  credited. 

(1)  The  total  number  of  present  contributors  is 

j-{(L.2o  +  L2i+  •    •    •    +L64)-K^60  +  Lai+  •    •    •    +LJ} 
500 


=    ~{(T,,-TJ-KT,,-TJ} 
500  (-.p    _  y> 
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(2)  The  total  number  of  present  pensioners  is 


^^^/irL  +L  +  . 

-j—  \  2  ^Ho  +-'^61  + 


+  L64)  +  (L65  +  L66  + 


"20 

500 


60 


Tc5)  +  Tc5} 


I  w^ 

'■20    ^ 
'^20 

(The  total  of  present  contributors  and  present  pensioners  makes 
up  the  whole  population  of  age  twenty  and  upwards.  This  is 
obviously  correct,  and  goes  to  prove  our  results.) 

(3)  jn''>o+  ^2i)  I'epresents  the  total  future  lifetime  of  the  Lgo 
persons  living  between  twenty  and  twenty-one.  Of  this  number 
of  years,  however,  K^eo  +  ^es)  ^^  lived  after  retirement.  Hence 
J (T20  +  T21)  -  |(TgQ  +  Tgg)  represents  the  number  of  future  years' 
service  in  respect  of  the  LgQ  persons  living  between  twenty  and 
twenty-one. 

Similarly  Kl'21  + '^'22)  ~  i  ('I'eo  +  "^65)  represents  the  number  of 
future  years'  service  in  respect  of  the  L21  persons  living  between 
twenty-one  and  twenty-two. 


We  shall  obtain  similar  expressions  for  Lggj  L23,  etc.,  to  L^g, 


that  for  the  last  being  K'^'so  +  ^&q)  "  iC^eo  +  ^&d' 

Further,  for  the  |LgQ  persons  between  sixty  and  sixty-one 
who  have  not  retired  the  number  of  future  years'  service  is 
J{|(TgQ  +  Tgj)-Tg5}.  Also  for  the  JL^^  persons  between  sixty-one 
and  sixty -two  years  of  age  the  expression  is  ^  {|  (Tg^  +  Tg2)  -  Tg^} ; 
and  so  on,  till  finally  for  JLg^  it  is  JIJCTg^  +  Tg^)  -  Tg^}. 

The  total  number  of  future  years'  service  with  which  existing 
contributors  will  be  credited  is  therefore 


_  Y 

60        '65 


5TJ 


CHAPTER    VI 

Formulas  of  De  Moivre,  Gompertz,  and  Makeham, 
for  the  Law  of  Mortality 

1.  Under  the  supposition  named  at  the  beginning  of  Text 
Booky  Article  7,  viz.,  that  the  numbers  living  at  successive  ages 
are  in  geometrical  progression,  it  may  be  shown  as  follows  that 
"there  would  be  no  assignable  limit  to  the  duration  of  human 
life,  and  the  values  of  annuities  would  be  equal  at  all  ages." 

Let  K  be  the  radix  of  the  table,  and  r  the  rate  at  which  the 
population  is  decreasing,  and  therefore  fractional.  Then  the 
numbers  living  at  successive  ages  will  be  k,  kt,  kt^,  kk^,  etc.,  to 
infinity. 

At  any  age  x  we  have  the  force  of  mortality 

1  dl 

^*~     I  d^ 

X 

_        1    dKT^ 

~"  KT^   dx 

= KT^  loff  r 

=  -  log  r 

which  is  independent  of  the  value  of  a-,  and  therefore  constant  at 
all  ages. 

Also  the  complete  expectation  of  life  at  any  age  x 

o 

e 

X 


= 

1   f"^ 

= 

1            ,.  CO 

^      /      KT^+tdi 

■'  0 

= 

J  0 

= 

1 
log^r 

1 

/^x 
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e   is  therefore  also  constant  at  all  ages ;  and  thus  the  first  part 

of  the  statement  is  proved. 

Anticipating  by  a  little  the  theory  of  annuities,  we  have 
the  annuity  value  under  the  supposition 


a     = 

X 

xJ  0 

■= 

1          rCn 

-'  0 

/•CO 

B= 

v*  rHt 

Jo 

1 

^ogv  +  logr 

^ 

1 

which  as  above  is  independent  of  x,  and  is  therefore  constant  at 
all  ages.     Thus  we  find  the  second  part  of  the  statement  correct.  M 

2.   Under   Gompertz's    law  the   formula  for  /  is  expressed  in 

terms  of  three  constants.  The  constant  /c  does  not  vary  with 
the  age,  and  is  therefore  of  importance  only  in  fixing  the  radix 
of  the  mortality  table.  ^fl 

From  any  three   values  of  the  number  living,  the  three  con- 
stants may  be  deduced.      For  example,  taking  the  values  of  log  ^ 
at  ages  x,  (x  +  /),  and  (x  +  2t),  we  proceed  as  follows  : — 

log  /  =   log^  +  c^logg 

^^^h+t     =    logk  +  c^+nogg 

iog/^^2j  =  \ogk  +  c^+-2nogg 

Taking  the  first  differences  of  both  sides  of  the  equation 

=    (f(c^  —  l)logg 


=   c 


■x+t(c^-l)logg. 


Now  dividing  each  side  of  the  second  equation  by  the 
corresponding  side  of  the  first,  and  taking  the  logarithm  of  the 
result,  we  have 

log  (log  ^j;^^^)- log  (log  ^p J    =    tlogc, 

from  which  c  may  be  found,  and  by  substiti.ting  its  value  in  one  or 
other  of  the  second  set  of  e(}uations,  log^  may  also  be  found. 
Again  by  substituting  these  two  values  in  the  first  equation  of  all, 
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log  k  may  be  found,  and  from  the  three  constants  now  known  the 
table  may  be  wholly  determined. 

3.   In  the  case  of  a  mortality  table  following  Gompertz's  law  it 
may  be  shown  that 

\t"xy     ~     ^xy         \t"xy 

a  relation  which,  it  was  suggested  in  the   notes  on  Chapter  IV., 
might  be  used  as  an  approximation  in  any  mortality  table. 


1     /•* 


C+t 

x  y  0 


By  Gompertz's  law  =    .  \  C  l^  /  , ,  Kc'+'dt 


11}        x+t    y  +  t 

X  y  0 


(f 


X  y  0 


Af  U,',+.B^-'(^  +  '^")''' 


(f  +  cv 

X    y  0 


Q, 


1  .CO 


(f  +  cv 


1  r 

Al^°  It'^'.    =     ft]      ^x+th+tf^'x+t^^ 

X  y  0 

1     /*' 


c^  +  cv 

^xy      \tTxy 

4.  From  consideration  of  the  actual  figures  in  the  Carlisle, 
Seventeen  Offices,  and  Government  Annuitants'  Tables,  Makeham 
deduced  the  principle  of  his  first  modification  of  Gompertz's  law, 
namely,  that "  the  probabilities  of  living,  increased  or  diminished  by 
a  certain  constant  ratio,  form  a  series  whose  logs  are  in  geometrical 
progression."  If,  then,  Gompertz's  law  is  defined  in  the  statement 
that  the  logarithms  of  the  probabilities  of  living  are  in  geometrical 
progression,  Makeham's  modification  thereof  is  covered  by  the 
statement  that  the  first  differences  of  the  said  logarithms  are  in 
geometrical  progression  with  common  ratio  c,  which  is  shown  to 
be  true  by  the  process  followed  in  Te.vt  Book,  Article  19. 

It   may   be   noted   in   passing  that    Mr    King    is    perhaps  not 
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strictly  correct  in  suggesting  that  Gompertz  had  foreseen  Make- 
ham's  modificaLion,  but  had  not  arrived  at  formulas  to  express  it, 
for,  as  Makeham  points  out,  he  would  in  that  case  have  expressed 
himself  thus  : — "  It  is  possible  that  death  may  be  the  consequence 
of  one  or  other  of  two  generally  coexisting  causes,"  and  so  on. 

Examination  of  mortality  tables  based  on  the  experience  ol^|| 
assured  lives  convinced  Makeham  that  while  his  modification  of 
the  law  accounted  for  the  facts  very  closely  from  about  age  thirty- 
two  onwards,  the  agreement  was  not  so  close  at  the  early  ages,  and 
he  proposed  to  have  recourse  to  a  complementary  series  during  this 
portion  of  the  mortality  table.  I'he  want  of  agreement  with  the 
observed  facts  is  due  to  the  fact  that  the  great  proportion  of  the  lives 
under  observation  at  these  early  ages  have  recently  been  medically 
examined  ;  in  other  words,  it  is  due  to  the  unequal  effect  of  selection. 

The  following  table  gives  the  rates  of  mortality  of  the  H^^ 
experience  (1)  as  graduated  by  Makeham's  law,  and  (2)  as 
adjusted  without  reference  to  any  formula.  It  will  be  noticed  that 
at  this  portion  of  the  table  Makeham's  law  considerably  over- 
estimates the  rates  of  mortality. 


Age. 

Assuming 

Assuming 

Makeham's  Formula. 

no  Formula. 

10 

•00679 

•00442 

11 

•00682 

•00409 

12 

•00684 

•00388 

13 

•00686 

'00381 

14 

•00688 

•00385 

15 

•00693 

•00404 

16 

•00695 

•00436 

17 

•00700 

•00483 

18 

•00704 

•00543 

19 

•00709 

•00604 

20 

•00714 

•00649 

21 

•00718 

•00679 

22 

•00725 

•00692 

23 

•00732 

•00695 

24 

•00739 

•00695 

25 

•00748 

•00700 

26 

•00755 

•00710 

27 

•00766 

•00733 

28 

•00775 

•00759 

29 

•00787 

•00783 

30 

•00800 

•00806 
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The  same  difficulty  presents  itself  in  applying  the  formula  to 
the  graduation  of  annuity  statistics,  where  tlie  mortality  is  dis- 
turbed for  too  long  a  period  of  the  table  by  the  introduction  of 
new  entrants. 

The  French  experience,  both  of  assured  lives  and  annuitants, 
was  graduated  by  Makeham's  law.  The  formula  was  not,  however, 
applied  below  age  twenty-five,  the  rates  of  mortality  at  these  ages 
(which  were  made  identical  in  the  two  experiences)  being  obtained 
by    assuming    that   q     could    be    represented    by   the    following 

algebraical  expression : — 

A,  B,  C,  etc.,  being  obtained  from  seven  equations  depending  on 
the  unadjusted  data. 

One  curious  point  connected  with  Makeham's  law  is  the  fact 
that  the  value  of  logc  as  deduced  from  different  mortality 
experiences  is  very  nearly  identical.  The  following  examples 
may  be  given  : — 


Seventeen  Offices        .         , 

.     -03956 

H^^ 

.     -0400008 

Thirty  American  Offices 

.     -041280 

Gotha  Life  Office 

0     -039625 

v-/                «                   •                   »                   »                   »                   J 

.     -039 

Commenting  on  this,  Makeham  has  said :  "  The  practically 
identical  agreement  in  the  value  of  log  c  in  these  several  instances 
could  only  result  from  the  rate  of  deterioration  of  the  vital  force 
being  the  same  for  each  individual.  Thus  extended,  Gompertz's 
law  may  be  stated  as  follows:  The  vital  force  or  recuperative 
power  of  each  individual  loses  equal  proportions  in  equal  times ; 
and  the  proportion  of  vital  force  so  lost  by  each  is  universally  the 
same,  being  approximately  represented  by  log  c  =  -04." 

Makeham's  first  modification  of  Gompertz's  law  was  never 
intended  to  be  applied  to  every  mortality  table.  In  some  cases 
it  was  shown  to  fail  to  represent  the  experience.  Where 
geometrical  second   differences  of  log  I   were  not  found  to  exist, 

he  suggested  that  geometrical  third  differences  might  exist,  "not 
as  in  any  way  superseding  the  method  of  second  geometrical 
differences,  but  merely  as  a  substitute  which  may  be  available  in 
certain  cases  where  the  other  is  found  to  be  unsuitable."     This 
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method  lacks  the  neatness  of  application  to  joint-life  contingencies 
possessed  by  the  well-known  first  modification,  and  has  never 
proved  to  be  of  more  than  theoretical  interest.  It  may  simply 
be  stated    that    under    the    second    modification    /     is    of    the 

X 

form  k^^^uf^f  whence  we  find  that  fi    =  A-j-Hx-f-Bc*, 


EXAMPLES 

1.  Find,  on  De  Moivre's  hypothesis,  the  most  probable  number 
of  deaths  among  1000  persons  aged  thirty. 

The  most  probable  number  of  deaths  may  be  found  by  deter- 
mining the  greatest  term  in  the  series  (pgQ  -i-  q^^^^^. 

But  by   De  Moivre's  hypothesis    Wqn    =    -^   =   — — —   =    '. 

^  Ji^  /30  i^^         86-30         56 

Therefore  we  require  the  greatest  term  in  the  expansion  of 

/55      j_yooo. 

V56   ■*■   56/ 

Now  the  (w  +  l)th  term  =  the  wth  term    x 


1000 


w+1   1 

55 


And  therefore  the  (w-f-l)th  term  >  the  wth  term 
so  long  as       1000  -  w-|- 1  >  55w 
or  56;i  <  1001 

or  .    n<  17i|. 

That  is,  the  18th  term  is  the  gi*eatest. 
But    the    18th  term  involves   17  deaths;    therefore   the 
probable  number  of  deaths  is  17. 


mosl^ 


2.   Prove   that  upon    De     Moivre's    hypothesis    the    force    of 
mortality  is  equal  to  the  rate  of  mortality  at  all  ages. 


/^. 


1     dl 
/      dx 

X 

1       d(B^-x)   ,,       ,      ,  ,      .  ^ 

=    -  86^'       dx —    (^y  *^^  hypothesis) 

1 


86-j: 
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3.  If  the  force  of  mortality  varies  inversely  as  the  complement 
of  life,  deduce  the  forms  of  /  and  e  . 

1 


Let     JUL     = 


0)   -  X 

k 

(O  —X 


d  loff  / 

But     fx     =    - iJt 

^'  dx 


Therefore    log  /     =    -  /  ^Jix 


J  i>i  —  X 

=    k  log  (w  -  x) 

whence 

l^    =    {^o-xf 

M-x  I 
•'0            X 

7  (\ 


0         (w-a-y 


But     \^--r'^^M  =       '      -(<^-^-Jf^ 

J     ((o  —  xr 

1     ((0  -  xy+'^ 


j   {o)-xy  {<i}-xy       k+i 

Therefore  <?     = 


(w  —  xY      k-\-l 
oi  —  x 


k+l 


4.  Obtain  an  expression  for  the  force  of  mortality  when  the 
law  of  mortality  is  expressed  by  the  equation 

/    =  ks^iv^  ;?'= 

X  ° 

2       X 

Since  /     =    k^w^  s*"- 

X  '-' 

log  / .    =    log  k  +  X  log  s  +  x"^  log  w  +  c*  log  g 
But  i 

Now  let 

and  -logclog^    =    B 

Then  m     =   A  +  H.r  +  Bc« 

'  X 


d  log  / 

2x 
A 
H 

log 

w  +  c^  log  c 

dx 
=     -(log*  + 
-log*    = 
-  2  log  10   = 

log^) 

CHAPTER    VII 


Annuities    and    Assurances 


1.  By  Text  Book  formula  (3) 


=    ''PS^+%^^) 


x+V 


whence 


(l+0«     =  pil+«  .1) 


0+«.4-l)-  9.(1+^.4-1) 


x+\^        ix^^    '      a;-fl> 

From  the  equation  stated  in  this  manner  much  that  is  useful  may 
be  learned. 

If  flg,  be  invested  at  age  x  in  the  purchase  of  a  life  annuity,  by 

the  end  of  one  year  the  purchase-money  will  have  accumulated  to 
(l+i)a.     Now  if  the   annuitant  has   survived,  he   will  be   aged 

(a:+l),  and  will  be  entitled  to  the  first  payment  of  the  annuity 
immediately.  The  value  of  the  annuity  will  therefore  be 
(1  +  fl      ).      The    excess   of  (1+a      )   over   (l+i^a^    is,   by   the 

equation  above,  ^'^(1 +«^),  which  is  the  loss  to  the  granter  of 
the  annuity  for  each  survivor,-  and  therefore  the  total  loss  in 
respect  of  the  survivors  of /^  entrants  at  age  x  is  ^  i,?  (l+«  ,,)• 
Again,  if  the  annuitant  dies  during  the  first  year  the  whole  of 
the   accumulation,  that  is  (l+i)a.  will  be  set  free.     The   total 

amount  set  free  by  the  deaths  among  /   entrants  at  age  x  will  be 

d  (l-{-{)a  .      It  is  assumed  that  the  mortality  actually  experienced 

will  be  that  shown  by  the  table  adopted,  and  it  may  easily  be 
proved  that 

/  ,^q(l+a  ,,)  =  d  (l+t)a 

X  +  l^X^  X  +  l^  X^  ^     X 

Expressing  Text  Book  formula  (3)  in  slightly  altered  form,  we  have 

X^  ^    X  x  +  iv  x+l-' 

From  this  it  may  be  seen 

(1)  That,  unless  d    die  during  the  year,  the  accumulations  of 


i 
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the  purchase-monies  of  /   entrants  will  not  be  sufficient  to  meet  the 

annuities  payable  to  the  survivors.  This  confirms  Mr  King's 
remarks  in  Article  4  that  "we  must  always  presuppose  a  suffi- 
cient number  of  such  benefits  to  form  an  average ;  so  that 
the  contributions  for  those  that  never  mature  may  be  available 
to  meet  the  deficiency  in  the  contributions  for  those  that  actually 
become  payable." 

(2)  That,  when  an  annuitant  dies,  the  reserve  released  is  not 
to  be  considered  profit  to  the  office,  since  the  amount  released  has 
to  be  applied  to  make  good  the  deficiency  under  the  contracts  of 
those  who  survive. 

2.  The  following  simple  proof  shows  the  identity  in  result  of 
Barrett's  and  Davies's  forms  of  commutation  columns.  According 
to  Barrett,  who  used  the  initial  form. 


a     = 

X 

A 

X 

Vl  +  V2+-     •     • 

A 

X 

(i+r)"-'-Vi+(i+')''-'-'U2+-  •  • 

(1+0"-% 

(i+>>,;-+v^,+(i+0"t^+V2+-  •  • 

{i+irvi^ 

'^+%+,+'^+%+,+  -  •  •       . 

X 

D.+1  +  V2+-   •    • 

D. 

N 

X 

D 

X 

according  to  Davies,  who  used  the  terminal  form. 

3.  In  Text  Book,  Article  25,  it  is  shown  that  the  value  of  a 
life  annuity  is  less  than  the  value  of  an  annuity-certain  for  the 
term  of  the  curtate  expectation,  and  it  may  similarly  be  shown 
that  the  value  of  an  assurance  of  1  payable  at  the  moment  of  death 
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is  greater  than  the  value  of  1   due  at  the  end  of  the  term  of  the 
complete  expectation. 


A    = 

X 


>  \-d{i+a~A,  since  a^  <  a—\ 

1-,.' 


X 


>    1- 


l+i 


•(1+0 


>  V       ^ 


>  ?'^a;+'^     where  1  -  k  is  the  time  lived  by  (x 
in  the  year  of  death. 

Therefore     A  (T  +  iy  >  v^» 


I 


or 


A    >  v^x 

X 


since  A    =  A^,(l+i)'^,  k  being  tli^ 

time  before  the  end  of  the  year,  at  which  death  occurs.  1 

Or  we  may  prove  it  thus : — Let  there  be  d    quantities  each 

equal  to  v,  d  .^  each  v^,  d       each  v^,  and  so  on.     The  arithmetic 

mean  of  these  d  +  d  ,.  +  d  ,^+  >    •    •    quantities  is 

vd^  +  v^d      +  v^d      +  .    .    . 

X  X+1  X+2 


SB         a;+i         x+2 


=  A 


and  their  geometric  mean  is 

'^x+^^x+l+^'^x+2+' 

V    <ix+^x+l+'^x+2+- 
1+e 

But  the  arithmetic  mean  of  any  number  of  positive  quantities 
which  are  not  all  equal  is  always  greater  than  their  geometric 
mean,  as  proved  on  page  6. 

Therefore 


and 
Again 


A    >  v^-^'x 

X 
—  o 

A    >  v^'^    as  before. 

X 


(=o)P      =    £_ 


ifx 


l  +  « 


since 


^1 


A    >  v^^    and    a    <  a- 


From  this  we  argue  that  the  annual  premium  required  to  provide 
a  payment  of  1  at  the  moment  of  death  is  greater  than  the  annual 
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premium  payable   in  advance  required   to  provide    1   at  the   end 
of  the  term-certain  of  the  complete  expectation  of  life. 

4.  If  we  are  given  any  two  of  the  three  functions  a  j  A  ,  and  P 
we  can  find  i,  the  rate  at  which  they  are  calculated. 

(1)  Given  a   and  A  . 

\     ^  X  X 

1  -ia 
By  Text  Book  formula  (22)  A     = f~ 

whence       {\-\-i)h     =    \-ia 

1-A 

and  t   = 5- 

a   +  A 

X  X 

(2)  Given  A    and  P  . 

dA 
By  Text  Book  formula  (37)   P     =    ^ 


X 
X 


whence    (1+0P^(1-AJ  =   iA 

P  (1-A) 


and  t   = 


A  -  P  (1-A  ) 
(3)  Given  P    and  a  . 

^     ''  X  X 

By  Text  Book  formula  (38)    P     =    ~ d 

X 

whence     (l  +  i)P(l+«)    =    l-ia 


and  i   = 


5.  The  form  of  the  equations  given  in  Text  Book,  Article  39, 
can  be  adapted  to  the  case  of  endowment  assurances  in  every 
instance. 

A  — ,    =    v(l-\-a    — ri)  -  ^    — n 


1  -  ia    — - 

a::  /i.-l| 

l+i 
=   V  —  iva 


X :  ft  - 1 1 


=     l-da+a     —-r) 


_       <»  x;n-l| 

All  through  a    • — -.  is  substituted  for  a,  and  it  will  be  found  a 
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useful  exercise  to  reason  these  equations  out  for  endowment 
assurances  as  is  done  in  Text  Book,  Articles  30,  and  41  to  44,  for 
whole-life  assurances. 


41 


6.  In  connection  with   Text  Book  formula  (41),   it  should  be 
noted  that 


a  -7 

xn\ 

_  ^.«+ 

D.+.+  -  • 

■  +D,+, 

D 

x 

_  ^..^+ 

D«+,+  -    • 

•   +D,+„.,       0^^„ 

X 

'■     D 

* 

=  fl     — ^  +  A  -. 

X  :  n  - 1 1            3571 1 

• 

ence 

An 

xn\ 

=    a  —  -a 

X'll\              X 

:w-l| 

and 

xn\ 

A-, 

xn  1 

1  +«       - 

x:n 

=^ 

a  —.—a 

^       a;»|          X 

•Tnir 

1  +« 


xm-ii 


This  formula  is  frequently  useful  and  exhibits  the  method  of 
finding  the  annual  premium  for  a  pure  endowment  by  means  of 
tables  of  temporary  annuities  alone. 

7.  By  application  of  Text  Book  formula  (57)  we  have 

a~  =  a  +  a  —  a       • 

xy  X  y  xy 

And  also  by  Text  Book  formula  (63) 
A-    =  v(\+a-)-a-     « 

xy  ^  xy'         xy 

=  {<.(!  +  «J  -  «J  +  {v{l  +  a)  -  a]  -  >v(l  +  «   )  -  a  J 


=  A  +A   -A 

X  y  xy 

But  it  must  be  observed  that  we  cannot  write 

P 


xy^ 


xy 


P--P     +P 

xy  X  y 


xy 


which  will  be  at  once  apparent  when  it  is  remembered  that 


A- 

>_    _  xy 

^    "    l+a- 

xy  t 

A  +A  -A 

__         X  y  xy 


\+a. 


xy 


A 


1+a— 

xy 


+ 


l+a- 

xy 


xy 


1  +a~ 

xy 
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8.  In    Text   Book,  Article    88,  A -^   is    described  as  an 

assurance  on  the  last  r  survivors  of  in  lives,  by  which  is  meant 
that  it  is  an  assurance  payable  at  the  end  of  the  year  in  which 
at  least  r  lives  cease  to  survive,  i.e.,  the  year  in  which  occurs 
the  death  of  the  (ttz  — r+l)th  person.  Now  the  probability  that 
the  (7n-r+  l)th  death  will  occur  in  the  7ith  year  is 

l7 ^1  =  (       p L-    p M. 

n-l  I     v:xyz  .  .  .  (_ni)  n-1    wxyz  .  .  .  (m)      n    wxyz  .  .  .  {in) 

Therefore    A L  =  !Si'"(       w 'L  -    w !L) 

wxyz  .  .  .  (vn.)  n-\    wxyz  .  .  .  (in)      n    wxyz  . .  .  (m) 


But  again 


n    wxyz  .  .  .  im)  n    wxyz  .  .  .  (»») 

=  v(l+a -)-ff - 

^  wxyz  .  .  .  (m)  wxyz  .  .  .  (m) 


=  2t;» 


7: 


wxyz  .  .  .  (m.'  n  - 1  I     wxyz  .  .    (m) 


where  each  power  of  Z  represents  the  sum  of  certain  probabilities 
of  the  form       ,  i  o  , , ,  the  number  t  beinff  the  same  as  the 

index  of  the  particular  power  of  Z  involved.  We  may  therefore 
extend  the  meaning  of  Z  for  use  with  assurances ;  so  that 
Z'"  may  signify  the  sum  of  the  values  of  the  assurances  on  r  joint 
lives  for  all  the  combinations  of  r  lives  that  can  be  made  out  of  m 
lives.     We  shall  then  have 

_L  =  Z''-rZ''+i  +  !t+i)  Z'-+2-  .    .    . 


wxyz  .  .  .  (m)  2 

Taking  as  examples  ; — ■ 
A__L  =  Z-Z2  +  Z3-Z4 

WXyZ 

=  (A+A+A4-A')-(A     +A     +A     +A     +A     +A) 

^     w  X  y  Z''       ^     wx  vy  icz  xy  xz  yz^ 

+  CA      +A      +A      +A)-A 

V     wxy  wxz  wyz  xyZ''  wxyz 

A__2  =  Z2-2Z3  +  3Z4 

wxyz 

=  (A     +A     +A     +A     +A     +A) 

^     wx  wy  wz  xy  xz  yz^ 

-2(A      +A      +A      +A    )  +  3A 

^     wxy  wxz  wyz  xyz''  wxyz 

A_l  =  Z3-3Z^ 

wxyz 

=  (A      +A      +A      +A)-3A 

^     wxy  wxz  wyz  xyz^  wxyz 

A— i  =  Z4  =  A  i 

wxyz  wxyz 
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9.  The  Text  Book  skeleton  formula  (57)  can  be  applied  lo 
temporary  benefits  and  deferred  benefits,  by  altering  the  meaning 
of  Z. 

Thus  we  may  say 


il 


a 

n   wxyz 


'"-,  =  7J  -  rZ^+i  +    ^  Z    ^  Z^+2  .  . 


(m) 


i 


where  77  signifies  the  sum  of  the  values  of  the  temporary 
annuities  on  r  joint  lives  for  n  years,  for  all  the  combinations  of 
r  lives  that  can  be  made  out  of  m  lives. 


Or  affain      lA^ /. 


=  Z^  -  rZ'-+i  +     ^  J    ^  Z^+2  -  . 


A 


where  7/  signifies  the  sum  of  the  values  of  the  assurances  deferred 

n  years  on  r  joint  lives  for  all  the  combinations  of  r  lives  that  can 
be  made  out  of  m  lives. 


10.  To  find  the  j^resent  value  at  rate  i  of  the  amount  at  rate  j 
of  an  annuity-due  of  1  per  annum  to  accumulate  during  tlie  lifetime 
of  {x\ 

The  following  is  perhaps  a  clearer  demonstration  than  that 
given  in  Text  Book,  Article  98. 

If  (x)  die  in  the  first  year  the  amount  of  accumulated  annuity 
payable  is  (1  +j)  =  (1  +>)*-. 

If  (.r)  die  in  the  second  }  ear  the  amount  payable  is 

And  so  on,  and  generally  if  (x)  die  in  the  ^th  year  the  amount 
payable  is  (1  +j)sj-^. 

The  present  value  is  to  be  taken  at  rate  i,  and  the   probability 

d 

Therefore  the   present 


1 


of  (ct)'s  death  in  the  tl\\  year   is 


«+<-! 


/ 


value  of  the  amount  to  be  paid  in  tlue  event  of  (j;)'s  death  in  the 
/th  year  is 


v\\+j) 


I 


CHAF.  VII.J  TEXT  BOOK— PART  II.  121 

Hence     A    =   ^""-'vHl  +  j)^lllt:l  !L±lzl 

t  =  l  1  I 

./  X  x 

_    l+J(A'  -A) 

where  A'    is  calculated  at  rate  J,  which  is  such  that  - — ^.  =  -. 

^  1+2        1+J 

For  an  alternative  solution  we  have 

X  X 

/vd  +v^d  , ,  +  v^d  ^  + .  .  .  \  /t'X. ,  1  +  ^^^*j.9  +  •  •  •  \ 

=  ( 1  + /)  (— ^-^±^ )  +  (1  +j)\~^ f^ ) 

X  X 

+(!+■;•)<        I         )+•  •  • 

X  ' 

(l+i)M^  +  (l+jyM^^,  +  (l+ifiVl,,,,+  -    •    • 

D 

X 

11.  To  find  the  present  value  at  rate  i  of  the  amount  at 
rate  /  of  a  temporary  annuity-due  of  1  per  annum  for  n  years  to 
accumulate  during  the  lifetime  of  (.r),  the  accumulations  to  be 
payable  only  in  the  event  of  (.r)'s  death  within  that  period. 

As  in  the  previous  problem,  the  present  value  of  the  amount 
to  be  paid  in  the  event  of  (ar)'s  death  in  the  /th  year  is 


..(i+i)^5+,-, 


Hence       A    =   2^"^  t^'(l  +  J) 


X 
J  X  X 

=   li^(A'S-AU 

j      ^      xn\  xn\ 

1  +/  1 

where  A'^— ,  is  calculated  at  rate  J,  which  is  such  that  ^-7^.  =  ttTt' 

xn\  1  +  2  1  +  J 
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According  to  the  alternative  method 

X  'x 

+f-{(i  +i)+(i  +jy+  •••+(!  +jy] 


x+n-l 


/vd  +v^d  , ,  +  ...  +v^d  , 

=  (1  +i)  (^ — ^±^^ ^±^  j + (1  +jy 


+ 


I 


d 

y*^^^. 


(l+JXM,-M^^J  +  (l+i>XM^^^-M^^J+  ...  +(l+inM^^,_,-M^^J 


D 


12.  A  different  problem  from  the  last  is  to  find  the  present 
value  at  rate  i  of  the  amount  at  rate  /  of  an  annuity-due  of  1  per 
annum  which  is  to  be  allowed  to  accumulate  until  all  of  /  persons 
are  dead. 

This  means  that  each  payment  is  to  be  allowed  to  accumulate 
at  rate  j  up  to  the  limit  of  life,  and  the  whole  must  be  discounted 
from  that  time  at  rate  i.     Therefore 


A  =  v^-"^  X 


'.(1  +7)"-'+ ^1  +jr-'-'  +  ■■■  +  L-S^  +j^ 


I 


'■itt 


.1  +  iJ     "" ^ 


/ 


where  a'   is  calculated  at  rate  /. 

X  «/ 

For  the   value   of  a    temporary    annuity-due    which    is   to 
allowed    to   accumulate   to   the    end    of  the   term    under   similar 
conditions,  we  have 


Ash" 


I 


__  /1+iV'    ^x+Wi+i)-'+-  •  ■  +U-.(i+i)-"'-" 


I 


.i  +  ij  ""  i^ 

(^         .    n 

- — 4  I  ( 1  +  ^*'    — Ti )  where  a     — ^.  is  calculated  at  rate  /. 
1  -j-  w   ^            x-.n-ll-'  x:n-l\  *' 
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13.  To  find  the  value  of  a  temporary  assurance  for  71  years 
on  the  life  of  (.r),  commencing  at  1  and  increasing  by  1  per 
annum  so  long  as  (.r)  and  (y)  are  jointly  alive. 

According  to  the  terms  of  the  contract  it  will  be  noticed  that 
1   is  payable   in  any  case  provided  (x)  dies  between  ages  x  and 

M   -  M 

•r  +  w.     The  value  of  this  portion  is   therefore   — ^— pr — ^i^.    This 

X 

sum  assured  of  1   falls  to  be  increased  by  1  provided  ( y)  lives  one 

year  and  (a:)  dies  between  ages  x+l   and  .r  +  n.     The    value    of 

M  ,    -  M  , 
this    second    portion    is    therefore    p  — ^"^   ^ — ^±^.     And  so  on 
^  ^  y  D 

X 

for   every   year   until   the  wth,  the   last  increase  taking  place  if 

(//)  lives  ?i-l  years  and  (.r)  dies  between  ages  x  +  n—1  and  .r  +  n, 

M  ^       -  M^^ 
the   value  thereof   being         1) -^LtUizL £±2. 

»    n-U  y  D 

X 

Therefore  the  whole  value  of  the  assurance  is 

A  =  -1-  /(M  -  M  ^  )  +  »  (M  ^,  -  M  ^  )+  .    .    . 

Y)       \^     X  x+n^      t  y\      x+l  x+U'^ 

X       ^ 

n-l'  y^     x+n-l  x+n-'  j 

14.  The  annuity  of  Text  Book,  Article  99,  is  payable  so  long 
as  (x)  lives,  but  not  more  than  t  years  after  the  death  of  (^). 
Now  as  to  the  first  /  years,  it  is  obvious  that  (^)  does  not  come  into 
consideration  at  all ;  but,  in  order  that  a  payment  may  be  made  on 
(.c)*s  surviving  the  (<  +  l)th  year,  it  is  necessary  that  (^)  should 
have  lived  at  least  one  year,  and  similarly  for  following  years. 
The  value  of  the  whole  annuity  is  therefore 

X  X    y 

„       ^"^'^x+t      ''Ut+Jy+l^"\+t+2^y+2+  '     '     ' 


^'1    '        /  II 

X  x+t   y 


y 

^(%+t~%+t:y^ 


=    %T\+''\Px''x+t: 


x+t 


16.  To  find  the  value  of  an  annuity  to  (x),  the  first  payment 

I 
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I 


to  be  made  at  the  end  of  the  tth  year  succeeding  the  year  in 
which  (j/)  dies. 

The  value   of  this  annuity  could    be    obtained   by  deducting 
from  a    the  foregoing  annuity,  for  this  would  give  the  value  of 

a  life  annuity  to  (x)  less  that  of  an  annuity  payable  so  long  as  (.r) 
lives  jointly  with  (3/)  and  for  t  years  after  the  death  of  (y),  should 
(.r)  live  so  long.  The  difference  is  obviously  the  value  of  the 
desired  annuity. 


Thus 


X        x:y{t\) 


(  „        ^x+t  f 
X      \    X        J3     V 


x+t         x+t 


:»)} 


D 


a 


■J 


+t        x+t:y 


Or  we  may  proceed  as  follows  : — 


n  =  l 


/ 

y 
-I 


I 


t\    x+n 


=    ^yn+t    y+n-l y_+n     x+n+t  .^  . 

I  I        ^  x+n+t-' 

y  X 

_        X+t  V  y+n-l       y+n  x+n+t^  x+n+t+1  ^ 

~  "IT  ^      J  r~ 

X  y  X+t 

X    ^  y 

y 


+ 

+ 


/  (y\Px+t  + 


D 


y 


X 

-  (PP,+t  ''Py  +  "^^Px+t  X  2Py  +  ^\l\+t  ^  3Py  +  • 


~       D      ^  x+t         x+f.y) 

X 


)} 


im 


16.  To  find  the  value  of  an  annuity  payable  for  /  years  certai 
after  the  death  of  (^y),  and  thereafter  so  long  as  a  life  presently 
aged  {x)  may  live. 
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The  value  of  the  first  t  payments  of  this  annuity  is  that  of  an 
annuity-certain  of  which  the  first  payment  is  made  at  the  end  of 
the  year  of  death    of  ( ?/),    or    A  (1  +  ci^^X      The  value  of  the 

subsequent  payments  is  that  of  an  annuity  to  (.r),  of  which  the 
first  payment  is  made  at  the  end  of  the  t\h.  year  succeeding  the 
year  of  death  of  (?/),  and  of  which  the  value  as  found  above  is 

X 

The  whole  value  is  therefore 

X 

17.  To  find  the  value  of  an  annuity  payable  so  long  as  (.r) 
lives  with  (y)  and  for  n  years  after  the  death  of  (j/),  but  in  any 
event  no  payment  to  be  made  after  in  years  from  the  present 
time,  m  being  greater  than  n. 

The  value  of  this  annuity  is 

V/  ^  ,  + 1'2/         +   .     .     .     +  |;n  / 

g+l  a;+2   x+% 

I 

X 

— 
X  y 

D  ^ 


xn\  J)        x+n  :y:m-n\ 


X 


18.  To  find  the  value  of  an  annuity  payable  so  long  as  the 
survivor  of  (^)  and  (z)  lives  with  (.r)  and  for  t  years  after  the  death 
of  (x),  should  the  survivor  of  (?/)  and  (2)  live  so  long. 

Following  Text  Book,  Article  99,  we  have 


=  «  -    y+'' 


%:xif\)    ^    ^y:7(J])  +  ^z  :  x{f\)~  %  :«(<]) 

^y-i-i 

-^(%+t~%:y+t) 
y 


D      ^  z+t        x:z+U 
z 

-a    4-  -y±hl±l(a  -n  'S 

2/2  D  ^  y+t:z+t        x:y+t:z+tJ 

yz 
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19.  To  find  the  value  of  an  annuity  payable  so  long  as  (x)  lives 
with  the  survivor  of  (^)  and  (£r)^  and  for  /  years  after  the  survivorj 
death  should  (x)  live  so  long. 


a 


x:yz(t\) 


x:y(t.\)        x:z(t\)         x:yz(t\) 


D 


=    a  - 

X 


ly  (^^x+t      ^'x+t :  J/) 


D 


X        D     ^  x+i        x+t:z^ 

X 

D 


-%+^(.%+t-%+t:y.) 


D 


=    a ^^  («   , ,  -  ^^   , ,     -  ff   , ,     4- «   , ,      ) 

X         1)         ^^"^        x+t:y        x+t:z        x+t:yz^ 


D 


x+t 

X 

x+t 

X 


20.   If  we  are  ffiven  a  table  of  P    at  a  certain  rate  of  interest 

we  may  deduce  the  mortality  table.     The  process  is  as  set  forth 
in  the  following  schedule  : —  H 


Age 

P. 

««; 

^«r 

Hi+«,+i) 

(4) -(5) 

+  A(l+t) 
-^Px 

K 

^. 

0) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(0) 

The  values  in  (3)  are  obtained  from  those  in  (2)  by  entering 
conversion  tables  inversely  as  explained  fully  in  Chapter  VIII. 
The  value  in  (7)  is 

log  %  -  log  (1  +  a^^^)  +  log  (1  +  i)  =  log  j^ '  ""' 


x+l 


=  log;;^ 


CHAP.  VII.]  TEXT  BOOK— PART  II.  133 

As  usual  we  fix  a  radix  or  initial  value  of  l^  the  log  of  which 

is  placed  at  the  head  of  (8),  whence  by  continued  addition  of 
the  successive  values  in  (7)  those  in  (8)  are  found.  The  values 
in  (9)  are  the  natural  numbers  corresponding  to  the  logs  in  (8). 
Here  we  may  repeat  what  is  said  in  Text  Book,  Chapter  III., 
Article  18,  viz.,  "  The  values  in  the  column  of  /   so  formed  will 

not  be  the  same  as  in  the  corresponding  column  from  which  the 
given  table  (of  P  )  was  originally  calculated,  unless  the  radix  we 

choose  is  the  same  as  in  that  table ;  but  the  ratios  between  the 
values  will  be  the  same,  and  that  is  all  that  is  required.  As 
before  remarked,  the  column  /    does  not  give  absolute  numbers 

living,  but  only  relative  numbers." 

It  may  be  mentioned  that  an  easy  way  of  obtaining  Text  Book 
formula  (72)  is  from  formula  (70).     Thus  by  formula  (70)  we  have 

x+l 

But  by  Text  Book  formula  (39) 


and  therefore 

1 


1  , 

X 


P  ..+d 


1+a  ,,  *+i 

35+1 

Substituting  these  two  results  in  formula  (70)  we  have 
V.  =   (l+0(P.+.  +  'O(,rVrf-l)       • 

21.  By  the  use  of  the  theory  of  varying  annuities  (^Theory  of 
Fina7ice,  Chapter  III.)  the  values  of  the  functions  a^,  A^  ,  and  a^^ 
on  De  Moivre's  hypothesis  may  very  easily  be  found. 

v{ii-\)  +  v-(ji-2)-\-  '    '    •    +i;'^(w-w) 


a 

X 


n 
(n-  l)a—.--j  -  a—.-r 

^ ■'    tt|  1 1 n\  2| 

n 

since   a—;--    = • 

n  n\r\  t 


i» 
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a     = 

X 


(7^-l)(l-^^)-fe-7^u'0 


m 


ni 
ni 


Again,  from  the  reasoning  in   Text  Book,  Article  108,  we  may 
form  a  mortality  table  for  joint  lives  as  follows : — 


Ages. 

Couples 
remaining. 

Couples  broken. 

xy 

x+\ :y+l 

x+2:y+2 

a;  +  3:?/+3 

etc. 

nni 

(n-l)(m-l) 
(n-2)(m-2) 

(w-3)(«i-'i) 
etc. 

n  +  w  -  1 
?i  +  m  -  3 
M  +  m  -  5 
w  +  w»-7 
etc. 

Hence 


A      = 

xy 


v(n  +  7n-  1)  + 1;2 ^ji^jfi-3)  +  v^ (n  +  vi  -  5)  + 


to  n  terms 


nm 


nm  \^  ^  '^\^\  '^l^lj 

1     (  ^n\  -  ^^^\ 

Also  a      =    —  I  V  {nm  -  (w  +  m)  +  1 }  +  v^{n7n  -  2  (w  +  ?n)  +  4} 

+  v^ {njn  -S(?i  +  m)  +  9\  +  •    •    •  to  w  terms  | 


and  «— —  =    «— 

n  1 1  I  71 1 


a—  —  WD^ 


"»|21 


^^§1- 


%T\ 


n(?i  -  1) 
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22.  In  Text  Book,  Article  115,  we  have  the  value  of  a  temporary 
annuity  on  two  lives,  the  term  varying  with  each  life.  Similarly 
we  may  have  a  deferred  annuity  on  two  lives,  the  period  for 
which  it  is  deferred  varying  with  each  life.  For  example,  the 
annuity  payable  till  the  survivor  of  two  lives,  aged  six  and  eleven 
respectively,  attains  majority  is 

|l6«6+|l0«ll-ll0«6:n 

And  by  analogy  the  annuity  payable  to  the  survivor  of  two  lives, 
aged  six  and  eleven  respectively,  but  deferred  till  each  or  the 
survivor  has  attained  majority,  is 

The  general  formula  for  such  an  annuity  is 
\(i  ■¥    1/7  —    l«       \i  m  <  n 

n(    a      m]"a;      7i[    ax 

or  f«  +    l«  —    la       if  w«  >  n. 

n\    a      m\    X      m|    or 

23.  Again,  the  assurance  payable  if  either  of  two  lives,  aged 
six  and  eleven  respectively,  dies  before  attaining  majority,  is 

Ai   -    1    -    =   A-i-.  -+  Bl^^^Ai  - 
(6 :  15|)  (11 :  10|)  'eTlT :  10|  ^  F)  16  : 5 1 

6  :11 
and  for  the  annual  premium  we  shall  have 

A  _i .         16:21   A   1    _ 

'6:ll';l0|"'"     T)  16:5| 

Pl    _     1     _      =  6  =  11 


(6:15|)(ll:l0|)  D,^.,, 

a  _  -l_        '■^  •  ^^  a        _ 

6:ll:i0j^    n  10-61 

6  :ll 


Generally 


A_l ,         a+m  :  x+m    \     1        

'cue'  m\  "^  JQ  a+m  : n-m\ 

p  1  _    1 _      __^ ax .f        ^ 

(a7i|)(xm|)  D  II    7W  <  W 

a     — +       a+w-'a'+m  „  

aim\  J)  a+m:7i-m| 

ax 

^J 4-       g+TO  :  g+n  ^   1       

'oa;'  71 1  J)  x+n  :  7n.-7i| 

01         =     =^ it  m  >  n 


az7i|  J_)  a;+n:m-7J.l 

ax 
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24.  Also  the  assurance  payable  if  both  lives,  (six)  and  (eleven), 
die  before  attaining  majority  is 


II 


Ai_    1    _    =    Ai    -  +  A1    _-Ai-    1    - 
(6:15|)(ll  :10|)  (5 :  15|  ^      11 :  10|          (6:15|)(11 :10|) 

—     Ai    _4-Ai A— 1— 16:21    Ai 

^6:151^      11: 10|  '6:ll':l0|       3)  ^^16:51 


0:11 


The  annual  premium  for  this  benefit  is 


Pi   _    1    _ 

re:  151)  (11: 101) 


Al    _     1    _ 
(6:151)(ll:l0|) 


D 


16:21 


(ti:i5|)(ll:l01)       D^    „        16:5] 
0 :  11 


D, 


A1_,A1 A  _J: 16:21   A  1     _ 

^6:16r       11:10|  '6:ir:10|       D  16:6| 


6  :11 


D, 


Generally 


a     _  +  a       _-a  16-21   „       _ 

6:l5|^    ll:lO|        6:11:101       Y>  10:6| 


D 


Pi_  i_    = 

(a»l)(«ml) 


A1-,  +  A1-.  -  A^  -  -    "+!;  •  ^+"^  a4^ 

an\  xw,\  'cuci  7h1  J)  o+m:n-m| 


a-i+a-i  -a-i v^  a 

a«l         a;m|  aam|  |^ 


if  ?w  <  w 


a+m  :  »-m| 


D 


as  +  as-aJL^-     "t^^^+^A^ ^^ 

an  I  ocm\  ^ax^n\  J)  a;+»:m-»| 

or        =  ^^r it  m  >  n 


a— ,  +a— T-a    -: 

an  I         xin\         axn  | 


a+n : x+n 


a 


J)  «+«.  :m-m| 

ax 


25.  The  following  are  problems  connected  with  national 
insurance.  Given  a  stationary  population  where  the  numbers 
living  at  each  age  correspond  with  the  figures  in  some  known 
table  of  mortality,  find 

(«)  The  amount  that  will  require  to  be  subscribed  to  provide 
1  at  the  death  of  each  member  of  the  community. 

The  deaths  in  the  first  year  are  {d  +d^  +  d  +.  .  .  +d^_  )~l 

„  „      second     „  (d^  +  d^^  +  d,^  +  .  .  .  +d^_^)=--l^ 

.,      third        „  (r/^  +  r/g  +  r/^  + .  .  .  +  d^   , )  =  /^ 
and  so  on. 
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The  present  value  of  the  benefit  is  therefore 


^w-i 


=    /oK  +  ^o)- 

If  each  member  of  the  community  is  to  contribute  the  same 
single  premium  irrespective  of  age,  we  must  divide  the  value  of 
the  benefit  by  the  population.     The  total  population  is 

/0  +  /1  +  /0+  •    •    .    =   /o(l+^o)- 

Therefore  the  single  premium  that  each  must  contribute  is 

v/o(l+flo)   ^   <l+«o) 
Wl  +  ^0)  1  +  ^0 

(Ji)  The  fimd  that  will  require  to  be  subscribed  to  pay  an 
annuity-due  of  1  per  annum  to  every  member  of  the  community. 


-     /  ^  ~^0  4-   /  ^  ~^1   4.  /  ^  ~^2  4.   .     .     . 
=    i-{(/0+/i  +  /2+-     •      •)-<"'  ^A} 

=   4-{^o(l+^o)-^«l+«o)} 
(1 +0/0(1 +eo)-/o(l+flo) 


(c)  The  fund  that  will  require  to  be  subscribed  to  pay  an 
annuity-due  of  1  per  annum  to  every  member  of  the  community ; 
no  payments  to  be  made  at  and  after  age  1/. 

The  expression  for  this  may  be  stated  thus : — 


V 


W-l         .,  s  ^W-1 


0         '  a;^  x-^  y  x^  X'' 

+  l0^%P0Q+"y)] 

that  is,  we  deduct  from  the  fund  required  in  respect  of  the  whole 
community  that  portion  of  it  which  is  not  required  in  respect  of 
those  who  are  at  present  aged  ?/  and  upwards,  and  from  the  result 


138 


ACTUARIAL  THEORY 


[chap.  VII. 


we  deduct  the  value  of  the  deferred  annuities  payable  after 
attainment  of  age  y  to  those  vrho  at  present  are  of  younger  age. 
The  expression  may  be  reduced  as  follows : — 


2^'/(l+fl)-/(l+«)(^  +  y2  +  ?^2  + 


+vy) 


i 


0  ui+«,)-',o  +  «.) 


-  Ls~.x    I  a. 

0    2/1      y\    0 


(d)  The  fund  which  will  require  to  be  subscribed  to  provide  an 
old  age  pension  of  1  per  annum,  first  payment  on  attainment  of 
age  y.  41 

The  value  of  this  fund  is  merely  the  last  term  in  the  preceding 
problem,  that  is 

=  Ls—.  X    la. 

0    1/1        1/10 

(e)  The  annual  premium,  equal  at  all  ages,  lo  be  subscribed  by 
each  member  of  the  community  to  provide  1  at  each  death. 

This  premium  will  be  obtained  by  dividing  the  fund  of  problem 
(«)  by  the  expression  found  in  problem  (6),  since  the  benefit  side  is 


^0 


w-1 


/  A  ,  and  the  payment  side  is  P  x  2        /  (1  +  «  ) 


^ 


(y)  The  annual  premium  equal  at  all  ages,  payable  up  to 
but  not  including  age  y,  to  provide  an  old  age  pension  of  1  per 
annum,  first  payment  on  attaining  age  y. 

This  premium  will  be  obtained  by  dividing  the  expression  in 
problem  (d)  by  that  in  problem  (c). 

These  problems  are  discussed  by  Mr  R.  P.  Hardy  in  a  paper 
on  "  Collective  Assurance  "  {J.I.A.,  xxx.  79),  where  the  formulas 
are  given. 

26.  It  is  interesting  to  notice  the  forms  taken  by  various 
benefits  on  the  assumption  that  money  yields  no  interest. 
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If  i  =  0,  v  =  1,  and 

i;/      ,  +  ^2/         + 1;37         4.   .      .      . 

a;+l  x+2  x+Z 

a     = 


/ 

X 

=    e 

X 

Also     a-,   =     U  +  U  +  U+  •    •    •    +U. 

xn\  I 

X 

xn\ 
And        \a     =      le 

n\    X  n\   X 

vd  +  y2^^  , ,  +  v^d.„  +  .    .    . 
Again    A^   =       *         ^+'  ^+2 


a; 

d 

X 

+  ^.H.l 

+  ^x+2  + 

.     .     . 

^. 

= 

1 

X 

+  ^.+1 

+  .     .     . 

+  d  ^ 

x+n- 

-I 

x»|  / 

/  -I _, 
/ 

X 

\         n'  x^ 

|A     =    A  -Ai-i 

n\     X  X  xn\ 


=  i-(i-./0 


V         n'  x^ 

= 

n'  X 

A-, 

= 

AS  +  A  L 

xn  1           xn 1 

= 

i^-nPx)  +  nP. 

= 

1 

P 

= 

A 
1  +a 

X 

1 

= 

l+a. 
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xn\ 


xn\ 

1  +« 

a;:7i-l| 

= 

1-     p 

n^  X 

l+e 

^^^x:n-li 

A) 

= 

A 

n       X 
1+a 

X 

= 

nf  X 

a;?i| 

= 

xn\ 

1  \-a 

^^^x:7i-l\ 

1 

Further         (lA)     = 


/ 

x 

d  +2d  ^,+Sd  ,,+  .    • 

X  x+1  x+2 


x^  x+\^  x+2^ 


=    l+e 

X 

27.  Select   tables    of  mortality  supply   us   with    the   rates    o1 

mortality   experienced   in   each   year    from    entry    amongst    the 

entrants  at  each  particular  age.     The  notation  is  not  difficult  to 

grasp.     For  example,  1| 

q      is  the  rate  of  mortality  experienced  in  the  first  year  of 

insurance  among  those  who  enter  at  age  x,  jj 

qf         is  the  rate  of  mortality  experienced  in  the  second  year  of* 

insurance  among  those  who  enter  at  age  x,  and  generally 
^         is  the    rate    of   mortality  experienced  in  the   (/+l)thi 

year  of  insurance  among  those  who  enter  at  age  x. 

The  suffix  appended  to  the  various  symbols  is  formed  by  putting 
the  age  at  which  the  life  enters  in  square  brackets,  and  adding 
the  particular  number  of  years  after  entry  outside  these  brackets. 

It  is  not  usual  to  give  for  the  several  ages  at  entry  the  rates  of 
mortality  experienced  during  each  year  of  insurance  up  to  the 
limit  of  life  ;  but  only  for   a  limited    number  of  years  (u),  after 


I 
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which  the  rates  are  joined  to  what  has  been  called  the  "  ultimate  " 
experience.  This  ultimate  table  shows  the  rates  of  mortality 
amongst  those  who  have  been  insured  for  n  or  more  years,  the 
assumption  being  that  the  mortality  at  age  x  +  n  is  the  same  for 
all  of  that  age  whether  they  entered  at  x  or  younger  ages 

This  period  of  n  years  is  not  always  assumed  to  be  of  the  same 

length.     For  example,  in  Dr  Sprague's  Select  Table  (H     )  it  is  five 

years,  while  in  the  British  Offices  Life  Tables,  1893  (O  )  it  is 
taken  at  ten  years. 

The  numbers   living,  in  respect  of  age  at  entry  .r,  after  the 
several  years  of  duration  are  expressed  as  follows  : — 

[«]'     [x]+l'     [x]+2'  ■     '     '     [x]+n-l'     x+n'     x+n+l*  ' 

The  deaths  similarly  are  denoted  by 


'^M'   ^[x]+l'   ^1 


[xY      [x]+l'    "'[a;]+2' 


.     .     .    rf, 


[x]+n-V      x+n'    "'x+n+l' 


For  the  annuity  commutation  columns  we  have 


.  .  .  D   .     =  !;*+«/   ,    ,  •  •  • 

x+n  x+n' 

"^      [x]+n-l  "^      x+n"^      x+n+1  "^  '' 


Also  the  assurance  commutation  columns  are 


[I]  [x]'       [x]  +  l  [x]  +  l' 


C       =  v^+^+'^d 

x+n 


x+n' 


^W-Sl"^S]+l"^Sx]  +  2  + 


"^     [x]+n-l  "^     x+n  "^     x+n+l  "^ 


28.  It  will  be   useful  to  discuss  here  the  formation  of  select 

mortality    tables.     If    we    refer    to    the    O^^^^  tables   we   find   a 
mortality  table  in  the  following  form : — 


Age 

at 

Entry 

[X] 

Years  elapsed  since  Date  of  Assurance. 

Age 

attained 

x  +  n 

0 

1 

2 

etc. 

n  or  more 

hx, 

\x-\+\ 

\x\+1 

etc. 

^x+n 

' 
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The  most  obvious  way  to  form  such  a  mortality  table  is  to 
assume  the  same  radix  at  each  age  at  entry.  Successive  multipli- 
cation by  the  probabilities  of  living  will  then  give  us  a  complete 
table  of  mortality  for  each  age  at  entry,  since 


/. 


=   /. 


-[a;]  ^  P[x]  "M+l^ 

and  generally  where  k  >  n 

X  •  •  •  X  Pi 


[x]+l 


X  « 


[x]+l 


[x]+2' 


il^'^M^'^i 


[a:]+l 


[x]+n 
I 


-1      '  x+n      -*  ; 


x+n+1 


'  x+k- 


x+k 


But  by  this  method  we  should  have  an  independent  mortality 
table  for  each  age  at  entry,  and  the  extent  of  the  monetary 
tables  following  thereon  would  be  prohibitive.  A  better  plan  is, 
after  forming  the  table  for  the  first  age  at  entry  as  above 
by  working  alonsj  the  first  line  and  down  the  column  /  .     to  the 

limit  of  life,  to  form  the  remaining  tables  for  the  succeeding  ages 
at  entry  by  working  backwards  along  their  respective  lines. 
Thus  since 


[x+l]+n-l 


I 

—  x+n+1 


Therefore      /. 


[x+l]+n-l 

I 

aj+n+l 


[x+l]+n-l 


Pi 


[x+l]+n-l 


Also 


But    /  ^  ^, 

x+n+l 

therefore    /, 


[a;+l]+7i-2 


[x+l]+n-l  1 

=  '  —     and  so  on. 


P 


[x+l]+n-2 


[«+!]+ 


is    already    calculated    in    the    ultimate 
may  be  found  by  dividing  by  /; 


successively  l^ 
with    / 


/ 


[x+l]+n-l' 


column, 
and 


[a;+i] 
work    back 


In  the  same  way,  commencing 


to    /. 


[X+2Y 


and    so    on   for  the 


[x+l]+n-2' 

.  ,     ,  „,    we    may 
other  ages  at  entry. 

The  advantage  of  this  method  of  formation  is  that  only  one  set 
of  "  ultimate  "  monetary  values  is  necessary. 


I 


,  ,  select  lives  at  ase  at  entry  .r,  /  ,     will  be 

lX\  nr  J       J     x-\-n 


29.  Now  out  of  / 

alive  at  the  end  of »  years.     But  according  to  the  method  by  which 
we  have  constructed  our  table   /  ,      is  also  the  number  alive  at 

x-\-n 

the  end  of  n  years  out  of  I    mixed  lives  who  were  alive  at  age 
attained  x.     It  follows  therefore  that  the  difference  between  /, 
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and  /  is  the  number  of  damaged  lives  included  in  the  /  .  Affain, 
if  from  the  deaths  in  each  year  of  age  amongst  the  /  mixed  lives 
we  deduct  the  deaths  in  the  corresponding  years  amongst 
the  /  select  lives  we  have  the  deaths  in  each  year  of  age 
amongst  the  (/  -  /  )  damaged  lives.  The  mortality  experience 
is  as  follows  : — 


Age. 

Survivors  of 

Number  of 
Damaged  Lives 
Dying  in  a  Year. 

Mixed  Lives. 

Select  Lives. 

Damaged  Lives. 

X 

X'+l 

x  +  2 

• 

x  +  n 

^x+l 
^x+2 

hx]+i 
hx]+2 

^x+n 

'x  -  hx] 

h+l  -  kxl+l 
W2  ~  hx]+2 

'x+n~  ^x+n  —  ^ 

^x+1  -  ^[x]+l 
^x+2  ~  ^[x]+2 

6 

It  will  be  noticed  that  the  effect  of  assuming  that  selection 
becomes  unimportant  after  n  years  is  that  all  the  damaged  lives 
die  before  the  end  of  the  n  years. 

30.  To  find  the  single  premium  required  to  permit  of  (x) 
effecting,  n  years  hence  without  fresh  medical  examination,  a 
whole-life  assurance  by  annual  premiums. 

The  annual  premium  to  be  paid  by  (.r)  is  fixed  at  P        ,  but 

considering  that  his  medical  examination  takes  place  at  the 
present  time,  the  premium  he  should  pay  is  P        .      The  single 

premium  to  be  paid  now  is  therefore  the  present  value  of 
an  annuity-due,  of  the  difference  between  these  two  premiums, 
deferred  n  years,  or 


[x] 

D 


(P, 


-  P 

[i]+n  [x+n] 


__         [x]+n 


D 

(P, 


(P, 


[X] 


-  p 

[x]+n  [x+n] 


|)a, 


[x]+n 


—     ^    [x]+n 


1/     r 


[x+n]y     [x]+n 


-  (P, 


[x]+n  ~      [x+n])^^[x]~  ^[x]n\) 


which  is  in  the  form  most  suitable  for  calculation. 
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For  the   annual  premium  for  n  years  for  such  a  benefit 
should  have 

fP  -  P         V 


W  +  u 


or 


(V         -  P 


[a;]+n 


x\n\f 


{x\ 


a 


[x]«| 


It  is  to  be  noted  that  this  annual  premium  can  only  be  accepted 
along  with  the  annual  premium  for  an  ordinary  policy  running 
during  the  n  years ;  otherwise  by  withdrawing  at  any  time  the 
assured  would  exercise  against  the  office  issuing  the  policy  an 
option  for  which  allowance  has  not  been  made  in  the  calculation. 

31.     To  find  the  annual  premium   for  a  short-term  insuranc 
upon  the  assumption  that  all   the  healthy  lives  withdraw  at  the 
end  of  the  first  year.  ■ 

The  necessity  for  taking  such  an  option  into  consideration 
arises  from  the  fact  that  the  annual  premium  for  a  short-term 
insurance  frequently  diminishes  with  an  increase  in  the  age^  the 
original  date  of  termination  of  the  contract  remaining  unchange 
Thus,  in  symbols,  it  may  happen  that 


P^_  >  P_l_ 


>pj_ 

n-1  I  a;+2 


>  etc.   >  P- 


n-2|  '  "    *x+w-l:l| 

The  reason  for  this  is  that  the  decrease  in  the  term  of  the 
insurance  has  a  gi'eater  effect  in  reducing  the  premium  than  the 
increase  in  the  age  has  in  raising  it.  The  following  table  (based 
on  the  O^^*'^  Table  at  SJ  per  cent.)  illustrates  the  point. 

Short-Term  Insurance  Bremiuiiis  per  unit  assured. 


I 


Age. 

Term. 

Age. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

•00470 
•00479 
•00491 
•00504 
•00517 
•00533 
•00548 
•00565 
•00587 
•00605 
•00630 

•00552 
•00562 
•00575 
•00588 
•00602 
•00619 
•00636 
•00657 
•00678 
•00699 
•00726 

•00615 
•00627 
•00640 
•00655 
•00671 
•00690 
•00709 
•00731 
•00754 
•00779 
•00808 

•00663 
•00677 
•00692 
•00708 
•00726 
•00747 
•00768 
•00792 
•00818 
•00845 
•00878 

•00700 
•00715 
•00732 
•00750 
•00770 
•00792 
•00815 
•00842 
•00870 
•00901 
•00936 

•00729 
•00745 
•00763 
•00782 
•00804 
•00828 
•00853 
•00882 
•00913 
•00946 
•00983 

•00752 
•00769 
•00788 
•00809 
•00832 
•00858 
•00886 
•00916 
•00949 
•00984 
•01025 

30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

CHAP.  VII.]  TEXT  BOOK— PART  II.  145 

Here  it  will  be  seen  that  P^gi,^^^  >  PJ^^-^  >  etc.  >  F^^^-^,  and 

so  on. 

It  follows,  therefore,  that  an  office  issuing  policies,  say  for 
seven  years,  runs  an  appreciable  risk,  in  that  all  the  lives  which 
are  still  select  at  the  end  of  the  first  year  may  drop  their  policies 
and  effect  new  ones  for  the  remaining  six  years  at  a  lower  rate. 
The  value  of  this  risk  is  ascertained  in  the  problem  before  us. 

If  /      persons  enter   at   age  x,   d      die  within  the  first  year, 

and  /,  . ,,  withdraw  at  the  end  of  the  year.     Therefore  the  number 

to   enter   on    the    second    year    is    L  ^ ,  ^  -  K  ,  •,-,'      Out    of    these, 

J  [x]+l       [x+1] 

^[x]+i-^[x+i]  die   within   the  second  year,  leaving  {^^^^-{^^j^^t, 
alive;      d,,,^-d,  .,,.,     die    within     the     third     year,     leaving 

Therefore  the  benefit  side 

Vd^  ,  +  V%  ,  ,  ,  +  V%  ,,„  +  •••+  I'^C^r  1  .         1 
_  [X]  [x]+l  [x]+2    V   [x]+n-l 

hx] 

M-  ,-  M,  , ,  M,  ,„-  M,  ,„,      , 

_         [X]  [x]+n  _         [x+1]  [x+l]+n-l 

ix]  [X] 


And  the  payment  side 


P'l  _ 

[x]  n\ 


(  il  +  ^Wl- Wll)  +  '''(W2- WlH-l)  +  -  •  •    +"""'(W»-l-WlH-n-e)\ 


^  i, 


=      P'l      -T 


il  +  ^Wl+"\H2  +  --+^"-\Hn-l 

[X] 

[x+l]  [a;+l]+l  [x+l]+n- 


kx] 


n-2\ 


/N     -N  N         -N  \ 

^   P'l        /     [X]  [x]+n  [x+1]      "•  [2!+i]+n-l\ 


[«]  [X] 

K 
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Whence  on  equating  and  solving 


P'l     _      = 

[x]n\ 


-M 


-i) 


[x] 


[x]+n 


)- 


[x+l] 


[x+l]+n- 


.,) 


If  n  be  greater  than  the  number  of  years  during  which  tl 
effect  of  selection  is  assumed  to  persist,  this  formula  reduces  to 

P'  1  _   —   __M-       t^^+i] 

[x]n\ 


[X] 


[x+l] 


32.  To  find  the  annual  premium  for  a  "  Half  Premium 
(see  Text  Book,  Chapter  XVI.,  Article  37),  on  the  assumption 
that  all  the  healthy  lives  withdraw  at  the  end  of  i  years,  the  half- 
premium  term.  fljj 

If  l^^^   persons  enter  at  age  x,  d^^^,  d^^^_^^,    .    .    •     d^^^^^_^,  die 

in  the  first  t  years  respectively,  and  at  the  end  of  the  tth  year 

[x+t]  '  o  V  •    -^—J  •'[x]+t      \x+tY 

'W+t+l      ''[x+t]+l 


L     ..  withdraw,  leaving  to  enter  the  (t+  l)th  year  ^r^.. ,  ^-  Ir  ,,■.•>  out 
of  whom  d -  d^  .  „  die  in  the  (i  +  l)th  year  and  /     ...,-/, 


[x]+t      ~[x+t] 

enter  the  (<  +  2)th  year,  and  so  on. 


Benefit  side 


'"'m  + "%}+!  + 


[x]+t      "'[x+t] 

[X]  [x+t] 


+  v^d, 


[x]+t-l 

-d. 


d 


[x]+t+l         [x+t]+l 


)+ 


D 


[X] 


Payment  side  =  P  t-      ^r  ,  +  ^^r  i  , ,  +  •  •  •  +  ^''"^  /, 
•^  /     L   M        [x]+i  I 


[X] 


[x]+t-l 


[x]+t+l        [x+t]+l 


=  p 


[X] 


+ 


[x]+t 


[x+t] 


D 


Whence  on  equating  and  solving 
P   =   . 


[X] 


Mr  1  -  M,    ,  „ 
[X]  [x+t] 


[X] 


+ 


[x]+t 


[x+t] 


33.  To  find  the  addition  that  must  be  made  to  the  annual 
premium  for  a  contingent  insurance  policy,  payable  in  the  event 
of  Qc)  dying  before  (j/),  in  order  that  (x)  may,  in  the  event  of 
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surviving  {y),  have  the  option  to  effect  a  new  vi^hole-life  assurance 
by  annual  premiums  without  fresh  medical  examination. 

It  will  be  convenient  to  assume  that,  should  (x)  survive  (^),  he 
will  be  alive  at  the  end  of  the  year  of  death  of  (?/)  when  the  option 
will  fall  to  be  exercised.  Then  in  respect  of  the  nth  year  the 
value  of  the  option  is 

^  n  P[x]\n  - 1  P[y]  ~  n  P[yy  ^    [x]+n  ~     [x+ny  ^[x]+n 

To  get  at  the  complete  value  of  the  option  this  expression  should 
be  summed  for  each  value  of  n  from  1  onwards  ;  and  the  annual 
option  premium  required  will   be  found  by   dividing   the   result 

An  approximate  result  would  be  obtained  by  taking  the  expecta- 
tion of  (^),  say  71  years,  and  applying  the  formula  for  the  problem 
discussed  in  paragraph  30,  page  143. 

34.  To  find  the  annual  premium  for  a  policy  under  which  the 
sum  assured,  instead  of  being  payable  in  one  sum  at  death,  is 
payable  by  instalments  over  a  period  of  n  years. 

Here  the  benefit  to  be  received  at  death  of  (.r)  is  an  annuity- 

1  ^~\ 

due  of  —  per  annum  for  n  years  certain,  or  — ^'.    Therefore  if  the 

n   ^  -^  n 

annual  premium  for  an  assurance  of  1  be  P^  that  for  an  assurance 

of  ^  will  be  P  -^. 
n  "  n 

A  further  development  of  this  policy  consists  in  the  guarantee 
that  the  instalments  will  be  continued,  even  after  the  n  years, 
during  the  lifetime  of  some  nominated  beneficiary.     The  value  of 

this  extended  portion  of  the  benefit  is  — (a  -a  .—7=rS)   and   the 

r  *.    V   «         v:x(nW 


n 


y       y-x(.n\y 


premium  for  it  should  be  made  payable  during  the  joint  lifetime 
of  (.r)  and  (y).  The  reason  for  this  is  that  on  the  death  of  (_y),  if 
before  (x),  the  benefit  is  very  much  reduced  and  if  the  premium 
continue  at  the  same  rate  as  before,  (x)  may  throw  up  the  policy 
and  insure  at  a  lower  premium  if  in  good  health,  and  thus  exer- 
cise an  option  against  the  company.  We  therefore  fix  the  annual 
premium  at 


p    _«l    _j.     ^  (     y        y:x{n\)\ 
n\  a         / 


a— 
«  n 


xy 
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with  the  agreement  that,  in  the  event  of  (.//)'s  dying  before  (.r)  it 


41 


will  be  reduced  to   P 


a-; 


d 


35.  A  cognate  problem  is  to  find  the  annual  premium  for  an 
endowment  assurance  where  the  instalments  are  to  commence  at 
death  or  maturity  and  to  be  payable  for  a  fixed  period  with  con- 
tinuance thereafter  so  long  as  the  life  assured  survives.  A  definite 
number  of  payments  is  guaranteed,  so  that,  in  the  event  of  death 
before  maturity  or  within  n  years  thereafter,  the  income  would  be 
payable  for  the  minimum  period  agreed  upon.  On  the  principles 
above  indicated  the  annual  premium  is 


a—, 


,       ■•■    m+n-  ]  j 

71        a  — , 


36.  To  find  the  annual  premium  for  a  whole-life  policy, 
being  a  condition  that  the  office  retain  the  sum  assured  for  n 
years  after  death  of  (ai)  and  pay  interest  thereon  for  that  period 
at  rate  J. 

The  office  must  settle  upon  the  rate  which  it  is  to  assume  it 
will  earn  upon  its  investments,  say  i;  and  then  the  problem 
is  simply  to  find  the  annual  premium  for  a  sum  assured  of 
{ 1  +  (j  -  0^^fi\}-  '^^6  payments  of  the  annuity  here  will  obviously 
make  up  the  rate  of  interest  from  i  to  J  per  unit  as  required.  The 
annual  premium  will  therefore  be 

P    {l+(;-?>-7m} 


d 


37.  To  find  the  annual  premium  for  a  double-endowment 
assurance,  i.e.,  a  term  assurance  of  1  coupled  with  a  pure 
endowment  of  2. 


P   = 


Ai-  +  2Ai^        A-^  +  AL 


1  +« 
M 


or 


X  :  n-l\ 


1  +a 


X  :n-l\ 


M  ^  +2D  ^ 

X x+n    x+n 

x-l  x+n-1 


a 


+ 


xn\         x:  n-l\ 

1  +a 


X  :  n-l 


from  which  the  premium  may  most  conveniently  be  calculated. 

A  peculiarity  of  double-endowment  assurances  is  that,  unlike 
whole-life   assurances   and    endowment   assurances,   the   premium 
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generally   decreases   with    an    increase   in   the   age,    as   may   be 
observed  from  the  rates  in  the  following  table  : — 

0^^^  3  per  cent.  DouUe-Endowment  Premiums. 

Annual  Premiums  required  for  £100  payable  in  the  event  of  death  within 
the  term,  or  £200  payable  in  the  event  of  the  term  being  survived. 


Age. 

Term. 

10  years. 

15  years. 

20  years. 

25  years. 

30  years. 

25 
30 
35 
40 

£16  17     3 
16  16  11 
16  16     5 
16  15     8 

£10     8     1 
10     7     9 
10     7     3 
10     6     6 

£7    4    7 
7    4    3 
7     3     9 
7     3     0 

£5     7     3 
5     6  11 
5     6    5 
5     5  11 

£4     3    0 

4    2     7 
4     2     3 
4     2     2 

It  must  not,  however,  be  assumed  that  when  the  rate  of 
mortality  is  increased  the  premium  is  in  all  cases  diminished. 
Mr  A.  Levine  has  shown  (,/.  /.  A.,  xxxiv.  514),  that  when  the  extra 
mortality,  as  compared  with  the  normal,  is  small  at  first  but  steadily 
increasing,  the  normal  premium  is  ample  (within  limits  of  course  as 
to  age  at  entry  and  term),  for  the  reason  that  the  increased  risk 
under  the  term  assurance  portion  of  the  contract  is  equalised  by 
the  diminished  chance  of  receiving  the  double  endowment  portion. 
On  the  other  hand,  when  the  extra  mortality,  as  compared  with 
the  normal,  is  great  at  first  but  constant,  or  very  great  at  first  but 
decreasing,  the  normal  premium  is  no  longer  sufficient,  the  diminution 
in  the  premium  for  the  double  endowment  now  being  not  large 
enough  to  counterbalance  the  extra  risk  under  the  term  assurance,. 

The  following  table  exhibits  the  case  of  an  increasing  extra 
mortality,  resulting  in  an  increased  term  assurance  premium,  a 
decreased  endowment  premium,  and  finally  a  decreased  total 
premium  for  the  benefit. 


Afje  at  entry  Twenty-five. 

Term  of  Endoiument  20  year&. 

Benefit. 

Extra 
Mortality 
Premium. 

Normal 
Premium. 

Increase  (+) 

or  Decrease  (  - ) 

in  Premium 

required. 

Term  Assurance  for  £100 
Pure  Endowment  for  £200    . 
Double  Endowment  for  £100/200  . 

£1   15     4 
5     6  11 
7     2     3 

£0  14     7 

6  10     0 

7  4    7 

+  £109 

-  1     3     1 

-  0     2     4 
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38.  To    find  the  annual  premium  for  a  joint-life  endowment 


assurance. 
We  have 


P    -, 

xyn\ 


1  +  a 


-  d 


and  a 


xyin- 1| 

D 


xy:n-l\ 


=    a 


x+n-l : y+n-l 


xy 


D 


xy 


x+n-l : y+n-1 


^      _       x+n-l    y+n-1  ^ 

«y  D  /  x+n-l  :y+n-l 

X  y 


Havins:  found  the  value  of  a      — rr  from  this  formula,  which  is 

o  xy:n  —  l\  ' 

perhaps  the  most  convenient  for  the  purpose,  we  may  very  easily 


obtain  P 


xyn\ 


A  method  of  approximating  to  the  value  of  the  annual  premium 
for  a  joint-life  endowment  assurance  is  suggested  by  Mr  Lidstone 
(/.  /.  A.f  xxxiii.  354),  viz., 


P   -    =    P  -  +  P  _  -  P- 

xyn  I  xn\  t/n  |  ii  | 


where  P— .  is  the  premium  payable  in  advance  which  will  repay 

1  in  w  years  certain.     This  formula  gives  values  for  P   —  which 

are  generally  a  little  too  small,  but  with  practice  allowance   for 
the  difference  may  be  made. 

89.  To  find  the  annual  premium  required  to  provide  a  last- 
survivor  endowment  assurance  on  (.r)  and  (^),  payable  at  the  end 
of  w  years  or  previous  death;  that  is,  an  assurance  payable  (1)  at 
the  death  of  the  survivor  of  (.r)  and  (j/),  if  that  event  takes 
place  within  n  years,  or  (2)  at  the  end  of  n  years,  if  one  or  both 
be  then  alive. 

Benefit  side       =    A ,    =    A— ,+  A-:-A   -; 

xyn\  xn\  yn\  xyn] 

Payment  side    =    P ^fl  +  a—  — -,) 

=    P ifl  +  «     — T-i+«     —n-^      — T-i) 

xyn\^  x:n-l\         y:n-l\  xy:n-l\'' 

A  -.+  A  -.-  A   -. 

xn\  yn\  xynj 


I 

I 


Hence     P — r   =    ^ 

a; :  71  - 1 ' 


y:n-l\         xy:n-\\ 


Again,  since       A—  —,    =    I  -d(l+a—,  —-^, ) 

t»        '  xyn\  ^  xy:n-l\'' 
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Therefore 

P ,   = 

xyn\ 

1 

dfl+a          ,,) 

^           ocy:n-l\'' 

xy:n-l\ 

= 

1          J 

1 

xy:n-l\ 
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from  which  it  will  be  seen  that  the  simplest  way  of  obtaining 
P j  will  be  to  enter  conversion  tables  (see  next  chapter)  with 

the  value  of  a—  — r^  =    a  .  — =-.  +  a  .  — -,  —  a     — - . 

xy:n-l\  x:n-l\  y-n-l\  xy:n-l\ 


40.  To   find  the    annual   premium  for  an  annuity  to  the  last 
survivor  of  (.r)  and  (^),  deferred  for  n  years. 

The  present  value  of  this  aimuity  is 

I  a—    =      \a  +    \a  —    \a 

n\    xy  n\    X      n\    y      n\    xy 

which  we  shall  call  the  benefit  side. 

If  the  premiums  are  to  continue  till  the   annuity  is  entered 
upon,  their  present  value  is 

P  X  I    a-   =   P(a  -i  +  a  -.  -  a   -) 

I  n    xy  ^  xn\         yn[        xyn  y 

which  is  called  the  payment  side. 

Equating  the  benefit  side  to  the  payment  side  and  solving  for 
P,  we  have 

I  a  +    \a  -     \a 

p    n\    X      n\     y      n\xy 

a  -T  +  a  -r-  a   -: 

xn\         yn\         xyn  | 

There  is   a  certain  amount  of  risk    involved  in  making   the 

premium  payable  till  the  annuity  is  entered  upon ;  for  should  (x) 

die,  say,  in  the  (^+l)th  year,  the  value  of  the  benefit  to  (j/)  at 

the  end  of  that  year  is       t-\\^  +t4-i  ^^^  ^^^  could  purchase  such 

an    annuity    under    a    new    contract    at    an    annual    premium    of 

\a 
n-t-\  I   y+t+1  ^     ji^ow  it  is  quite  possible  that  this  latter  premium 

^y+t+l'.n-t-\\ 

might  be  less  than  the  premium  payable  under  the  original 
contract.  It  follows  therefore  that  the  office  might  be  the  loser 
in  not  receiving  P,  the  premium  quoted,  throughout  the  whole 
status  assumed  in  the  calculation. 
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The  alternative  plan  is  to  make  the  premium  payable  during 
the  joint  lives  only,  under  which 


P   = 


\a  +    \(i  -    I « 

n  \    X      n\    y      n\    xy 
xyn\ 


4 


Here  again  a  risk  is  involved,  for  one  of  the  lives,  say  (.r),  may 
be  dying  when  the  contract  is  entered  into,  and  the  office  would 
thus  be  granting  to  (j/)  an  annuity  deferred  n  years  at  a  totally 
inadequate  premium. 

The  latter  plan  is,  however,  probably  the  better,  provided 
some  satisfactory  evidence  as  to  the  health  of  (jv)  and  (^)  is 
obtained.  ^1 

41.  To  find  the  annual  premium  for  a  joint-life  temporary 
assurance,  i.e.,  payable  if  either  of  the  two  lives  (x')  and  (^)  should 
die  within  n  years. 

The  benefit  side 


vd    +  v^d  , ,      , ,  +  •    • 

_    ^_l xy         >   x+l  :y+l 

'12/1  n  I  / 


+  v"d 


x+n-1 : y+n-l 


«!/ 


and  the  payment  side 


1X1/1  71 1      \ 


^:n,+  ^Ui:y+i  + 


+  1)^-1/ 


/ 


xy 


+7t-l  :  y+n-l  \ 


Equating  these  two  expressions  and  solving  we  get 

•    +  v'^d 


PJ 

'xj/'  n  I 


vd     +  vM  , ,      , ,  + 
xy x+l  :y+l 


x+n-1 : y+n~l 


xy  x+l  :y+l 


+  v«-i/ 


x+n-1 : y+n-l 


=    V- 


'^^x+l:y+l  +  '^\+2:y+2  + 


+  V^l 


x+n:y+n 


xy  x+l  :  y+1 


.    +  v"^-^  I 


x+n-1 : y+n-l 


=    V- 


xyn\ 

a     -r 

xyn\ 


It  may  be  mentioned  that  the  value  of  Pj^  —  is  very  nearly 

the  equivalent  of  (P^— ,  +  P^— i)^  ^^^^  ^^^  ^^  ^^^^  term  assurance 
premiums  for  the  lives  singly,  so  long  as  n  remains  small.  Thus 
by  Dr  Sprague's  Tables  at  3^  per  cent.,  PigQ^gq,  .^i  =  1'473  per 
cent.,  whereas  2P^    r-r  =  1*482  per  cent.,  a  difference  of  only  -009 


I 
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per  cent.  Other  examples  should  be  worked  to  illustrate  this  fact, 
which  may  be  explained  thus  : — 

p  1  'xyi  n  I 

Wn]    ~       a    — , 

xyn\ 

Ai-+Ai-i- Al-, 

am  I yn\ xyn  | 

xyn\ 

A1-.       A1-,       Al_, 

__         xn\     ,         yn\    _        xyn\ 

a    — :        a    — i         a    — ■, 

xyn  I  xyn  |  xyn  \ 

Now  if  71  be  small  the  value  of  A——,  is  also  small,  for  it  is 

xyn\  ' 

improbable  that  both  (.r)  and  (?/)  will  die  within  a  few  years,  and 
accordingly  the  last  term  of  this  expression  may  be  ignored. 
Again,  if  n  be  small  the  value  of  the  term  annuity  on  the  joint 
lives  will  be  very  nearly  equal  to  the  term  annuity  on  each  of  the 
lives,  or  in  other  words   a   —  =  a— ;  =  a-r  nearly.     Accordingly 

'  xyn\  xn\  yn\  •'  °  •' 

Ai  A^-. 

P^       =    _£!L.I  +  _l!Ll  very  nearly 

xn\  yn\ 

=    P^  +  Pi— ,  very  nearly. 

xn\  yn\  -^  -^ 

It  is  to  be  noted  that  the  two  adjustments  are  of  opposite  effect 

Al- 
on    the    result,    the    ignoring  of  the   term   —^—1  increasing  the 

xy  n\ 

premium,  and  the  substituting  of  a  -:  and  a  — ,  for  a  -:  reducing 
the  premium. 


EXAMPLES 
1.  Prove  that  D   is  always  greater  than  M  . 


D     =    v*/ 

X  X 


since  v  <  I 
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Or  again,  since  the  present  value    of   1    payable  at  the    end 
of  the  year  of  death  of  (.r)  is  clearly  less  than  1,  we  have 

M 

X 

Hence 

D    >  M 

X  X 

2.  Express  in  terms  of  the  D  and  N  columns  and  the  rate  o: 
discount,  the  annual  premiums  for 

(1)  An  endowment  assurance  to  mature  in  n  years. 

(2)  A  whole-life  assurance,  premiums  limited  to  n  payment!? 

Subtract  the  second   from  the   first  and  give  a  verbal    inter- 
pretation of  the  result. 

D 

The  premium  for  (1)  is  r^ ^ d 

x-\  x+n-l 

D  -rfN    , 

and  for  (2)  *  "'^ 


x-\  x+n-\ 


The  difference  is  ,r= -Jt' ,  which  is  the  annual  premium 

N     ,  -  N   ,      ,  ^ 

«-l  x+n-l 

required  to  provide  an  annuity-due  during  the  lifetime  of  (x)  after  ^ 
n  years,  consisting  of  d,  the  interest  in  advance  on  1,  payment  of 
which  in  the  case  of  (2)  is  deferred  from  the  end  of  the  wth  year 
— as  would  happen  under  (1) — to  the  end  of  the  year  of  death  of 
{pc).     During  the  n  years  the  benefits  are  identical. 

3.  Find  the  rate  of  interest,  given 

(a)  a  =13-257  and  A  ='19304 

^    ^       X  x 

(b)  a  =13-164  and  P  ='04147 

V   /       a;  X 

(c)  A  =-19414  and  P  ='00927 

^    ^         X  X 

Approximately  (a)  6  per  cent. ;  (i)  3  per  cent. ;  (c)  4  per  cent. 

il 

4.  Find  the  value  of  A      ,  having  given  P  =-01662,  fl=17-155, 
and  p  =  '99229. 

^x 
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We  have         A^^^    =    I  -  d(l -{-a^^^) 


a 

ia 

Px 
The  only  unknown  quantity  in  this  expression  is  i,  which  from 
the  given  values  of  P    and  a    we  ascertain  to  be  practically  equal 
to  '04.     Substituting  this  value  for  i  we  get  A_^     =  -30847 

5.  Required  the  cost  of  a  deferred  annuity,  of  which  the  first 
payment  is  to  be  made  at  the  end  of  four  years,  and  which  is 
then  to  continue  for  twenty  years  certain  and  thereafter  for  so 
long  as  a  life  presently  aged  x  may  live. 

The  first  part  of  the  annuity  is  an  annuity-due  for  twenty 
years  certain  deferred  four  years,  and  the  second  is  an  annuity- 
due  on  (x)  deferred  twenty-four  years.     The  cost  is  therefore 

N 


*    («2F|-«8|)  + 


x+28 


23 1       "SK    ■       D 


X 


6.  Give  an  algebraical  proof  that 

1-A 

a    =  — -^  -  1 
*  d 

=      ; 2jV^         ,    a     — ; 1 

=   S.oG+ijC^  +  f -^„.Jg, -1 


-  1 
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7.  Give  the  formula  for  a  whole-of-life  assurance  on  (.r)  by 
three  payments,  the  first  to  be  made  immediately,  the  second  to 
be  half  the  amount  of  the  first  and  to  be  made  at  the  end  of  three 
years,  and  the  third  to  be  half  the  amount  of  the  second  and  to 
be  made  at  the  end  of  seven  years. 


The  benefit  side  = 


M 

a 

ID 


The  payment  side  =  P 


whence     P  = 


D.  +  JD+3  +  l^.+7 


D 


M 


D  + 


i^.+s+ 


*     x+7 


8.  Investigate  a  formula  for  the  annual  premium  pa3^able  during 
life  for  an  assurance  on  the  life  of  (.r),  the  sum  assured  not  to  be 
paid  in  any  event  for  twenty  years  from  the  date  of  the  policy. 

The  benefit  divides  itself  into  two  parts.  If  (x)  should  die 
within  twenty  years  the  sura  assured  is  payable  at  the  end  of  that 
period  and  its  value  is  v^^(l  —  ^jp  ).  The  other  part  is  an  assurance 
on  {x)  deferred  twenty  years,  ^^  i  A^.  Therefore  the  benefit  side  is 
equal  to 

The  payment  side  =  P(l  +  a  ). 


„20, 


Hence 


P   = 


1  +« 


9.  X  has  an  income  of  J  per  annum ;  he  can  insure  his  life 
at  P    per  unit ;    and  investments  will  yield  i  per  unit  after  his 

decease.  How  much  of  his  income  must  he  spend  in  premiums, 
in  order  that  his  representatives  after  his  death  may  enjoy  a 
perpetual  income  derived  from  the  policy,  exactly  equal  to  the 
balance  }  Assume  that  the  income  is  payable  at  the  beginning  of 
each  year. 

'     Let  S  be  the  sum  for  which  X  must  insure  his  life.     Then 
SP    is  the  amount  of  his  income  which  he  spends  in  premiums, 

the  balance  of  his  income  being  (J  -  SP  ).     The  income  (payable 

at  the    beginning  of  the  year)  which  will  be  derived   from   the^^^ 
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proceeds  of  the  policy  will  be  Sd,  d  being  the  interest  in  advance 
corresponding  to  i.     We  now  have  the  equation 

J-SP     =   Sd 

X 

J 

whence       S    =    p       , 

X 

JP^ 

and        S  P     =   — , 

^         1'  +d 

X 

10.  In  consideration  of  a  yearly  premium  of  . ,  an  assurance 

company  offers  a  life  aged  .r  a  policy  securing  a  sum  of  1  payable 
at  the  expiration  of  twenty  years,  if  (x)  be  then  alive,  and  a  sum 
of  S  payable  fifteen  years  after  the  end  of  the  year  of  death  of  (.r)  if 
this  event  take  place  during  the  twenty  years.    Find  the  value  of  S. 

The  value  of  the  premiums  to  be  received  is 

i;20 


,20 


a  « :  201 

x-.n 


And  the  value  of  the  benefit  granted  is 

D 

X 

Hence     Sv^^(M  -  M  ^J  =   v^^D  -D 


and     S    = 


a;-f-20>'  X  x+20 

V5Y)    _(l+z)15D 


a;+20 


M  -  M  ^^^ 

X  a;+20 


11.  Investigate  the  change  in  the  value  of  ry  produced  by 
assuming  an  increase  in  the  rate  of  interest  to  represent  an 
increase  in  the  rate  of  mortality.     Illustrate  from  the  case  where  a 

J  X 

is  extracted  from  the  4  per  cent,  table  and  assumed  to  represent 
the  3  per  cent,  value  of  a  table  showing  higher  rates  of  mortality. 

We  must  first  obtain  q^  in  terms  of  values  of  a,  and  accordingly 

we  have 

a     =   vp  (\  -\-a  ,') 

X  i  X^  X+V 

^^  1   +   Vl 

q     =    I  -  p     =1- -^ 
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Here,  then,  we  get  increased  rates  of  mortality  by  taking  a  and 
fl        at  a  higher  rate  of  interest  while  i  remains  the  lower  rate, 

and  we  may  write  q'     =    1  -  -= -, — ~  where   a'    and  a    , ,   are    a 

x+l 

rate^  (>  f). 

To  obtain  the  old  rate  of  mortality  from  a  similar  formula  we^ 
have 

(1  +jy. 


i 


1 


l+a 


x+l 


and 


l+a 


x+l 


Taking  the  example  of  3  per  cent,  and  4  per  cent,  we  have 

•01^'^ 
the  increase  in  a,  i.e.,  a'  -  q^  = ^-^  where    a    and  a    , , 

•«ar         '  ^  X       ^x  1  +  a  *  •'"+1 

at  4  per  cent. 


x+l 


12.  Calculate   from   the    values    given    below   the   net   annual 
premiums  at  age  thirty  for  the  following  policies : — 

(a)  Whole -life  assurance,  premiums  payable  throughout  life. 

(b)  Whole-life  assurance,  premiums  limited  to  ten  payments. 

(c)  Ten  years'  temporary  assurance. 

(d)  Ten  years'  pure  endowinent. 

(e)  Ten  years'  endowment  assurance, 
(y)  Ten  years'  double-endowment  assurance. 


X 

D. 

N. 

M. 

30 

37879 

805450 

14419 

31 

36557 

767571 

14201 

32 

35272 

731014 

13980 

33 

34023 

695742 

13758 

34 

32808 

661719 

13535 

35 

31627 

628911 

13310 

36 

30480 

597284 

13083 

37 

29364 

566804 

12855 

38 

28279 

537440 

12626 

39 

27225 

509161 

12395 

40 

'^6201 

481936 

12164 
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(a)  ^    =    iiili    =  -017902 
'^  ^   N30         805450 

(b-)        -^^30        _  14419  _   24419^    _   f.,,.^^ 

'^''Ngo-N^o         805450-481936         323514    -  '^^^^^^ 

Tc)  Mso-M^o   _      14419-12164     _      2255      _ 


'so-Nio 

805450 ■ 

-481936 

D40        _ 

30  ~  -^40 

26201 
323514 

=  -080989 

fe)  ^30  -  M40  +  D40  _  .006970  +'080989  =-087959 
(/)  ^30-^40  +  20^  ^  -087959  + -080989  =-168948 

•^30  ~  -^40 

13.  What  is  the  annual  premium  at  3  per  cent,  for  a  temporary 
insurance  for  three  years  on  a  life  aged  thirty }     Given  /    =92529, 

/gj  =  92079,  /32- 91472,  ^33  =  90763. 

Pi    _    -   «  _  ^^3i  +  ^%2  +  ^%3 

80:3,  /30  +  <i  +  ^%2 

=   -97087 --96469 
=   -00618 

14.  Given  P   and  A   ,  show  how  to  find  at  rate  of  interest  i  the 

annual  premiums  for 

(a)  Joint-life  Assurance  on  two  lives  aged  »t. 
(6)  Last-survivor  Assurance  on  the  same. 

(«) 


since 


(*) 


p 

XX 

= 

XX 

XX 

= 

dA 

XX 

1-A 

XX 

a 

XX 

= 

1-A 

XX             1 

d       ^ 

p 

= 

A- 

XX 

XX 

\+a- 

XX 

2A   -A 

X               XX 

1  +  2a  -a 

X  XX 
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and 


«  P    +d 


^^  P    ^d 


-     1 


1-A 


o      = 


1  as  before. 


15.  Find  without  using  commutation  columns  an  expression  for 
the  annual  premium  for  an  assurance  payable  only  in  the  event 
of  {x)  and  {y)  both  dying  within  n  years. 


xyn\ 


Pl-     = 


V- 


a i 

xyn\ 

1  +  rt- 


where  the  values  of  a — ■.  and  a —. 

xyn\  xTj'.n-\  \ 

a~—.    =   a  -.  +a  -.-a   -. 

xy  i\  xt\         yt\         xyt\ 


ay:n-\\ 

are  found  from  the  formula 


x+l  x+2 


+  vH 


x+t 


I 

vl  . ,  +  vH  ,  „  + 


2/+1 


2/+2 


-\-vU 


y+t 


I 


^Ul^.+l+^'^.+2^,+2+- 


+  V'  I         /       , 

^         x+t    y+t 


I    I 

X   y 


16.  Deduce  the  single  and  annual  premiums  for  an  assurance 
for  ten  years,  payable  as  to  one  half  at  the  first  death  and  as  to 
the  other  half  at  the  second  death  of  three  lives  (x),  (jf),  and  (^)Jii 
Is  there  any  practical  objection  to  making  the  quotation,  and  if 
so,  how  would  you  propose  to  meet  it } 


The  single  premium  is 


+  hoA— ) 


2  V|  10  ^xyz    '    I  10  "xyz  ■ 


J 


=    i  [{"(1  +  V-:in)  -  V:rol}  +  Kl  +  «  jj  :  Jj)  -  "^  aoji] 


where     a —  .7,  =  «   ti  +  «   n  +  «   :n  -  2rt 

xyz  :ti  xytl         xzt\  '      yztl 


xyzt 
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In  deducing  the  annual  premium  the  above  is  the  benefit  side. 
Payment  side    =    P (!+«_?.-) 

if  it  is  desired  to  make  the  premium  level  throughout  the  whole 
status.  A  certain  risk,  however,  attaches  to  the  issue  of  the  policy 
on  such  a  footing.  If  one  of  the  lives,  say  (x),  die  early,  the 
remainder  of  the  benefit  could  be  obtained  by  the  survivors,  (i/) 
and  (z),  provided  they  are  in  good  health,  at  a  smaller  premium 
than  P  as  found  from  the  above.  In  such  a  case  the  office  would 
not  receive  the  stipulated  premium  throughout  the  whole  of  the 
status  assumed  in  the  calculation.  To  get  over  the  difficulty  we 
may 

(1)  Make  the  premium  payable  only  during  the  joint  existence 
of  all  three  lives,  whence  payment  side  =  P(l4-«     .g-i). 

(2)  A  premium  may  be  accepted  which  is  to  be  reduced  by 
half  on  the  first  death. 

Payment  side  =  P{l+^(fl      7^+ a~  ~i)}. 

J  i      '   ZK  xyz:9\         xyz :  9|/' 

(3)  Probably  the  best  way  is  to  issue  two  policies,  each  for  J, 
one  of  which  will  be  payable  on  the  first  death,  the  premium 
being  |.Pj-i-j.  — ;  and  the  other  payable  at  the  second  death,  with 

premium  iP|^^,A^. 

17.  Find  the  annual  premium  for  an  assurance  of  £100  payable 
as  follows : — 

(a)  £50  at  the  death  of  the  first  of  two  lives  and  £50  at  the 
death  of  the  second,  the  premium  to  be  reduced  by  one  half  from 
the  date  of  first  renewal  after  the  death  of  the  first  life. 

(J))  £33,  6s.  8d.  at  the  death  of  the  first  of  three  lives,  the 
premium  then  to  be  reduced  by  one-third ;  £33,  6s.  8d.  at  the 
second  death,  with  a  similar  reduction  in  the  premium ;  and  the 
remaining  £33,  6s.  8d.  on  the  death  of  the  last  survivor. 

(a)  The  benefit  is  obviously  50(A  +  A  ). 

The  premium  to  be  paid  depends  as  to  one -half  on  the 
life  (.r)  irrespective  of  the  life  (^)  and  as  to  the  other  half  on  the 
life  (y)  irrespective  of  the  life  (x).  The  value  of  the  payment 
side  is  therefore 
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Or  again,  the  payment  side  depends  as  to  one-half  on  the  joint 
lives  of  (x)  and  (j/)  and  as  to  one-half  on  the  life  of  the  last 
survivor.     That  is, 


Payment  side  =  PQa^^  +  la-)  =  P{1   +  i(«^  +  a^)}. 


Hence 


50 


A  -hA 

X  y 


i 


(J))  The  premium  required  for  this  benefit,  found  in  a  manner 
similar  to  the  above,  is 


33-^ 


A  +A  +A 

X  y  2 


•>\   X         y         z' 

The  payment  side  may  be  expressed  in  either  of  the  forms* 
or         P(4a      +ia^  +  Aa— ) 


xyz 


xyz 


xyz- 


18.  Find  a  formula  for  the  annual  premium,  payable  till  the 
benefit  is  entered  upon,  for  a  deferred  annuity  of  1  to  begin  to 
run  on  either  of  two  lives,  presently  aged  twenty-five  and  thirty 
respectively,  attaining  age  sixty.  If  (30)  attain  age  sixty  and 
(25)  be  also  then  alive  the  annuity  will  be  payable  thereafter 
during  the  joint  lives  and  the  life  of  the  survivor. 


Benefit  side      =   i;30   ^        («    + «    _ «      j 


30^25:30'^   55 
,30 


^ 


+  ^%0/^80(l  -  S0P25X0  +  ^5/^25(1  -  8o/\o)4J 


And  P  = 


Payment  side   =    P{1 +|29«25T80  +  ^'V25(1  "  30/^30)15^5}  H 

^'"30/^25  :3oK5  +  ^60  -  ^5  :60)  +  ^'"sO^SoC^  "  30^^25)^60  +  ^''35^25(1    "  3o/^3o)^^00 
1  +  |29  «25  +  I29  «30  -  I29  «25  :  30  +  ^''30^25(1  "  3o/^3o)  (^  +  |4«55) 


19.  Find  the  annual  premium  for  an  assurance  payable  at  the 
second  death  of  the  four  lives  (w),  (x),  (^),  and  (z). 


Benefit  side      =   A — - 

wxyz 

Payment  side   =   P — ^(l+a — ?) 

•^  wxyz^  wxyz 
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Therefore  equating 

p o     wxyz 


wxyz 


icxyz 


1» 
+  a — - 

wxyz 


-  d 


where      a — -  =  a      +a      +a      +a     -3a 

wxyz  wxy         wxz         wyz        xyz  wxys 

20.  Find  the  single  premium  to  assure  a  perpetuity  of  .£100  in 
tiie  event  of  A,  who  is  aged  thirty,  dying  within  ten  years,  the 
first  payment  of  the  perpetuity  to  be  due  at  the  end  of  the  year 
in  which  A  dies.  Interest  is  to  be  taken  at  4  per  cent,  and  the 
mortaUty  is  to  be  assumed  to  follow  De  Moivre's  hypothesis. 
Given  v^^  at  4  per  cent.  =  •675564. 

By  De  Moivre's  hypothesis  the  number  living  at  age  thirty  is 
86  -  30  =  56,  and  one  dies  every  year.     Therefore 

Al  _    V  +  V^+   '      '      •     +V^^ 

\o:io\   -  56  " 

562 
=  -14484 

The  single  premium  for  the  perpetuity  is 

Al    -  X  100  x~  =  -14484  x  100  x  26 

30 .  10|  { 

=  376-584 

=  £376,  lis.  8d.  nearly. 

21.  On  De  Moivre's  hypothesis  as  to  the  law  of  mortality,  find 
the  annual  premium  at  age  x  to  provide  an  endowment  assurance 

payable  at  age  x  +  t  or  previous  death. 

p  _      _  Xt\ 

But  on  De  Moivre's  hypothesis  where  n  represents  the  comple- 
ment of  life  at  age  .r,  we  have — 
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V  +  V-  + 


xt\ 


+  ^J'  +  (w  -  f)v'^ 


_       *l 


aY,  +  (n-ty 


Also     a 


x:t-l\ 


where  a  — ^^  = 


(^-lH-r^-^FrT|2| 
n 


Hence     P -^   =  ?       i\ — 


|2I 


i'(7i -  1)  +  tj2(w -  2)  +  .    .    ■'    +vt-i(n-t  +  l) 
n 


22.  Find   the   value    of  an    annuity  to   be   payable   until   th 
survivor  of  thi  ee  children,  aged  five,  eleven,  and  thirteen  respec- 
tively, attains  majority. 

"(5  :  i6|) (11 : iOI) (IS : Wp   ^    "b:\^\   "^  ^ll  noj  "^  ^13:8] 

"■  ^^5  :  11  :  10]  ~  ^5  :  18  :  8l  ~  '^ll  :  18  :  8l 


+  « 


5  :  11  :  IS  :  8] 


23.     Find   the    value    of  an    assurance    ])ayable    should    three 
children,  aged  ten,  twelve,  and  sixteen  respectively,  all  die  befor 
attaining  majority. 


A-i 


1    _    ]   _ 

(10:  111)  (12:  9  I)  (16: 5  I) 


=   A. 


-.  +  i;5(l-   «  A;>.   .,A- 


10:12:16:51   '   "  '^^       5/'16^5O0  :  12'"15  :  17  :  4| 
+  ^'(1  -5/^6)(l  -5/'l2)5/^0^l'5:n  +  ^V  -5/^16)(l  -5Pl0)5/^12^l\:4| 
+  Al-5Pl6)(l  -9/^2)9/^10^19:2 


24.  How  many  damaged  lives  are  theie  among  the  under 
mentioned  740,925  lives  aged  forty-five  who  have  been  insured  for 
three  years .''  and  how  many  of  them  will  die  in  each  of  the 
following  five  years.'' 
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Give   a  short  sketch   of  the   reasoning    which    leads   to   your 
fisrures. 


Age 

X 

Years  elapsed  since 

;  Date  of  Insurance. 

Age 

a; 

0 

1 

2 

3 

4 

5  or  more. 

hx] 

'[a:-l]+l 

^[a;-2]+2 

hx-3]+'S 

hx-4]+4 

fx 

45 
46 
47 
48 
49 
50 

730692 
720100 
709190 
698088 
686620 
674923 

736363 

726015 
715320 
704292 
693058 
681445 

739403 
729402 
718906 
708042 
696823 
685377 

740925 
731220 
721033 
710325 
699220 
687728 

741538 
731895 
721908 
711423 
700413 
688992 

741700 
732100 
722100 
711700 
700800 
689400 

45 

46 
47 
48 
49 
50 

The  number  alive  at  age  forty-five  of  those  who  have  been 
insured  for  three  years  is  740,925,  but  the  number  who  are  select 
at  age  forty-five  is  730,692.  Now  both  these  numbers  are  reduced 
by  mortality  to  the  same  figure  at  age  fifty,  namely  689,400.  The 
surplus  of  740,925  over  730,692  must  therefore  represent  damaged 
lives  who  all  die  off  in  five  years.  The  number  of  damaged  lives 
among  the  740,925  is  thus  10,233  and  the  deaths  amongst  these  in 
each  year  are  shown  as  follows : — 


Age. 
(1) 

Number  of 

Mixed  Lives 

Surviving. 

(2) 

Number  of  Lives 

Surviving  out 

of  those  select 

at  Age  45. 

(3) 

Number  of 

Damaged  Lives 

Surviving. 

(2) -(3) 

(4) 

Number  of 

Damaged 

Lives  Dying. 

(5) 

45 
46 
47 
48 
49 
50 

740925 
731895 
722100 
711700 
700800 
6S9400 

730692 
726015 
718906 
710325 
700413 
689400 

10233 

5880 

3194 

1375 

387 

0 

4353 

2686 

1819 

988 

387 

0 

The  difference  at  each  age  between  the  number  surviving  of 
those  select  at  forty-five  and  the  number  surviving  of  those  who 
at  age  forty-five  had  been  insured  three  years  shows  the  number 
of  damaged  lives  surviving  at  each  age,  and  the  first  differences 
of  this  column  show  the  number  dying  in  each  of  the  five  years. 


25.  Given  a  select  mortality  table  showing /y  k^_-^^^i}  ^ra;_2]+2* 
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^r  -814-3'  ^ra;-4i+4'  ^^^  ^oi?  cxprcss    the   probability  of  a   select  life 
aged  X  at  entry  being  at  the  end  of  five  years, 

{a)  In  existence,  irrespective  of  the  state  of  his  health  then, 
(6)  In  existence,  and  still  a  select  life, 
(c)  In  existence,  and  an  unhealthy  life. 

In  the  form  of  tables  described,  selection  is  assumed  to  wear 
off  in  five  years,  therefore  at  the  end  of  that  time  the  number 
of  /     persons  select  at  age  x  who  are  still  alive  is  merged  in  the 

ultimate  table  and  is  expressed  by  /  ,  their  health  not  being  in 
consideration.  But  the  number  of  select  persons  of  age  x-\-b  is 
by  notation  /  ,  therefore  the  number  of  unhealtliy  is  the 
remainder  of  the  total  /^  .  Accordingly  the  probabilities 
required  are 


[X] 

'[x+5] 

x+5  ~    [a;+5] 


26.  A  life  office  secures  every  year  K  new  assurers  all  aged 
X  at  entry.  At  the  end  of  a  quinquennium  how  many  of  the 
entrants  during  that  time  may  be  expected  to  be  unhealthy. 


^1 


Of  /  persons  who  enter  at  age  x  there  are  alive  at  the  end  of 
five  years  /  ,  of  whom  some  are  select  and  the  others  unhealthj'. 
But  the  number  of  select  lives  of  age  .t  +  5  is  /,  , ,,.     Therefore  the 

^  [x+5j 

number  of  unhealthy  lives  of  that    age    is    /,  , .  ^  -  /,     ,,.     Similar 

•^  ®  [x]+5        [a!+5] 

expressions  give  the  number  of  unhealthy  lives  at  the  end  of  four, 
three,  two,  and  one  years.  Thus,  if  the  number  of  entrants  eacli 
year  is  K,  and  if  we  assume  them  all  to  enter  at  the  beginning  of 
the  year,  we  get  the  number  of  unhealthy  lives  at  the  end  of  five 
years  as 


Ka 


|Mj;]+5         [x+Sp  "^  Mx]+4       WV'^V[a;]  +  3       WS]' 
+  CV]+2  ~    [x+2])  "^  ^>]4-l  ~    U+lj)j" 
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27.  A  person  aged  x  wishes  to  be  allowed  to  effect  ten  policies 
each  for  £1000  as  follows  : — 

(1)  At  age       X       at  the  normal  annual  premium  for  that  age. 

(2)  „       (^+1)  „  „  „ 

(3)  „       (.r  +  2) 

etc.  etc.  etc. 

(10)        ,,       (x  +  9) 

It  is  required  to  find  the  single  premium  payable  to  provide 
for  this  option. 

For  the  second  of  these  policies  the  premium  to  be  paid    in 
absence  of  any  arrangement  would  be  P        ,  whereas  the  premium 

arranged  for  is  P        .     The  value  of  the  option  on  this  one  policy 


is  therefore  ("P, , , ,  -  P,  , ,,) 


M+1 


Similarly    for    the    third    policy   the   difference   in   premium 
to  be    allowed    for   is    (P.  , ,  „  -  P,  ,  „.)    and   the    value   of  this   is 

N 
fP,  , ,  „  -  P,     „,)  — ^^.     And  so  on  for    the    other  seven  policies. 

[X] 

The  single  premium  to  be  paid  for  the  option  is  therefore 

.  /p  _p         ^      M+9 1 

[«] 

28.  Calculate  the  following  option  premiums  : — 

(fl)  The  single  premium  per  cent,  required  to  permit  of  (30) 
effecting  at  the  end  of  five  years  a  whole-life  policy  at  the  normal 
annual  premium  for  his  then  age,  without  fresh  medical  examina- 
tion.    Use  the  O"^*^^  Table  at  3^  per  cent,  interest. 

(6)  The  yearly  addition  per  cent,  to  the  short-term  insurance 
premium  for  seven  years  required  to  permit  of  (40)  effecting  a 
whole-life  policy  at  the  end  of  that  period  at  the  normal  annual 
premium  for  his  then  age,  without  fresh  medical  examination. 
Use  the  O^^^^^  Table  at  3  per  cent,  interest. 
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(a)  Using  the  formula  given  on  page  143,  we  have 

^^^  C^[30]+5  ~  ^[35])  (^[30]  ~  ^[30]  :  5]) 

=    100(-02024  -  -01959) (19-793  -  4-633) 
=    -985,  say  19s.  8d. 

(b)  Similarly  for  this  option  premium  we  have 

lQQ(P47-Pr47])(^[40rVoi:^) 

^[40] :  r\ 

(3-445  -  3-377)  (18-102  -  6-250) 
6-250 
=    -129,  say  2s.  7d. 

29.  Find  the  annual  office  premium  for  a  whole-life  assurance 
to  (^x),  the  expenses  being  8  per  cent,  of  the  first  and  subsequent 
gross  premiums  with  further  initial  expenses  of  2  per  cent,  on  th^^ 
sum  assured  and  5  per  cent,  on  the  first  gross  premium.  ^H 

To  get  the  value  to  the  office  of  the  payment  side  we   must 
deduct  from  the  value  of  the    gross    premium  the   value  of  all 
expenses.     Thus,  if  P  be  the   gross  premium,  the  value   of  tlu 
payment  side  is 

P(l  +  a  J  -  •08P(1  +  a^)  -  -02  -  -OSP 

and  this  is  equal  to  the  value  of  the  benefit,  A  . 

Hence         P(l  +  a^)  -  -08P(1  +  a^)  -  -02  -  -05P  =  A^ 
P{-92(l+«)--05}=A  +-02 


P   = 


A  +-02 

X 


•92(l+«)--05 


30.  Given  the  following  office  rates  for  immediate  annuities  on 
female  single  lives,  aged  fifty  and  sixty  respectively,  find  at  these 
ages  the  annuity  which  £500  will  purchase,  it  being  a  condition 
that  the  annuity  is  to  be  payable  during  the  joint  lives  and  the 
lifetime  of  the  survivor,  but  is  to  be  reduced  by  one-half  after 
the  first  death. 


Age 
last  Birthday. 

Annuity  which 
£100  will  purchase. 

Price  of 
Annuity  of  £10. 

50 

60 

1 

£i>  13     8 
7     5  10 

£175   19     1 
137     2  10 
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The  annuity  required  is  the  sum  of  two  annuities  of  equal 
amount  on  tlie  lives,  and  if  2P  be  the  amount  to  be  received 
during  the  joint  lives  we  have 

500   =--   PK,o  +  «'6o) 

=   P(17-5954  + 13-7142) 

TT  T>  500 

"^"'^     ^   =    17-5954  4- 13-7142 

=    15-970,  or  say  £15,  19s.  5d. 

£500  will  therefore  purchase  an  annuity  of  £31,  18s.  lOd.  during 
the  joint  lives,  to  be  reduced  to  £15,  19s.  5d.  on  the  first  death. 

31.  Given  tables  of  office  premiums  for  endowment  assurances 
and  double-endowment  assurances,  show  how  to  employ  them  to 
obtain  the  office  premiums  for  the  following  benefits : — 

(a)  £100  payable  on  attaining  a  given  age  or  at  previous 
death,  together  with  a  guaranteed  bonus  of  £33,  6s.  8d.  payable 
only  if  the  given  age  is  attained. 

(6)  A  similar  benefit,  but  with  a  guaranteed  bonus  of  £50. 

(a)  This  is  equivalent  to  a  term  assurance  of  £100  coupled 
with  a  pure  endowment  of  £133,  6s.  8d.,  which  may  be  split  into 
an  endowment  assurance  of  £66,  13s.  4d.  payable  on  attaining  the 
given  age  or  at  previous  death  and  a  double-endowment  assurance 
of  £33,  6s.  8d.  payable  on  death  within  the  term  and  £66,  13s.  4d. 
on  attaining  the  given  age.     Therefore  if  P' — ,  and  (DP)'  -:  be  the 

o  &  »  xn\  ^        -^  xn\ 

office  premiums  per  £100  assured  for  endowment  assurances  and 
double-endowment  assurances  respectively,  we  obtain  the  required 
premium  from  the  formula 

IP'      +i(DP)'     . 

•i     xn\   '   o^         ^  xn\ 

(fe)  By  a  similar  process  of  analysis  we  find  the  premium  for 
the  second  benefit  to  be 

32.  From  tables  of  office  "Whole  of  Life"  and  "Limited 
Payment "  premiums  for  each  age  at  entry,  show  how  to  find  the 
sum  assured  that  could  be  given  at  age  x  for  a  single  payment 
of  S  and  a  future  annual  payment  of  P. 
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Let  A'  and  P'  be  the  office  single  and  annual  premiums  at 
age  .r  per  unit  assured. 

We  must  split  the  single  payment  to  be  made  now  into  P  and 
(S  -  P)  in  order  to  put  the  payments  of  P  on  the  basis  of  an 
annual  premium.  a 

Then  since  a  single  premium  of  A'   insures  1,  a  single  premium 

S  -  P  M 

of  (S  -  P)  insures       . ,    .  I| 

X 

Also  since  an  animal  premium  of  P'  insures  1,  an  annual 
premium  of  P  insures  pr. 

X 

Therefore  the  whole  amount  insured  by  a  single   payment 

S-  P        P 
S  and  a  future  annual  payment  of  P  is      .,     +  pr . 


33.  A  man  aged  forty  next  birthday  desires  to  effect  a  policy 
payable  at  death  for  .£5000.  He  proposes  to  make  a  first  payment 
of  £1000.  Find  the  future  premium  to  be  charged  annually,  given 
tables  as  in  the  preceding  question. 

Let  P  be  the  future  premium.     Then  by  our  formula  above 
1000 -P         P  _„„ 

-^40  -^40 


Hence  v(J^--l.)    =«5000-i^ 

\^    40        ^40/  ^ 


5000- 


1000 

40 

1000 


and 


P   = 


A' 


40 


P'  A' 

^40       -^40 


34,  Express  in  commutation  form  the  annual  premium  for  an 
endowment  assurance  to  Qc)  payable  in  n  years  or  at  previous 
death,  the  premium  for  the  first  five  years  being  only  one-half 
of  the  premium  for  the  remainder  of  the  term.  Find  therefrom 
the  premium  for  the  first  5  years,  and  for  the  remaining  25  j^ears, 
for  a  30  years'  endowment  assurance  on  a  life  of  30.  Interest  4 
per  cent.  Given  N29  =  5023535  ;  Ng^  =  474646-5  ;  Ng4  =  376007-4; 
N59  =  58526-9;  and  Ngo  =  52931-0, 
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M   -  M    ,    +  D 


Here  the  Benefit  side        = 


x-\-n  x+n 


D 

X 

N       -N  ,      ,        N  ..-N 


/JN         -  IN  JN         -  JN  \ 

And  the  Payment  side    =   p (^_Zi±__J±:lz1  +  _x±^^jc+n-i\ 

X  X 

M  -  M  ^  +D  ^ 
Wl.e„ee  P   =   -^^^^^^ 

x-1  »+4  a;+»-l 

Using  now  tlie  figures  given  we  have 
P   =    M3o-M,o  +  D,o 

Bill      M30   =   ^N,9-N3o   =   55?^^ -474646-5  =  8385-7 

M«o   =  ^'N^.-N.o   =   ^^g:^- 52931-0  =  3344-9 

and     Dgo   =    N^^-Ngo     =    58526-9-52931-0  -  5595-9 

^,        -  p   ^  8385-7-3344-9  +  5595-9 

lere  ore  502353-5  +  376007-4-117053-8 

=    -013972. 

The  premium  for  the  first  five  years  is  accordingly  -013972  and 
thereafter  -027944. 

35.  Find  by  the  O^^*^^  Table,  with  interest  at  3|  per  cent, 
throughout,  the  annual  premium  per  cent,  required  at  age  thirty 
to  provide  a  debenture  policy  under  which  5  per  cent,  interest 
payable  half-yearly  is  to  be  provided  on  the  sum  assured  for 
15  years  from  the  end  of  the  year  of  death,  at  the  end  of 
which  period  the  sum  assured  is  to  be  payable. 

As  explained  on  page  148,  the  benefit  at  the  end  of  the  year  of 
death  is  1  plus  an  annuity-certain,  for  the  period  stipulated,  of  the 
excess  of  the  guaranteed  rate  of  interest  over  the  rate  assumed  by 
the  office.     In  this  case  the  premium  will  therefore  be 

lAnn      fi         05 --035  1 

=  1-788(1 +-0075x23-18585) 
^  2099,    say   £2,  2s, 
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36.  Find  by  the  O^^'^^  Table,  with  interest  at  3  per  cent, 
throughout,  the  annual  premium  required  at  age  thirty-five  to 
provide  an  annuity-certain  of  .£100  payable  half-yearly  for  20 
years,  the  first  payment  to  be  made  at  the  end  of  the  year  of 
death. 

Modifying  the  formula  given  on  page  147  to  suit  the  case  of  a 
half-yearly  annuity  we  have  for  this  premium 

=  •02212x50x30-36458 

=  33-583,    say   £33,  lis.  8d, 

37.  Find  by  Mr  Lidstone's  formula  the  annual  premiums  per 
cent,  required  for  the  following  joint-life  endowment  assurances. 

(«)  Lives  (30)  and  (35)  for  a  term  of  20  years  on  the  basis 
of  the  O^^^^  Table  with  interest  at  3^  per  cent. 

(6)  Lives  (20)  and  (40)  for  a  term  of  30  years  on  the  same 
basis  with  3  per  cent,  interest. 


(jTi)  Following  Mr  Lidstone's  formula  we  have 

^.'^[SO]  :  20i  "*■       [35]  :  20]  ~       20|  ) 

=  3-841 +  3-923 -3-416 
=  4-348,    say   £4,  7s. 

=  2-460 -I- 2-947 -2-041 
=  3-366,    say    £3,  7s.  4d. 

38  Write  down  formulas,  with  and  without  commutation 
symbols,  for  the  annual  premium  for  a  joint-life  term  policy. 

Calculate  with  the  help  of  tables  of  logarithms  the  annual 
premium  for  a  three-year  term  policy  on  the  joint  lives  of  A  and  B, 
each  aged  thirty-six  next  birthday,  at  3  per  cent,  interest,  having 
ffiven 

3g  =  5-9097,  log  /3^  =  5-9076,  log  /gg  =  5-9042,  and  log  l^^  =  5-9002. 

How  would  you  approximate  to  such  a  premium  in  practice  ? 


losl 


The  annual  premium  in  commutation  symbols  is 

M     -  M 


x+n  :  y+n 


x-l:y-l  x+n-l :y+n-l 
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from  which  we  may  pass  to  a  formula  without  commutation  symbols 
as  follows  : — 

M    -  M  ,        , 

xy  x+n  :  y+n 


x-i:y-l  x+n-l:y+n-l 


v       x-l  :y-l xy'       ^       x+n -1:  y+n -I  x+n  :  y+n'' 


N  -N 

x-l:y-l  x+n-l:y+n-l 


N    -N 

xy  x+n  :  y+n 


x-l:y-l  x+n-l:y+n-l 


_  a:+l    y+1  x+2   y+2    ^  x+n   y+n 

x   y  x+1    y+1  ^  x+n-1    y+n-1 

Substituting  the  ages,  etc.,  required  for  the  second  part  of  the 
question  we  have  the  premium  desired  as  follows  : — 

^36  ^36  +  ^^37  ^37  "^  ^  ^38  ^38 

At  3  per  cent.  w  = -97087,  also  log  z;  =  1-9872,  log  i;2  =  T-9743, 
and  log  v^  =  1-9615. 

In  dealing  with  the  logarithms  of  the  numbers  living  the 
characteristics  may  be  ignored  as  they  are  the  same  in  every  case 
and  only  determine  the  position  of  the  decimal  place  in  the  corre- 
sponding natural  number. 

Then      log  /gg  /gg  -  2  log  /gg  =  2  x  -9097  =  1-8194  =  log  65-978 
log  vl^^lQ>j  =  \ogv  +21og/37=T-9872  +  l-8152.-=l-8024  =  log  63-445 
log  1)2/38^38  =  log  t^2  +  21og  /38  =  r-9743  +  1-8084=  1-7827  =  log  60-632 
log  ^%9^39  =  logi;3  +  21og/39=T-9615  + 1-8004  =  1-7619  =  log  57-796 
Therefore 

V   -    ^37  ^37  +  ^"^38  ^38  "^  ^  ^39  ^39 
^36  ^36  +  ^^37  ^37  "*"  ^  ^38  ^38 

=  -97087  -  63-445  +  60-632  +  57-796 
65-978  +  63-445  +  60-632 
=  -97087 --95695 
=  -01392. 

In  practice,  as  explained  on  page  152,  we  would  take  it  that 

P_^ =    pi    _4.p1    _ 

130:361  :3|  30:31^     36  :  3  | 
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Using  the  figures  given,  we  find  P  ^  .  —  =  '00699,  and  hence  the 

approximate  joint-life  short-term  premimn  is  '01398,  which  com- 
pares very  favourably  with  the  true  value. 

39.  Find  by  the  O^^^^  Tables,  using  S^  per  cent,  interest,  the 
annual  premium  for  a  joint-life  short-terra  assurance  for  four  years, 
the  lives  being  aged  thirty  and  forty. 

Using  the  same  formula  as  before 

p_J ,._^^[80]+l^[40]+l-'"   •     •     •     +^*W4^[40]+4 


[80]  "[40] 

=  -96618  - -95086 
=  -01532. 

The  practical  formula  is  in  this  case 

P_i =    Pi    --i-Pi    - 

i80:40l:4|  80:4|^     40:4| 

=   -00663  + -00878 
=   -01541. 


[80J+8  •[40]+8 


40.  Given     «,^,j„,  =  13-791,    0^3,^,^,  =  13-463,     «j,^j^^,  =  13-006, 
and   «  =12-391,  find  the  value  of  arg^-,r^^  (1)  by  finite  differ- 

ences, (2)  by  central  differences,  stopping  at  second  differences. 

(1)  For  a  finite-difference  formula  we  have 


n  r  n 


%+nlii]      %lij]   '     ^^"'[x+5][y]      "M2/]> 


|2 


(«, 


[x+10][y]       '^%+bIy]  ■*■  \][y] 


n 


[37][44] 


Hence 

=    ^^[84][44]  + 1(^ 


[89][44]       n34][44]^   '  J2       ^"[44][44] 


-  « 0  +  — T9^(«M.ir..i  -  2«,.,,,,,,,  +  a. 


[39][44]    '    '184][44]> 


=  13-463  +  1(13-006  -  13-463)  -  #6(12-391  -  26-012  +  13-463) 
=  13-463- -274 -h -019 
=  13-208. 

(2)  The  central-difference  formula  to  be  applied  is 

x(x  —  1) 


%  =   ^'o  +  -^^+i  + 


^  ^0 
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Whence 

^[37][44]    ^   ^[34J[44]  "^  ■5V.^[39][44]  ~  ''[34][44]^  ~  "2  5l^[3y][44]  ~  •'^[34][44]  "*"  ^[29][44]>' 

=  13-463  + 1(13-006  -  13-463)  -  ^(13-006  -  26-926  +  13-791) 
=  13-463 --274  + -015 
=  13-204. 

41.  Given    P^,  ^  ,,  = -03625,    P^,3o  =  -0375,    V^,,,,-'OU,   and 
1^5 : 30  =-04225,  find  P,,^,^. 

P  =    P         ^^^'P         -   P        '^ 

40  :  29  40  :  25  ^  ^^    40  :  SO  40  :  25^ 

=   -03625 +  |(-0375- -03625) 
=   -03625  + -001 
=   -03725. 

p        =  p       4-  *rp       -  p      ^ 

46  :  29  46  :  25  ^  "^^    45  :  30  45  :  25/ 

=   -041 +^-04225 --041) 
=   -042. 

P  =     P  4-  2/'P  _    P  > 

42  :  29  40  :  29  ^  "^v    46  :  29  40  :  29/ 

=   -03725 +  f(-042- -03725) 
=    -03725  + -0019 
=   -03915. 

42.  Complete  the  table  of  premiums  between  ages   forty  and 
forty-five,  given  the  following : — 


Age. 

Premium. 

40 

£2  13  10 

45 

3     2     4 

50 

3  14  10 

55 

4  13  10 

Denoting    P^^   as    Uq,  P^g  as  u^  F^  as  u^^,  and  P^^  as   u^^,   we 
may  proceed  in  either  of  two  ways. 

(a)  We  have 

«,  =  «„  +  .A„„  +  -(;_d)A^„„+  ffczl^A3«„+  .    .   . 

I 

and  stopping  at  third  differences  the  problem  is  to  find 

Auq,  A\,  and  A\  from  P^^,  P^^,  P^^,  and  P^g. 
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Now        2-692  =  Mq 

3-117  =  Uq  +  5Auq+10A\  +  10A\ 

3-742  =  Wo+10Amo  +  45A%+120A%(, 

4-692  =  Wo+15A?/o  +  105A%o  +  455A%o. 

Differencing  successively  both  sides 

•425   =   5Awo  +  10AX+10A3mo 
•625   =  5Amo  +  35A2m^)  +  110A3mq 
•950  =  5A?<o  +  60AX  +  335AX. 

Again  -200   =   25A\  + lOOA^^ 

•325  =   25A2m(,  +  225A%o. 


[chap.   VII. 


And 
whence  we  have 


•125    =  125A%o. 

A%   =  -001 

A\  =  -004 

Au.  =  -075. 


We  make  up  the  following  scheme 


Age. 

Premmra. 

A 

A2 

A» 

40 

2-692 

•075 

•004 

•001 

41 

2-767 

•079 

•005 

42 

2-846 

•084 

•006 

43 

2-930 

•090 

•007 

44 

3-020 

•097 

45 

3-117 

(6)  Alternatively  we  have 

u  =A-\-Bx  +  Ca;'^  +  Dx^+  .    .    . 

and  stopping  at  third  powers  of  x  the  problem  is  to  find  B,  C,  and 
D  from  P40,  P45,  Vr,o,  and  P55. 

2-692  =  A 

3-117  =  A  +  5B  +  25C+125D 

3-742  =  A+IOB+IOOC+IOOOD 

4-692  =  A  +  15B  +  225C  +  3375D. 
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Differencing  successively  both  sides  of  these  equations, 
•425   =   5B  +  25C+125D 
•625   =  5B  +  75C  +  875D 
•950   =   5B  +  125C  +  2375D 
•200  =  50C  +  750D 
•325   =   50C  +  1500D 

•125   =   750D 
whence  D   =    00016 

C  =   -0015 
B   =   -073. 

Then  P^j  =  2-692  + -073  + -0015  + -00016  =  2-767 
P42  =  2-692  + -146  + -006 +  -001S  =  2-846 
P43  -  2-692 +  -22  + -0135  + -0045  =  2-930 
P44  =  2-692 +  -29S  + -024  + -0106  =  3-020 
P45   =   2-692 +  -36  + -0375 +  -0208^     =  3-117 

By  either  method  we  complete  the  table  with  the  same  values. 

P^  =  £2  13  10 

P41  =  2  15  4 

P42  =  2  16  11 

P,3  =  2  18  7 

P^  =  3     0  5 

P45  =  3     2  4 
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CHAPTER    VIII 

Conversion  Tables  for  Single  and  Annual  Assurani 

Premiums  ^. 

"I 

1.  Conversion  tables  should  be  thoroughly  understood,  both  in 

their  construction  and  their  use,  and  to  these  ends  Rothery  and 

Ryan's  tables  should  be  carefully  examined. 

For  both  single-  and  annual-premium  conversion  tables,  they 

start   with    the    initial    value    1    for    the    annuity,    and    increase 

it  by    differences    of  '01.     Now  we   may  draw  up   the    following 

schedule  for  single-premium  values  : — 


Annuity 

Corresponding 

A 

Value. 

Assurance  Value. 

of  Col.  (2), 

(1) 

(2) 

(3) 

1 

1  -  ^(1  + 1) 

-dx-01 

1-01 

l-d(l  +  101) 

-dx'Ol 

1-02 

1-^(1  +  1-02) 

-dx-01 

1-03 

l-<l  +  r03) 

-dx'Ol 

etc. 

etc. 

etc. 

From  this  we  see  that  the  values  in  column  (3)  are  constant 
and  that  therefore,  the  initial  assurance  value  having  been  found, 
the  successive  values  thereafter  may  be  found  by  the  continuous 
addition  of  -dx-01.  The  initial  value  must  be  found  directly 
from  1  -  d(l  + 1).  Verification  may  easily  be  made  at  periodical 
intervals.  The  correction  for  a  third  decimal  place  is  found  as 
shown  in  Text  Book,  Article  9. 

2.  Again,  for  annual  premiums  we  make  a  preliminary  investi- 
gation such  as  this  : — 
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Annuity- 
Value. 

(1) 

Corresponding  Annual 
Premium  Value. 

(2) 

A 
of  Col.  (2). 

(3) 

1 

1-01 

1-02 

1-03 
etc. 

^         d 

1               1 

1  +  1-01       1  +  1 
1                 1 

1  +  1-01 

^      -d- 

1  +  1-02 

'         -d 
1  +  1-03 

etc. 

1  +  1-02      1  +  1-01 
1                 1 

1  +  1-03       1  +  1-02 
1                  1 

1  +  1-04       1  +  1-03 
etc. 

Column  (3)  gives  us  the  successive  quantities  to  be  added 
to  the  initial  value  in  order  to  obtain  the  annual  premiums 
which  we  require.  We  must  therefore  first  proceed  to  find 
the  values  in  column  (3) 
process : — 


The    following   schedule    shows   the 


Annuity 

Value 

=  a, 

(1) 


1 

1-01 

1-02 
etc. 


1 

1  +  a 

(2) 


1 
1  +  1 
1 


1  +  1-01 

1 
1  +  1-02 
etc. 


A 
of  Col.  (2). 

(8) 


1  +  1-01      1  +  1 
1  1 


1  +  1-02       1  +  1-01 

1 1_ 

1  +  1-03       1  +  1  -02 
etc. 


P 

(4) 


1 

rj 

1  +  1-01 
1 

d 

1  +  1-02 
etc. 


We  obtain  the  values  in  column  (2)  from  a  table  of  reciprocals 
and  difference  the  results.  These  differences  we  then  add  succes- 
sively to  the  initial  value,  - — -  —  d,  to  obtain  the  whole  table  of 

''  1  +  1 

values  at  the  rate  involved  in  d.  Column  (3)  consists  of  the 
differences  both  of  column  (2)  and  of  column  (4). 

The  differences  in  the  value  of  P  corresponding  to  a  third  place 
of  decimals  in  the  value  of  a  must  be  found  by  interpolation  which 
may  be  done  quite  simply. 

As  pointed  out  in  Text  Book,  Article  1 6,  the  series  of  differences 
in  column  (3)  is  independent  of  the  rate  of  interest  and  may  be 
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used  to  form  tables  at  each  rate  required,  by  successive  addition 
to  the  proper  initial  value,   _ — —  —  d,  where  d  varies  with  the  rate. 

Or  again,  after  the  first  table  at  rate  i  is  formed,  that  at  any 
other  rate,  say  j,  may  be  formed  by  the  constant  addition  of 
d-d     to  each  value,  as  may  be  seen  from  the  following  table : — 


Annuity 
Value. 

(1) 


1 

1-01 

1-02 
etc. 


Corresponding  Annual  Premium 


At  Rate  «. 

(2) 


1  . 
rrroi " ''(«) 

1  . 
rTro2 "  "*(*) 

etc. 


At  Rate  j. 

(3) 


1  , 

fTToT  "  ^^U) 
etc. 


I.e. ,  value  to  be  added  to 
Col.  (2)  to  obtain  Col.  (3). 

(4) 


etc. 


1 


where  column  (4)  is  constant. 

3.  The    following   is    an    alternative    method    of    forming   the 
conversion  table  from  single  to  annual  premiums. 


P    = 


Therefore    -p- 


dK 
1-A 

1-A 
^d^ 

d  VA 


A-  -  1 


We    must    therefore    make    up    a    preliminary   table    of  the 
reciprocals    of  the    single  -  premium    values,   less    unity.      Then 

})utting  the  value  of  —  on  the  fixed  plate  of  the  arithmometer  and 

multiplying  by  each  of  the  values  in  this  preliminary  table,  we 
obtain  a  series  of  which  we  must  again  take  the  reciprocals  to  get 
the  required  values  of  P.  This  method  does  not  fulfil  the  condi- 
tions of  a  continuous  method.  But  good  checks  may  easily  be 
applied  either  by  working  backwards  from  the  values  of  P  to  the 
values  of  A  and  comparing  with  the  original  values  of  A,  or 
otherwise. 
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4.  Conversion  tables  are  of  great  value  in  the  working  out  of 
premiums,  whether  single  or  annual,  where  it  is  frequently  easier 
to  obtain  the  annuity  value  than  the  premium.     For  example, 


If  we  enter 

the  Conversion 

Table  with 


We  obtain  in  the 


Single-Premium 
Conversion  Table 


*a;:7i-ll 


'xy 


xy  :  w  - 1 1 


% 


xy  :  n-l| 


'n-l 


l-d{l  +  a^) 


=  A, 


1-^(1+S:n^|)     =\ 


1-^(1 +  «X3/)  =^ry 


l-^l  +  %:^r:Tl)   =^xyn\ 


^-d{l+a-)  =A- 


l-d(l  +  a-.^^^)  =  A--, 


Annual-Premium 
Conversion  Table 


r^ d  =P. 

1  +  a^ 

-, ^ d    =  P  -, 

a: :  71  - 1  ^ 


P/zf 


1  +  a 


-d 


=  P 


xy 


xy 


1  +  a 


-d=F 


xy:n-l\ 


1  +  a— 

xy 


xyn\ 


xy 


l  +  «— 


xy  :n-li  | 


xyn\ 


71  —  1 


-d       =  P- 


Thus     when     we     speak     of    entering     the     single  -  premium 
table    with   a    — r.  we   mean  that  we  give   to  a  in  the   formula 

x:n-l\  *^ 

l-d(l+a)  the  value   a    — =-„  and   the  result  from  the   table    is 
A  -..     If  we  entered  with  a--,  the  result  would  be  A    —r-r-. 

xn  \  xn\  x.n+i  \ 

Also  by  entering  the  annual-premium  table  with  a—  we  give 
to  a  in  the  formula d  the  value  a—.,  and  the  result  is 


1 

l+a- 


-d 


n 

=     P 

n+\\ 


the  annual  premium  for  a  sinking-fund  assurance  payable  at  the 
end  of  («  +  1)  years. 


5.  To  find  the  single  and  annual   premiums  for  an  assurance 
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payable  on  the  deatli  of  the  second  of  four  lives  (w),  (.r),  (7/^ 
and  {2).  ^  ^  ^. 

Now     A^^    =    l-^(l+«^)  '^1 

that  is,  the  assurance  is  not  payable  so  long  as  3  at  least  of  the 
4  lives  survive,  for  3  at  least  will  cease  to  survive  at  the  second 
death.  The  formula  shows  us  that  to  obtain  this  assurance  we 
enter  the    single-premium   conversion  table   with    o — ^  which  by 

^       ^  wocyz  •' 

formula  (58)  of  Text  Book,  Chapter  VII.,  is  equal  to 
a      +  a      +  a      +  «      -  3« 

wxy         wyz  wxz  xyz  wxyz 

Similarly  for  the  annual  premium  we  enter  the  annual-premium 
conversion  table  with  the  same  annuity,  for 

P— ^    =    T-T—s  -^ 

wxyz  1  +  (Z ? 

wxyz 

6.  When  it  happens  that  we  are  given  the  single-  or  aruiual- 
premium  value,  and  the  annuity  value  is  required,  we  may  obtain 
the  latter  by  entering  the  ordinary  conversion  tables  inversely,  on 
the  same  principle  as  we  obtain  the  natural  number  corresponding 
to  any  logarithm  by  entering  ordinary  log  tables  inversely. 

Thus  if  we  know  P    at  any  rate  of  interest  we  could  find  a 

X  -^  X 

from  the  formula 

1      , 

".  =  FTrf  "^ 

X 

but  conversion  tables  enable  us  to  find  it  at  once  by  inspection. 
Again  let  it  be  required  to'  find  a   —,.     We    shall   obtain  the 

^  ^  xyn  I 

value  required  by  entering  inversely  with  P  .-jt]  and  by  Lidstone's 
formula  (described  on  page  150). 

^xy:^\  =  P.ri+ii  +  ^y.^i^i  "  P^TfTj   approximately. 

^^^o  Parr^I+Tj^  ^yt^T^  ^^^  ^rw^i]  "^^^  ^^  ^°^^^  ^^  entering  the 
tables  directly  with  a  —„  a  — „  and  a—,  respectively. 

Thus,   find    by   the    O^^^^  table   at  3J  per  cent,   the  value   of 

^[30][40] :  i9l' 

We  find  from  the  O^^^  table  that  a^^^^,-^  =  12-845,  a^^^^,- 
=  12-451,  also  a^  =  13*710  at  S^  per  cent.,  and  on  entering  3^  per 
cent,  conversion  tables  we  have  'P^^Qy^,  ='03841,  Pr^oj.goj  ==  "04052, 
P^  =-03416. 
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Therefore  Pf30][40] : 201  =  *^^^^^  +  '^^^^'^  '  '^^^^^  =  -04477. 
And  entering  the  same  conversion  table  inversely  we  have 
Vx40]:i9i  =  11*725. 

7.  It  should  be  clearly  understood  that  conversion  tables  are 
merely  a  means  of  saving  labour  and  further  that  they  can  be 
used  to  find  the  value  of  1/,  whatever  1/  may  be,  so  long  as  it  can 
be  expressed  in  the  form,  for  single-premium  tables, 

l-d{l+k) 
and  for  annual-premium  tables 

1  -{-k 
where  k  is  known  and  £?  is  at  a  known  rate  of  interest.     It  must 
be  remarked  that  k  does  not  need  to  be  an  annuity  or  at  any  rate 
recognisable  as  such. 

Thus  let  A  L   =    l-d(l+k) 

X  1 1 

Thenrf(l-f-^)   =    1-  ^ 

D  -  D  ^, 

and     k   =       "    ,,  "+^  - 1 
ai) 

X 

vD  -  D  ^, 

X  x  +  t 

Therefore  if  we  enter  the  single-premium  table  with  this 
function  we  obtain  A  1. 

xt\ 

Again,  let  ^P^   =   TTI    ""^ 

1  M 

Then       -L    =   -^ ^ +rf 

^x-l'^x+t-l 


and     k   = 


V       X-l X+t-jy  ^         r  X-1 X+t-U 

xVi  +  ^N  ;  -  ds  ^,  ^ 

X  X-\  x-\-t-\ 

'•ffl.-.-^V,-i)-M. 
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Entering  the  annual-premium  conversion  table  with  the  value 
of  this  expression  we  obtain  ^P^, 


8.  To  form  conversion  tables  for  continuous  functions  we  first 
sketch  out  the  following  scheme  for  single  premiums : — 


Annuity 
Value. 

(1) 

Corresponding 
Assurance  Value. 

(2) 

A 
of  Co).  (2). 

(3) 

1 

1-01 
1-02 
etc. 

1-5 

1-5(1-01) 

1  -  5(1  -02) 

etc. 

-5(-01) 

-5(-01) 

-5(-01) 

etc. 

Therefore  starting  with  the  initial  value  of  A  =  1  —  8,  and  by 
the  continuous  addition  of  —  8("01),  we  form  the  table  at  the  rate 
of  interest  involved  in  8. 

Again,  for  annual  premiums  we  have 


Annuity 
Value. 

Corresponding 
Premium  Value. 

A 
of  Col.  (2). 

(1) 

(2) 

(3) 

1 

1-5 

T^x- 

1-01 

r^-i- 

1                 1 

1-02     roi 

1-02 

'      -5 
1-02 

1         1 

1-03       1-02 

etc. 

etc. 

etc. 

We  must  first  then  form  a  preliminary  table  of  the  reciprocals 
of  the  successive  values  of  the  annuity  and  find  the  differences  of 
these  reciprocals.  Thereafter  the  successive  addition  of  the 
differences  to  the  initial  value  1  -  S  gives  the  table.  As  with 
ordinary  tables,  one  series  of  differences  is  sufficient  for  the 
formation  of  tables  at  all  rates  of  interest.  That  is  to  say,  the 
constant  addition  of  8-8      to  the  values  at  rate  i  will  also  yield 

us  the  table  at  rate  J. 


I 
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EXAMPLES 


1.  Verify  by  actual  calculation  the  following  values  of  A, 
which  correspond  to  values  of  a  advancing  from  10  to  11  by 
differences  of  '1,  at  3 J  per  cent,  interest;  and  insert  correct  values 
in  place  of  those  which  are  incorrect. 


a. 

A. 

10-0 

■60241 

•1 

•59905 

•2 

•59508 

•3 

•59157 

•4 

•58775 

•5 

•58434 

•6 

•68072 

•7 

•57741 

•8 

•57349 

•9 

•56938 

11-0 

•56627 

It  will  be  found  that  the  2nd,  3rd,  5th^  8th,  and  10th  values 
are  incorrect,  the  true  values  being  -59880,  -59518,  -58795,  -57711, 
and  -56988  respectively. 

2.  Check  all  the  figures  in  the  following  table,  using  Rothery 
and  Ryan's  Conversion  Tables  to  obtain  the  single  and  annual 
premiums. 


Rate. 

Basis. 

a. 

A. 

P. 

Whole  -  Life    Assurance, 

age  forty    . 

0[NM]2jo/ 

18-280 

•52976 

•02748 

Endowment    Assurance, 

age  thirty,  payable  at 
sixtv  .... 

Of^'^3i% 

16-163 

-41961 

-02445 

Leasehold    Assurance, 

term  20  years    . 

3% 

14-324 

-55367 

•03613 

Joint -Life     Assurance, 

ages  twenty-five  and 
thirty-five  . 
Absolute  Reversion,  i.e.. 

om^X 

16-72". 

-48373 

•02729 

the    present  value   of 
1  payable  at  the  death 
of  («),   otherwise  A^., 

age  seventy 

0[«/]4% 

7-882 

•65838 

... 
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3.  Given  tables  of  joint-life  annuities,  the  columns  D  and  / 
for  single  lives,  and  conversion  tables,  show  how,  by  means  of 
tliese,  you  would  arrive  at  a  premium  for  a  joint-life  endowment 
assurance  on  (x)  and  (  y)  payable  at  the  end  of  20  years  if  both  be 
alive,  or  at  the  first  death  before  then,  half  premiums  only  to  be 
payable  for  the  first  five  years. 


The  benefit  side  =  A 


xy :  20i' 


a 


To  obtain  the  value  of  this  we  must  enter  conversion  tables 
with  «^,.,o-|  which  is  equal  to 


xy:19l 
a    — 


xy 


19\^xy 


=    a 


xy 


=   a     - 

xy 


iA>^ 


IdPy  ^a;+19  :  y+19 


a:+19     y+19 

D  /         a;+19  :  y+19 

X  y 


all  the  parts  of  which  we  obtain  from  the  tables  given. 

The  payment  side    =    P(l +%:i9j  +  5|  %:i5]) 
we  have  found  above  and 
D     ,  / 


a 


'xy:l9\ 


5|%:15| 


x+5     y+5   (1+a 


D 


\  _        a;+19     y+l9 


D 


/ 


x+19  : 1/+19 


Hence  the  value  of  P  may  be  found. 


4.  Use  the  tables  at  the  end  of  the  Institute  Text  Book  and 
tables  of  logarithms  to  find  at  4  per  cent,  the  single  and  annual 
premiums  for  a  joint-life  endowment  assurance  on  two  lives  each 
aged  thirty-seven,  the  sum  assured  to  be  payable  at  the  end  of 
23  years  or  first  death  preceding. 


Here  we  have 
A 


37  :  87  :  23| 


and  P 


87  :  87  :  23| 


=    l-<'(l+«s7:SV:2-2l) 
1     —     -d 


l+a 


Now  a 


37:87:221 


=    a 


37  :37 


37  :  37  :  22 1 

N 

59  :  59 

D. 


37  :37 

=   13-054 -1-524 
=    11-530 

Entering  the  4  per  cent,  single-premium  conversion  table  with 
this  value  we  get 


l«g^\9:59  =  9-40776 
l«g^\7:37  =   9-22491 


=  log 


18285 
1-524 
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Value  corresponding  to  11 

Do.  -5      =    -01923 

Do.  -03    =-    -00115 


Deduct 


=    -5384G 


•02038 


37:37:231 


•51808 


Entering  the  4  per  cent,  annual-premium  conversion  table  with 


11-530  we  get 


Value  corresponding  to  11  =    '04487 

Do.  '5      =    -00333 

Do.  -03   =    -00020 


Deduct 


87  :  87 :  28| 


•00353 


•04134 


5.  Given  P,  find  the  corresponding  A  by  the  use  of  the  ordinary 
single-  and  annual-premium  conversion  tables. 

Enter  inversely  with  P  the  annual-premium  conversion  table 
and  with  the  result  thereby  obtained  enter  directly  the  single- 
premium  conversion  table,  which  will  give  us  the  A  required. 

6.  Show  how  to  construct  a  conversion  table  from  which  A 
may  be  found  directly  by  inspection,  P  being  given. 

P 


Since     A    =    _ 

F  +  d 

following  system  : — 


we  may  proceed  to  form  the  table  on  the 


Annual 

Premium 

Value. 

(1) 


P 

P  +  AP 

P  +  2AP 
etc. 


log(l). 

(2) 


logP 

log(P  +  AP) 

log(P  +  2AP) 
etc. 


logUl)  +  ^} 

(3) 


log(P  +  c?) 
log(P  +  AP  +  dO 


(2) -(3) 
=  log  A. 

(4) 


log 
log 


log(P  +  2AP  +  rf):  log 
etc. 


F  +  d 

P  +  AP 
P+AP+d 

P  +  2AP 
P  +  2AP  +  f/ 

etc. 


.-1/ 


log-^(l) 
=  A. 

(6) 


P  +  d 

P  +  AP 
P+AP+d 

P  +  2AP 

P  +  2AP  +  f^ 

etc. 
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The  work  must  be  done  in  duplicate  to  ensure  accuracy,  as  the 
method  is  not  continuous. 
1 


Affain  since     , 
"^  A 


— — —    =    1  +  -— ,  we  may  proceed  by  first 

drawing  up  a  table  of  reciprocals  of  P,  P  +  AP,  P  +  2AP,  etc. ;  then 
multiplying  each  of  these  by  d  on  the  arithmometer  and  adding 
1  to  each  result  we  obtain  a  table  of  reciprocals  of  A  from  which 
the  successive  values  of  A  may  be  found. 

As  this  also  is  not  a  continuous  method,  the  work  must  be 
done  in  duplicate ;  or  checked  by  doing  all  the  calculations  in 
reverse  order  when  we  should  obtain  P,  P  +  AP,  P  +  2AP,  etc. 


7.  If  a  single-premium  continuous  conversion  table  be  entered 
inversely  with  e-"^,  what  does  the  result  obtained  represent? 

The  equation  upon  which  such  a  table  is  founded  is 

A    =    l-8rt 
And  as  we  are  to  enter  the  table  inversely  we  have 

1  -  A 

In  the  particular  case  before  us,  A  =  e~"^. 

1  —  e"**^ 

Therefore     a   =    = 

o 

which  is  the  value  of  an  annuity  of  1  for  n  years  payable 
momently  with  interest  convertible  momently.  (See  Theory  of 
Finance,  Chapter  II.,  Formula  (15).) 

8.  What  would  be    the  result  of  entering  single-  and  annual- 
premium  conversion  tables,  calculated  for  continuous  functions,  with 

a—. ;  and  what  does  -z —  S  represent } 


Entering  with  a—  we  have 

A    =    \-M- 


=    1-6 


1  -e-n^ 
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that  is,  the  present  value  of  1   payable   at  the  end  of  n   years, 
interest  being  at  i  per  annum  convertible  momently. 

Also  P  =  -i-  -8 


«n| 


'      -s 


1  -e-'^^ 
8 

g-nS 


|l_(l_e-«5)| 


which  is  a  year's  premium  payable  by  momently  instalments, 
interest  at  rate  i  convertible  momently,  for  a  sinking-fund  assurance 
due  in  ?i  years. 


1 

\-M 

-8 

X 

^ 

"^                     «_ 

a 

a 

X 

X 

a 

X 

which  is  the  premium  payable  per  annum  by  momently  instalments 
for  a  whole-life  assurance  payable  at  the  moment  of  death.  (See 
Chapters  IX.  and  X.) 

9.  Find  by  means  of  Rothery  and  Ryan's  Conversion  Tables  the 
single  premium  corresponding  to  annuity  '983,  interest  4  per  cent. 

The  practical  difficulty  here  is  that  the  tables  start  from  unity 
for  the  annuity  values,  while  the  given  annuity  is  less  than  unity. 
But  A    =    l-d(l-\-a) 

=    l-d{\+TT'a)  +  d 
Therefore   enter  the  table  with  the    value   1'983    and   add  d  to 
the  result. 

Then  the  single  premium  corresponding  to  annuity 

1-983  at  4  per  cent.  .  .  .  .    =    -88526 

d  at  4  per  cent.         .  .  .  .  .    =    -03846 

Single  premium  corresponding  to  annuity  -983        .    =    -92372 


The  value  of  d  might  be  obtained  by  taking  the  difference 
between  the  single  premiums  corresponding  to  annuities  1  and  2 
respectively. 


CHAPTER    IX 

Annuities  and  Premiums  Payable  Fractionally 
throughout  the  Year 

1.  Formula  (1)  of  this  chapter  may  be  arrived  at  by  the 
following  method  which  is  somewhat  similar  to  that  of  Text 
Book,  Article  3. 

(a    =   a    -  0 

Ox  X 


,  la    =   a    -  1 

1         X  X 


Therefore  interpolating 


,    a     =    a    -  — 

K   \      X  X  jfi 


But     a        =    —       |a  +  „|a  + 


+ 


7nj      \    *      in. 


|a,) 


+ 


*         VI  J) 


=   a    - 

X 


?W  +  1 

=    «    +   —^ — 


Also    a 


(m^ 


(m)  1 

a       +  — 


«„    + 


m 


+  1 


z;w 


m 


=    a    — 


L'm 


2.  Formula  (5)  which   applies  to  the   case   where   m  =  2   may 
be  made  general  as  follows  : — 
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For  each  year  which  (x)  completes^  the  amount  to  the  end  of 
the  year  of  the  m  payments  of  —  each  is 


1  m-l  .    m-2 

■^|(i+0'^+(i  +  0  "^  +.  .  .  +i| 


m-l  m-2 

VI 

and  the  value  of  these  payments  for  the  whole  life  of  (x)  is 

1     r  m-l  m-2 

'^-m{^^+')"    +(1+0™    +.    .    .    +1} 

Now  in  respect  of  the  year  of  death,  if  (x)  dies  in  the  rth  of 
the  m  periods  (r  >  1)  the  amount  to  the  end  of  the  year  of  the 
payments  which  he  has  received  is 

1  m-l        I  m-2  1  m-r+1 

Taking  the  summation  of  this  expression  for  every  value 
of  r  from  2  to  ;//,  and  dividing  the  result  by  m  since,  on  the 
assumption  of  a  uniform  distribution  of  deaths,  death  is  equally 
probable  in  each  of  the  ?«,  parts  of  the  year,  we  have  as  the 
amount,  at  the  end  of  the  year  of  death,  of  the  payments  made 
during  that  year 

,  ,  m-l  rt  m-2 

1    (m  —  1 


m 


,  m-l  o  m-2  1  J^ 

/^Jli(l+nm     -,-^Z:f(l4.^)m     +.      .     .     +_L(l+e)ml 


The  value  for  the  whole  of  life  of  the  payments  made  during 
the  year  of  death  is  therefore 

T  T  m-l  n  ^-2  1  ] 

'^  m  \    m     ^  m     ^  m  ^  J 

and  we  have 

,  m-l  m-2  - 

a^"'^    =    a  -Li(l+n"^    +(1+0™    +•    •    •    +![ 


192 


ACTUARIAL  THEORY 


[chap.  IX. 


Expanding  the  successive  powers  of  (1  +  i),  but  stopping  at  first 
powers  of  i  in  the  expansions,  we  have 


(m)  1     f/,     , 

a       =    a  —  i    1  + 


m-l  .\      /  ,       m-2 


m 


m 


1  + 


m 


m 


^    + 


1  + 


^    +  .. 


--(^^h)] 


VI 


1 


[m  +  -— -z    +__^_J__-  +)^ 1^ Ltl 

\  2       J       1+1    m  {.     2  bvi  ) 


m-l  .  7)1-1      (7n-l)(27n-l)  .     7n-l  .         7n  -  I  . 

=  a_+    -^ ta    +  -^ 1-  ^= i^ I ^ —  la ^ i 


2m       ^ 


2m 


Qvi^ 


'l7n 


:m 


(taking  -.  =  (l+i)~     =\-i    approximately) 


m-l       m^  -  1 

=    ^^-^ 7. ^— 9- 


If  then  in  this  formula  we  give  to  ?«  the  value  2  we  have 


X 


«:'  =  %+T-\ 


which  is  formula  (5)  of  the  Text  Book. 

This  general  formula  can  be  rapidly  applied  in  practice  and 
on  the  whole  gives  very  good  results.  If  we  calculate  by  it  the 
annuities  of  Text  Book,  Article  28,  we  get  the  following  values. 


a^ll  =    20-14127 

a^^l  =  20-26533 
^30  =  20-39002 


a^^  =  10-46974 

a^^l  =  10-59380 

60 

«go  =  10-71849 


3.  The  argument  of  Text  Book,  Article  12,  is  very  involved^ 
and  the  following  is  an  alternative  method  of  obtaining  formula 
(7),  which  is  founded  on  the  assumption  of  a  uniform  distribution 
of  deaths. 
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1       2    /     1  2  m-1 


(»  id  III,  —  X 

m  m  / 

m-l  /  1        \  J_  /  7W  —  1  \ 


2  1  r-i 

VI 


+  t;l+m     /^     + ^_ui)+-     •     •     \ 


«+2        fn       x+\^ 

•t  m-x  m-2  N 

I  x±{(l+,-)"'>(l+0"^  +  ---  +1} 


_  »^Wi  +  '^'U2  +  -  •  •       1  r,,     ."L-^ "^ 


V  7/1    V 

X 


1  J_ 

m 


=   a  X 


+A  .,"'(i+0{a+0'"-ii-'a+o 


W{(1  +  2*)"^  -  1 }  »»2{(1  +  i-)m  -  1  }2 

The  sum  of  the  expression  which  is  the  coefficient  of  A    may 
be  found  as  follows  : — 

m-l  m-2  1 

Let  2=   (7«-l)(l+0"^  +(r«-2)(l+i)~™~+  .  .  .+(l+i)^ 

J_  m-l  ^ 

(l+i>'^2     =     (7W-l)(l+i)  +  (7W-2)(l+i)   "^     +...+(l+2)m 

J_  m-l  _1_ 

2{(l+i)m_l}=     m{l+i)-{(\+i)  +  (\+i)^    +...+(l+i)m} 

=    ,;/(l+i)_(l+i)"  * 


(1  +0'''  -1 


And  2  =   Kl+0{(l+0"-M-^'(l+0^ 

{(l+0™-l}2 


N 
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4.  To  find  a 


(m) 


xt\ 


xtl 


(m)       _  x+J    (m) 
X  D         x+t 

X 


m 


-1     D 


=   a 


rA-t 


»       2m 
D 


a; 


=    a^-:;tL'a  .,_!»;d(l 


m—\ 


2m 
D 


X    / 


57M 


(■-*) 


5.  To  find  1  [a  .  that  is,  the  yearly  annuity  whose  payments  are 


I 


made  at  the  end  of  — ,    1  +  — ,    2  +  — ,  etc.,  years  respectively^ 

v  Z  Z 

It   is    quite    distinct   from   i]a^  ,    the    annuity    payable    t    times 


_l     X 

t 


1  12  3 

a  year  in  instalments  of  —  each  at  the  end  of  — ,    — ,  — ,     et 

z  z        z  z 

of  a  year  respectively,  which  is  the  same  as  o   . 


1/i  i  +  - 


t'  ' 


.+1+1  +  "       '^2+1  + 


) 


1 


^(l^«+|  +  D,+,+  i+D,^,+  .+ 


•■■) 


Now 


1 


t 


1/1 

7 


&--L.'&-;)e-lo.. 


1^ 
1/1 


a;+H-L  a;+l       <  «+!  2  ^+1  3 


Kr-)..„    .Kr -■)&-') 


A3D  ^,+... 

05  +  1 


etc.  etc. 

And  summing  the  portion  within  brackets,  we  have 


N   , - Id  - 

x-l        I       X 


K7-'),„  'a-)G-) 


AD  - 

X 


t  X 
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Therefore 

srJN       -yD  ----,- AD ^ P A2D ^ 

1  _t(t  -  0  AD.    t(i  "  0(t  '  ^)  A^D. 
~  *»     <  2D  6  D       '■■ 

X  X 

which  is  Text  Book  formula  (27). 

6.  To   find    1  la  -r  we  must  sum  only  the  first  7i  terms  of  the 

.  _1    xn  I  '' 

expression  in  brackets  and  we  have  accordingly 

1  /D  -  D  ^  N 

■«•  /      X  x+n 


1   a^n     =    a  -i 

J.\    xn\  xn\ 


1  /D  -  D      \ 
/     g        g-fn\  approximately 

—ItaL—.-l+a—.-a    — ^,J 

^  \      icn|  xn\        X :  ft-l|y 

i((<  -  l)a  -,  +  fl  -,\ 


7.  To  find  j^|a^"'\ 


.(m)      11/1,         UK  U^ 


1  /  JL  1+i  1.1  V 

ii^i '  =  — -rl^^'^  .  1  +v^  »»/    1,1  +v'  "»/    1 ,2  +. . .  A 


-J-'   *  in 


^   D^\^     «+T  -+y+-  --ry  +  -  ; 

1_L((D+D     .+D     .+...)->  -"^^"^"     ^AD  -...} 

(where  AD^  =  D^^j^-D^) 

m 

(m)        1       t-m^^^ 

^    a,       —  —  4 —  —  •  •  • 

*  <        2<2     D 

X 
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8.  To  find    1  |a^"L\ 


.("»)  _ 


(m)  1 


D 


d 


1  a-;  =    a.      - 


x+n 


D 


(m) 

x+n 


1 


r)  approximately 


=    a_--T 


(m)         1 

t         t 


I z  x+n \ 


1    f.irn) 


(m)  (m) 


«„r7   —    « 


;  n r  I 


1  r.  (»«) 


1  .   (m) 


m         x:n 


=    __|(^_,;,)a^--.  +7na-^^ 


9.  To  find  P 


(m) 


(TO) 


7« 


-1 


a     =    a  —       — 


*  \  2m     a  J 


{■- 


7/?- 


-1 


2m 


(P+^) 


} 


(m) 


Now     P"-"'^    =    -7^ 
s  (m) 


{■- 


m 


-1 


-srC.*" 


) 


1      - 


m 


-1 


JTW 


(P«  +  <') 


Again,  multiplying  each  side  by  J  1  _  ^^ :  ("p    +  d)  Ij 


we  have 


(m)       W  -  1       (7/1) 


pv.v_ 


.("0 


2m 


P     (1^.  +  ^)    =    P 


and    P:  ^=   P^  + 


m 


-  1    T^(m) 


ZW 


n  (p.+'O 
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from  which  we  see  that  the  addition  to  P   to  obtain  P^™^  mentioned 

X  X 

in  Text  Book,  Article  42,  is  for  loss  of  premium  ~ P     P    and 

for  loss  of  interest   —= —  P     d. 

The  addition  for  loss  of  premium  is  found   as   follows : — The 

chance  of  the  second  instalment  of  the  mthly  premium  not  being 

1  2  m—  \ 

received  is  — ,  of  the  third  — ,    etc.,   of  the    7»th  on   the 

mm  m 

assumption  of  uniform  distribution  of  deaths.     Therefore  the  whole 

premium  lost  in  the  year  of  death  is 

^x    (\        2  m-\\         P^    VI -\ 


m     \m       m  m    J  m        z 

and  the   annual  premium  required  to  insure   against  this  loss  is 

—^ —  P       P     as  above. 

2wi       ^       * 

The  loss  of  interest  on  the  second  instalment  being  postponed 

1  P^     ^  2 

—  of  a  year  is  — ;    on    the    third    beinff   postponed   —  of 

m  "  mm  ^    i.       i  ^^ 

p(«0 

a    year  — ^  — ,    etc ;    on    the    mth    beinff    postponed of  a 

^  m     m  ^     ^       ^  m 

P^"\;z-1 

year   — d.     Therefore    the    loss    of  interest  in  accepting 

mm 

an  ?«thly  premium  is 


^        d    (  ^  ^ 

m     7n    y  ^  ^J  m 


m  -  1      (m) 

-H —  r      rf   as  above. 
2m       « 


10.  To   find    F^f. 

xt\ 
(m)  »'*-Vi  ^x+t 

a  7T    =  a  n Tz —   1 


««l  a;<|       2m  V  D 


*«*-|V         2m    (a^^-j       ^xJij] 
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l^(p.-+''-I'i,)l 


m  — 


2m 


1  (pi    +  d)\  since    P  -  =  P\-  +  P  ), 

V    x«|  >'  j  xt\  xt\  xt\ 


Now  P'"'  =  ^^ 

xt\  (m) 

»  -I 


^xTl 


a  Jl  -  "^  (PL  +  ^l 


xt\ 


1-— (••Li+'^) 


From  this  we  obtain 


P  -  =  P-  + 


2m 

W  -  1   ^(m) 


i'5'(p:.-,+'0 


Here  the  loss  of  premium  in  the  event  of  death  of  (.r)  has  only 
to  be  insured  against  for  the  term  of  the  assurance,  since  if  the  life 
survives  the  term  no  loss  of  premium  will  be  incurred.     Therefore 

the  annual  premium  to  cover  this   loss  is  P  -  PL. 

2m       xt\     xt\ 

The  addition  to  cover  loss  of  interest  is  by  the  reasoning  of 

the  previous   problem  — - —  ¥  -r  d, 

2m       «*K 


11.  To  find    P^'"^ 

t     X 


t    X  (m) 


Jm) 


X 

xtl  [  2m    ^   xt\        ^f 


t      X 


m  —  I 
2m 

m 


(^l,  +  -O 


whence      P^     =    P  +     ^ 

t   X         i   X  '      2m    '    ^ 


1  pr\p..+<o 
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The    additions    for    premium    and    interest    are    on   the    same 
principles  as  already  explained. 

12.  The   mthlj  premiums  we   have    been   discussing  are  true 

p(m) 
premiums.     Each  instalment  is ,  and  if  the  life  die  after  only 

r  of  these  have  been  paid  in  any  year  the  office  has  no  claim  on 
the  remaining  (m  -  r).  But  as  pointed  out  in  Text  Book,  Article 
42,  it  is  sometimes  the  custom  of  offices  to  calculate  the  premiums 
in  such  a  way  as  to  make  it  part  of  the  contract  that  the  unpaid 
instalments  in  the  year  of  death  shall  be  deducted  from  the  sum 
assured ;  that  is,  in  effect,  that  they  shall  all  be  paid.  In  such  a 
case  the  wthly  premiums  are  merely  instalments  of  an  annual 
premium  which  must  be  paid  in  full.  We  must  therefore  ignore, 
in  the  expressions  already  found,  the  corrections  for  loss  of 
premium.     We  shall  then  have 

p[m]     ^    p       m-lp[ml^ 
'  *       2m     * 

m  being  put  in  square  brackets  to  denote  these  "instalment" 
premiums. 

Or  we  may  proceed   from  the  beginning  as   before ;   on  the 
conditions  stated, 

1  JL        A  m-l 

a,y    =    a  — (l+v™+i;™+  •    •    •    +v  ^  ^ 

=     _£|l+(l_^m+(l_^m+    .   .   .     +(\-d)  ^    I 

\f         yi        2  m-l\\ 

7W  I  \m       m  m    /  ■' 

r 

where  we  put  (1  -  c?)™  =1 d  approximately 


— (  m -—  d 

m  V  2 


=   ad  -'"-^ 


«V  2vi 


) 
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X 


m-1 

x\  2m 
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'2  m 
fn  —  I 


Hence     P^"*^  =    P  +    o      - 
X  X       2m     * 


i[m] 


pimj   ^ 


Similarly  we  shall  write 

and     y''^^=     P+V^P^"*'^ 


EXAMPLES 
i 


1 .  Show  that  crj  =  a  +  J  -  ^   approximately. 
By  Text  Book  formula  (2) 


a    X 


2  +ir(.A+U  j:^ 


Neglecting  higher  powers  of  i  than  the  first 


1  » 

=        fl      +    i    -    — 

^      *      8 


CHAP.  IX.]  TEXT  BOOK— PART  II.  201 

2.  Given  the  following  formulas  : — 

(a)  A^  =   v{l+a^-a^ 
(6)  1     =   m+(l+OA, 
(c)   A    =   V  -  iva 
id)  aI=   l-rf(l  +  «,) 

transform  them  from  yearly  to  mthly  intervals  and  give  a  verbal 
interpretation  of  each  result. 


i/i 


(a)     Ar'=^»Sr(l  +  „(»»)_ 


(m) 

ma 

X 


On  the  analogy  of  Text  Book,  Chapter  VII.,  Article  30,  we  have 
the  explanation  as  follows  : — 

The  difference  between  the  value  of  an    annuity  payable   by 

instalments  of  —  at  the  end  of  each  7wthly  interval  of  a  year  upon 

which  {x)  enters  and  that  of  a  similar  annuity  payable  at  the  end 

of  each    such    interval  which    he   completes   is   the   value   of  — 

m 

payable  at  the  end  of  that  wthly  interval  upon  which  he  enters 
but  which  he  does  not  complete  :  which  again  is  the  value  of  an 

assurance  of  —  payable  at  the  end  of  that  withly  interval  in  which 
m 

{x)  dies.     But  the  value  of  the  former  annuity  is  v'"  ( \-a^    \  and 

of  the  latter  a  ™ ,  and  of  the  assurance  —  A     ,  and  we   therefore 
have 


m 


m      ^               \m         '^   J        «! 
A      =    mv'^  I h  «      1  -  ma 


X 


m 


(b)     1    =    7n{(l+ty-l}a^'^'^  +  {l+iy^A^'^^ 


X 


See  Text  Book,  Chapter  VII.,  Article  41,     If  1   be  invested  now 

at  effective  rate  i  it  will  yield  at  the  end   of  each  —  of  a  year 

m 
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{(I  +iy^  —  1}  of  interest  so  long  as  {x)  lives,  and  at  the  end  of  that 
rwthly  interval  in  which  {x)  dies  we  shall  have  an  instalment  of 
interest  as  above  together  -with  the  original  1, 

{(l+O'^^-lj  +  l   =  (1 +»)"*. 


1  fvit\ 

But  the  value  of  an  annuity  of  —  per  interval  is  a     . 

m  * 


M 


Therefore 


the  value  of  a  similar  annuity  of  {(1  +z)™  -  1}  is  ?/?{(!  +?)"*  -  \\a 


(m) 


And  the  value  of  the  assurance   is  {\-\-if^k     .     Now  these    two 
together  make  up  the  whole  value  of  the  1  originally  invested  ancl_ 

we  have  accordingly    1    =    w[(l +2)'"  -  l}a      +(l+e)'"^A     . 

(c)    A^™^=    i;™-m{(l+0™-l}Wj"^ 
For  the  explanation  of  this,  see  page  209  following. 


(m) 


srH 


,0») 


(rf)  a;  '  =  1  -  w{(i  +  z*)"^  -  \\v^y—  +  a 

See  Text  Book,  Chapter  VII.,  Article  43,  for  explanation. 

(w.)  (m)      (  1     .    ^{m)\  ^(m) 


^  /      a;  CO  Xjji 

This  is  explained  in  Text  Book,  AyHcXqs  13  and  14  of  this  chapter. 


3.  Find  the  present  value  of  an  annuity  to  {x)  (payable  half- 
yearly)  commencing  at  £1,  the  payments  to  be  doubled  every  10 
years. 

This  annuity  is  equivalent  to  an  annuity  of  1  commencing 
now ;  plus  an  annuity  of  1  commencing  on  attainment  of  age 
a: +10;  plus  an  annuity  of  2  commencing  on  attainment  of  age 
.r  +  20;  plus  an  annuity  of  4  commencing  on  attainment  of  age 
0?  +  30 ;  and  so  on.  Therefore,  taking  a"  =  a  +  ^,  we  have  the 
whole  value 


X  X 


D 


a;+30 

D 


^K+30  +  i)  + 
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4.  Use  the  Text  Book  table  at  3^  per  cent,  to  find  the  half- 
yearly  premium  to  secure  at  age  thirty-five  a  double-endowment 
assurance  payable  at  the  end  of  ]  0  years  or  previous  death. 

Here  we  may  write 

P^'2)  _    1  ^x;ri  +  ^«^ 


2  2  aS^l 


xn\ 


M  -M  ^   +2D  ^ 


2  (N       -N  ^     J --25(0  -D  ^  ) 

^     x-\  x+n-1-'  V-     X  x+n^ 

_    L M3,-M,,  +  2D,, 

"   "2  (N34 -NJ- -25(03, -DJ 

I 9806-7769  +  2x16570 

2  (474131 -260247) --25(25839 -16570) 

1  35177 

2  211567 

=   -08313. 

5.  Prove  that  the  value  of  a  temporary  annuity-due  to  (.r)  for  n 
years,  payable  half-yearly,  is  approximately  i(3a^  +  «^ ,). 

(m)                       Wl-1/,  ^ 

*  -r  =    a  -r 7^ 1 


X 

^{('»+i)a^-+('»-i)(a.n-i+%^)} 


2m 
=  ^r— {(w  +  l)a  -.  +  (m-  V)a  -^\ 

2m  ^    xn\      ^  ^    xn\> 

Hence  in  the  particular  case 

a^^^^  =  i(3a  -,  +  a-) 

«n|  *v      xn|   '      xny 

6.   Prove  that  the  value  of  a  temporary  annuity  to  (x)  for  n 
years,  payable  half-yearly,  is  approximately  i(3a^^  +  a^^). 
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xn\ 


=     «(2)_^,     (2) 
X  J)        x+n 

X 

D 


=   K  +  t)  -  —^-^  (.%+n  +  t)  approximately 


D 


=    rt  -4-1/^1 ""^A 

^  X  ' 

=    i(3«      4- a  -) 

*  ^      a;7i  I         xn  y 


7.  Using  the  ordinary  approximate  addition  to  a  yearly 
annuity  to  make  it  payable  m  times  a  year,  prove  that  for  an 
assurance   of   1    on    {x)    the    premium   payable    m   times    a   year 

1  /I  -  ^  "^ 


( 2?M  _  A 

\  7n+l  / 


m   \  in-\- 

*       Im 


The  premium  payable  at  the  beginning  of  each  7nth  part  of 
year  for  a  whole-of-life  assurance  on  {x)  is 


,(m) 


X 

m 


1 


X 


1    1  -c^a 

_  a 


1  «  27« 


Wi 


'(m) 


(m)  m  —  \ 

since     a     =    a ^r — 

*  «       2m 


l_ 
m 


since      a 


(m) 


tl   + 


m-\-\ 


'Zm 


\-"^d 


a    + 

X 


m  +  1 


^) 
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8.  Given  P    at  3  per  cent.    =    -01930,  find  the  corresponding 
half-yearly  and  quarterly  premiums. 


bince  r„     = 


P 

X 


'    ^  -  "-^  ^'^-^ 


Therefore     P'^^  = 


1-1  (P.  +  ^ 

-01930         _ 

^   1-J(<)1930  + -02913) 

-01930 

"   1- -01211 

1930 
98789 

=   -01954 

p(2) 


and  the  half-yearly  premium  -~-    ■-=    -00977. 
Also     P^*U  ^ 


1-|(P.  +  ^) 
-01930 
"■    1- -01816 

^930 
■"    98184 

=    -01966 

p(4) 

and  the  quarterly  premium  ~~-    =    -00492. 

9.  An  industrial  assurance  office  grants  whole-life  policies  by 
weekly  premiums  of  2d.  Find  what  sum  assured  can  be  granted 
at  age  x,  if  the  agent  introducing  the  business  is  allowed  as  com- 
mission the  whole  of  the  office  premiums  for  the  first  13  weeks 
and  20  per  cent,  on  them  thereafter,  and  the  office  expenses 
amount  to  20  per  cent,  on  the  premiums  from  the  commencement. 
Assume  that  premiums,  commission,  expenses,  and  claims  are  on 
the  average  paid  in  the  middle  of  the  year,  and  that  the  year 
contains  52  weeks. 
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The  premium  of  2d.  a  week  for  52  weeks  =  8s.  8d.  =  '4$  of  £\ . 
It  is  assumed  to  be  payable  in  the  middle  of  the  year  on  the 
average,  and  therefore  the  value  of  the  premiums  is 

=  '43  X  |^(a  +a  )  approximately 

-    ^^  — D 

Of  the  premium  20  per  cent,  for  commission  and  20  per  cenf? 
for  expenses  has  to  be  allowed  for  the  whole  period  of  the  assur- 
ance.    This    being    40   per   cent,    of  the    premium,    its   value    is 

•17o     ^     — -.     In  addition  to  this  20  per  cent,   for  commission, 


a  further  80  per  cent,  (making  together  the  whole  premium)  has 
to  be  allowed  for  the  first  thirteen  weeks,  and  this  being  payable 
on  the  average  in  the  middle  of  the  year,  according  to  assumption, 

its  value  is  -086-^. 

Thus  the  value  of  the  net  premium  received  by  the  office  is 

X  XX 

If  S  be  the  sum  assured  to  be  allowed,  its  value  is 

M/l+i)t 

And,  payment  and  benefit  being  equal  in  present  value,  we  get 

M^(l+i)i 

10.  Given  a  table  of  temporary  life  annuities,  show  how  you 
would  find  approximately  the  value  of  an  annuity  on  (x)  payable 
yearly  for  21^  years,  the  first  payment  of  1  being  due  2^  years 
hence. 


I 


In  commutation  symbols 

2i|\:2in    =     D'^^a^+2i"^^x+3i  +  ^x+4i  +  '   *    *  +  ^a;+22i  +  ^^a;+23) 

X 

since  an  immediate  annuity-due  for  21^  years  means  a  payment 
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of  1   at  the  beginning  of  each  year  for  21  years,  with  a  payment 
of  ^  at  the  end  of  20|^  years. 

Now     D,^,j  +  D,^3j  +  D^^^j  +  •  •  •  +  D.+,a  +  »^+,3 
=    2 ' 2 '  '  ' 2  2       ^PPiox. 

Converting  the  expression  into  annuities,  we  have 

This  shows  us  to  be  correct,  for  the  annuity  under  consideration 
is  one  for  23  years  but  with  no  payment  for  a  year  and  a  half. 

11.  If  the  force  of  mortality  be  constant  from   age  x  to  age 
(x  +  n),  show  that  a  ~  may  be  expressed  in  the  form  —^ where 

y  -^  X  and  y  +  m  ^  x  +  n. 

Let     a    =  M       =  etc.  =  /A  ,    =  -  loff  r. 

d  log  / 

Then ; — ^   =    -logr 

dy  ^ 

log^y   =  j^logr  +  logA 

/     =   kry 
y 

tPy    =    r^Q  >  m) 
and     u*  p     =   u<r*  =  f^  where  vr  =  c. 

try 

But  a  -.   =    \    v\p  dt 

fm 

c^dt 

Jo 

c«  -1 

*     logc 


CHAPTER    X 


Assurances  Payable  at  any  other  Moment  than 
the  End  of  the.  Year  of  Death 

1.  The  general  problem  discussed  is  to  find  A     ,  the  present' 

value  of  1   payable  at  the   end    of  that  mth    part  of   a    year   in^. 
which  Qc)  dies,  ^| 

First,  we  may  make  the  assumption  of  the  uniform  distribution 
of  deaths  over  each  year.  Taking  any  year,  say  the  tth,  and 
dividing  it  into   m  equal  parts,   we   say  that   the    chance  of  (.r) 

dying  in  any  one  of  these   is  equal  to  —  of  the   chance    of  his^ 


m 


dying  within  that  year.     If  then  (x)  die  within  the  first  mih  part 
of  the  year,  1  is  payable  at  the  end  thereof,  which  is  equivalent 


m-l 
m 


to  (1  +  i)  '^     payable  at  the  end  of  the  year.     Similarly  if  (x)  die 
in  the  second  mth  part,  1  is  payable  at  the  end  thereof,  which  is 


1 


m-2 


equivalent  to  (1  +i)  "*  payable  at  the  end  of  the  year,  and  so  on. 
Therefore,  should  (.r)  die  in  the  tth  year,  the  value  at  the  end 
thereof  of  1,  payable  at  the  end  of  that  mth  part  of  the  year 
in  which  he  dies,  is  equal  to 


If  ''Hizl 

-|(i  +  0"^  +(1+0 


m-2 
m    _L 


+(i+0' 


} 


7n{(l+i)^-l} 

Similarly  for  every  year  up  to  the  limit  of  life ;  and  we  rnay 
say  that  an  assurance  of  1  payable  at  the  end  of  that  7«th  part 
of  a   year   in   which   (ai)   dies    is    equivalent  to  an   assurance    of 

payable  at  the  end  of  the  year  of  death,  or  in  symbols 

m{(l +1)^-1} 
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A       =    2)t;  .      I  o     X  T 

X  t-1  \Jx  _L 

m{(l  +  t)^  -  1} 
i 


where  i\  ^  is  the  nominal  rate  of  interest  convertible  m  times  a 

year  corresponding  to  effective  rate  i. 
If  we  make  m  infinite,  we  have 

A    =  A  X  -5- 

X  X  S 

2.  Again,  A  means  that  on  the  average  1  will  be  payable 
-—  of  a  year  after  death,  and  on  our  original  assumption  death  will 
occur  on  the  average  at  the  middle  of  the  year.  Therefore  on 
the  average  1  will  be  payable  /  — 4.-— )  of  a  year  after  the 
commencement  of  the  year  of  death. 

Therefore 

a\^)  X_ X+1  

x 

(1_J_)       vd+v^d^.-\-  .    .    . 

=  (i+iy^  2m; x—^ ^±^^ 

=     (14.j')('2"~2^)a^ 

And  when  m  is  infinite 

X  ^  ''  X 

3.  Now,  making  no  assumption  as  to  the  distribution  of  deaths, 
we  may,  on  the  analogy  of 


say  that 


A  =  V  —  iva, 

X  ar 


(   \  1.  —  ~  (m 


We  may  reason  this  out  as  follows.     If  1  were  payable  certainly 
at   the    end    of  the    first    mth    part   of   a    year    its    value    would 

O 
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be   t'™ .     But  as  it  is  not  payable  till  the  end  of  that  mth  part  in 
which  (x)  dies  we  must  deduct  the  value  of  an  annuity  of  the 

interest  on  u™   for    every    mth    part    whicli  (x)    completes.     No 

{(1  +i)™  -  1}  is  the  interest  on  1  for  the  wth  part  of  a  year,  an 


I 


therefore  v'"^ {(I -\- i)'^  -  1}  is   the   interest  on  v'^    for  that  period. 


.(m) 


1 


Again  a        is   the    value    of    the    annuity  which   pays  —  at  the 

*  m 

end  of   every  7nth  part.     Therefore   the  value  of  the  annuity  to_ 

LI.  ^^ 

provide  r^{(l  4- z)^  - 1}    at    the    end    of    every    such    period    U 

.m /  n  A.  am  _  1 ) ,/'"^       Hence   A^'    =  v^'  -  inv'''  {(1  +  {f  -  1  ]a-'"'\ 


mv^ 


{(1  +?■)"'  -1}«' 


When   m  is  infinite   v'^  =  1,  and  7/?{(l  +z)'"'  -  1}  =  8;  therefo 


A  =  1-Sa. 

X  X 


4.  Care  must  be  taken  in  adapting  these  formulas  to  the  case 
of  endowment  assurances.     We  have 

A  -,   =   A%  +  A  I 

xn\  xn\  xn\ 

and  on  the  assumption  of  a  uniform  distribution  of  deaths 

xn\  xn\        j^^^  xn\ 


and         A^-^     =    A^ -,  (1  +  i)(  2  ~  2w  )  +  A  - 

xn[  xn\  ^  •'  xn 


^ 


Also 


.1  '       ,       A     1 


and         A  -.     =   A%(1  +0*  +  A  1 

xn\  xnW  ■>  xn\ 


Again,  without  any  such  assumption 


(m) 


(Kl) 

x  :n-- 


And 


=    v'^ -7wv'^{(l+i)™- l}ay^;— Y 
=   l-8d-,. 


I 
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5.  The   proof  of   Text  Book,  Article  16,  may  be  shown  more 
clearly. 

—  1  /"* 

A     =    -— /     vH    ,^a  ,dt 


'Jo       ^+'V      t,,    di  J 


1    /•«      dl 


Now  by  the  method  of  integration  by  parts 

and    fpj^rfx  =  r^d.-  rA. 

J  0    ax  J  0  ax  ;  q    «'^' 

Hence  v'-^dt   =       ^(^<-        /      ~dt 

Jo        dt  Jo      dt  Jo    '=+idt 

/•OO 

■■    —I  -  I     I   ,  ,v^  loe  V  dt 

X      J^      x+t  » 

«    -l+sTvH     dt 

'      Jo 


x+t 


And  A.  =    _-l(^_/_  +  5ri;«/^^^rfA 


X 


=    l-8a. 
We  may  also  proceed  thus  : — 

Since  — p±  =  ^±1 

dt  dt 


dl  ffrX+t 

c?/         ^+t    fit 
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Djo      dt  ^Jo     ^+*^'^^+«      ^ 

1    /•»  1    /■<» 

=   -T^l    D^,u     rf^  +  S— /    D 


that  is 

and  therefore 


XJ  0 

1    =   A  +5a 

X  X 

A     =    l-8d. 

X  X 


6.  Formula  (14)  may  be    deduced  as  follows,    probably   more 
easily  than  by  the  method  of  the  Text  Book. 


=/, 


a  =  \    v^ 


P: 


ti  X 


dt 


Therefore,  differentiating  both  sides  with  respect  to  x 


But 


da 

X 

dx 


d.p 

t^x 

dx 


-i?&y 


x+t 


I 


dx 
dl 


dl 

*  dx         *+^  dx 


xJrt 


(if 

—  /    /    ,,W.    ,,  +  /    ,  ^l   fl 

x  x+t  I  x+t       x+t  x'x 

=  (fx- f'x+tXPx 


da  /•» 

Therefore      —r^  =   I     vHfi-u,^),pdi 
dx         Jo       ^^*      t^x+tU^r 

—  fi    I    v^n  dt  -  I    vKp^u,  ,.dt 


=  /i,  a  —  A. 


XX  X 


-J.  da 

And     A     =  fi  a  -  ? 

X  'X     X  1 

dx 
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7.  Similarly      d-^  =  J^  v\p/i 

Therefore    -^  =    ^  v^f-^dt 
da:         Jq      \dx  J 

=  II  a--  Ai-i 

__  da  —, 

And  A^—  =  It  5  -.  -  _-£n 

8.  The  following  method  of  deducing  formula  (20)  is  perhaps 
preferable  to  that  indicated  in  the  Text  Book. 


i    =         ,pdt 


J  o\  dx  . 


ITierefore,  differentiating  both  sides^ 

^x    d( r    ,\ 

)dt 

rao 

/•»  /-co 

Hence  =    H-^j  ^^p/i  -  j  ^tPxl\+t^* 

=    u.  e   —1 

'    X     X 

1  /      d^\ 

z 


r{l  -i(^x-i  ~*^x+i)f    approximately. 


2 


9.  The  following  three  annual  premiums  should  be  noted  : — 
(w)p^  is  the  annual  premium  payable  once  a  year  required  to 
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provide  an  assurance  of  1   payable  at  the  moment  of  death  and 

A 

accordingly  is  equal  to  = — —. 

X 

P    is  the  annual  premium  payable  by  momently  instalments 

to  provide  an  assurance  of  1  at  the  end  of  the  year  of  death  and 

A 

is  equal  to  — . 
^  a 

X 

(oo)p    js  ^jje  annual  premium  payable  by  momently  instalments 

to  provide  an  assurance  of  1  at  the  moment  of  death  and  is  equal  to 
A 


EXAMPLES 


1.  Find  the  weekly  premium  required  to  provide  a  double- 
endowment  assurance  to  (x)  payable  at  the  end  of  7i  years. 
Provision  is  to  be  made  for  the  immediate  payment  of  claims. 

The  benefit  side 

(M  -M  ^  )(l+0*+2D  ^ 

v     X x+n^^  y  x+n 

D 

X 

As  to  the  premiums,  it  is  usual  in  the  case  of  weekly  con- 
tributions to  assume  that  they  are  best  represented  by  a  continuous 
annuity,  since  the  interval  is  so  short.  The  payment  side  will 
thus  be 

P  X  a  -.    =    P(a  - 1;"   p  a  ,   ) 


n^x    x+n-' 


=     P 


(N  -N  ^  )  +  i(D  -D  ^  ) 

^     X  x+n-'  '   2  V     X  x+n-' 


D 


where  P  is  the  total  contribution  per  annum. 

(M  -  M  ^  )(l+ni+2D  _, 

'^      X x+n-'^  ->     x+n 

(N  -N  ^  )+i(D  -D  ^  ) 

^     X  x+n-'       -^  ^     X  x+n^ 


Hence 


P   = 


The  contribution  to  be  paid  at  the  beginning  of  each  week  is 
P 


therefore 


52' 
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2.   Use  the  Text  Book  table  at  3  per  cent,  to  find    the    value 
of  Ag^ .  —  by  three  methods. 


W     \^'.m 


0^so-M5o)(l+0*  +  D,o 


30 :  20|  F) 

30 


(14462-9409)1-015  +  16605- 


36949                    ^— g    ,,1 

=    -58821. 

-rt;-  - 

C^O     A           -                         ^ 

^^  ^          30:20|                              f) 

30 

(14462-9409)^^  +  16605 

36949 

=   -58819. 

W      ^30:20]    =     l-So:20r 

30 

(735104  -  230450)  +  1(36949  - 

-16605) 

36949 
=    13-933. 

Therefore         '\q,^^   -    1  - -02956  x  13-933 

=    -58814. 

3.  Find  the  necessary  formulas  for  the  single  premiums  for 
the  following  benefits  : — 

(a)  An  assurance  payable  1 2  years  after  the  death  of  (a). 

(li)  An  assurance  payable  at  the  end  of  12  years  from  entry, 
provided  {x)  has  died  at  any  time  within  the  12  years, 

(a)  The  required  single  premium  is  v^^A  . 

For  A  ,  one  or  other  of  the  following  formulas  may  be  taken, 

A     =    A  (1+/)^ 

X  x^  ^ 

—  i 

A     =    A  X  ^- 

or     A     ^    l-Sd 
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(6)  Fctt*  this  assurance  we  have 


„12 


12 


%     =     ^''(l-12Px) 


4.  Show  that,  by  a  mortality  table  which  follows  Makeham's 
first  modification  of  Gompertz's  law,  A^  =  -log*  a^  +  (/x^  +  log*)fl'^ 
where    a      is    calculated    at    a    rate    of    interest  j,    such    that 


1+i 


A     = 


1+r 

1  /•« 


/ 

X 

1  /•« 


dt 


dt 


/•oo 

1  /"*  1  /""^  I 

«    -  J-  logs       vH^^^dt--j-  {\ogg\ogcy\    {vcJl^^M 

X  J  0  X  Jo  j 

=    -^ogsa^+(ji^  +  logs)d'^ 

since     fx    =   -  log  *  —  (log  g  log  c)c* 
and  therefore    -(logg  logc)c*  =  /x  +log*. 

a'    being  calculated  at  the  required  rate  /  which  is  such  that 


1 


1+7      1+r 


5.  Prove  that 


c  ^      ^  - 


dx\Dj 

dN 
*  dx 

_  dT> 

(DJ 
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Now  /n     =   ^Tu^dt 


-.+.  ^d' 


r(±D 

Jo\dt     * 


.dt 


=    -D 


and  ^  D^   =    -  DJji^  +  8),  (see  page  211). 

da: 

Therefore  ^a^  =  ->     ^^f' 

=   «>.  +  «)-!• 
This  may  be  simply  found  also  from  the  relation 

da 

(b)      A.a  a)  =  I  —a   +a  —I 
=    -/A. 

X      X 

6.  Prove  that 

dM 

(a)  A^  =    1-Sfl^ 
Therefore      M     =    D   -STD.dt 

X         J^       x+t 

And  differentiating  both  sides 

dM  dT>  r-r^  /dD 

X 


dx  dx         j  0  ^    ^^'    ^ 

dD^  rco    /f/D^       \ 

dx        J  Q  \    dt    J 
=    -D>.  +  S)  +  «0, 

IX      x 
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dx 

dU         _    dT> 

D  — _^-M    -r^ 
_         '^  dx  '^  dx 

7.  If  the  force  of  mortality   be  constant  (  =  c),  prove  by  direct 

—              c 
integration  that  A^  =    r. 


Let  c  =    -  log  s  =  fi 


x+r 


Since  /a.  = 


d  loff  / 
dx 


—  d  log  Z 

then     - — -i ?   =     -  loff  s, 

dx  ^  ' 

and  integrating,    log  I    =  x  log  s  +  log  ^ 

/    =    kg" 

X 


X  +  t  I  x  +  t 


1  r 

Now     A    =    -7-/     v' 

*         I  J  0 

X 

^   ±-[    v*ks^+H-\ogs)dt 
ks^J  0 

/•so 

=     I     !;***(- log*) rf^ 

—  log  s 
—  log  vs 
-  log* 


-  log  s  -  log «; 


c  +  S 


CHAPTER    XI 

Complete   Annuities 

1.  On  the  assumption  of  a  uniform  distribution  of  deaths,  the 
value,  at  the  beginning  of  the  year  of  death,  of  the  correction 
to  the  yearly  annuity  to  make  it  complete  is  as  shown  in  Text 
Book,  Article  5, 

1  /  JL        -?.         * 


/  h        —        —  — \ 


From  this  is  seen  clearly  the  point  discussed  in  Text  Booh, 
Article  3,  viz.,  that  the  correction  given  by  formula  (1)  is  too 
large.     The  average  capital  payment  is 

^(1  +  2  +  3+   •    .    .    +r) 

1  r(r+l) 
""    r2        2 

r+1 

~2r 

=   \  when  r  is  infinite. 

But  to  arrive  at  the  value  at  the  commencement  of  the  year 

of  death,  the    earlier   and   smaller   payments   are    multiplied   by 

J_       A      i. 
values    (v,    v"^ ,    v^,   etc.)  which    are    greater    than    the    values 

r       r-1      r-2 

(y^,  V  ^  ,  v^ ,  etc.)  by  which  the  later  and  larger  payments  are 
multiplied.     Thus  the  true  correction  is  less  than  iv*. 

Jl        A        A  Jl 

Now  let     s   =   v^  +2v'^  -{-3v^  +  •    •    •    +rv^ 

i,  A        A  JL       Idbl 

v^s   =   t)^+2v'*+-    .    •    +(r-iyv'^  +rv  ^ 
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r_  r+1 


=   V'- 


1 


r+l 

-rv  *" 


1  -V' 


.{(l+,y-l}    = 


l-v 


-rv 


1  -v^ 


«v 


g +'•)'•  ■■ 


ro 


^   = 


{(1 +.■)'■ -1} 


ru 


{(1+0' -ip      {(1  +  0' -1} 

Therefore  the  value  of  the  correction  at  the  beginning  of  the^ 
year  of  death  is 

iv(l+iY  V 


7^{(l+f-.)--ip         r{(l+iy-l} 
And  at  the  end  of  the  year  of  death 


i(l+if 


1^  j_ 

r2{(l+e)r_l}2         r{(l+iy  -1} 

Making  r  infinite  we  have  as  the  correction 


t 


8' 


Multiplying  this  by  A   and  adding  the  result  to  a   we  have 


d     =    «  +  A 

X  XX 


=   a  +  A 


i~8 


X  X     iS 


I 

since     A     =    A   x  -^  approximately. 
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2.  In  the  case  of  annuities  payable  m  times  a  year  we  have  only 
to  alter  the  interval  of  time  from  a  year  to  the  7wth  part  of  a  year, 

and  the  payment  from  1  to  —     If  then  we  break  up  the  mth.  part 

m 

of  a  year  into  r  parts  as  before,  we  have  as  the  correction 

1     1  /  J-  A  J_  JLx       ' 

A  V^""  +  2v"*^  +  3v^^  +    .    .    .    +  rV^r  \ 

m   r^\  J 

which  is  precisely  analogous  to  the  correction  in  the  case  of  the 
yearly  annuity.     We  have  merely  to   alter   the   rate    of  interest 

from  i  to  {(1  +i)"^  -  1}.     Accordingly,  at  the  end  of  the  mth  part 
of  the  year  in  which  death  occurs,  the  value  of  the  correction  is 

_i_  1 

wL  j_  1      J 

r2{(l  +t)mr  _  1}2  r{(l  +  i)"^'' -  1} 

1 

But  when  r   is   made  infinitely  great,  (1  +  i)*"^    is  unity,  and 

—  -      ^  /  i- 

r{{l+iY^  -  1}  islog(l  +i)™  =— .  And  writing  -^  for  {(1  +i)™  -  1} 

we  have  as  the  correction 

J 


\\m)  m  ^ 


Therefore 


(m)  O'O   ,    AW'^(m)-S 

Since     A     =    A^     x  -^  approximately. 


3.  Making  no  assumption  as  to  distribution  of  deaths,  and 
taking  r  very  great  and  approaching  infinity,  we  have  as  the 
value  of  the  correction  in  respect  of  the  (w  +  l)th  year  for  a 
yearly  annuity 
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^■|-fM.^»+M,+„+l+-    •    •   +  M,^„^izl)  -  M,^„^  J" 


Now 


M  ^     =    M  ^ 

%-\-'n.  x-\-n 


r 


I-) 


M^_.i    =    M  ^   +  — AM  ^   +-^~^-^7i ^^^M +  ••• 

x+n-\ —  x-'rn        r  a;+»  2 

f 


etc. 


etc. 

r-l  /r-l 


etc. 


M 


a;+ji+ 


—           r  —  1     —              rvr 
r-l    =    M   ,    -\ AM   ,    H 


-  1 


x+n 


x+n 


A2  M   ,    +  .  . 

x-i-n 


Therefore    2   =   rM  ^   +~5-AM  ^   -^^-^A^M  ^   +  • 

x+n        2  ^+**       12r  ^+« 

where       AM^^^   =    M^^^^^  -  M^^„,  etc. 

Hence  if  we  stop  at  second  differences  the  correction  is 

tV  (— frM  ^  +^  AM  ^   -^^  A2M  ^  ^  -  M  ^  ^  1 

D    1^  r  \       x+n        2  «+«       12r  x+'.ij         x+n+ij 

1  /  r-l   .,-,  r2-l 

\      X+n 

X  ^ 

(making  r  infinitely  great) 

=   W^M  ^   -  M  ^  ^,+4- AM  ^   -ToA2M  ^  ^ 

J_)    y      a;+«,  x+n+1        2  x+n       12  x+n^ 

Giving   to   n   every    value    from    0   to   w  — x   and   adding   the 
correction  to  a  we  have 


D  \     x+n       2r  *+»      12r2  «+»i         »+n+i 


^  1   M,      1   AM, 

a;  X 

=    a^ A Ai  — 


^ 
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4,   Again^  in  the  case  of  annuities  payable  m  times  a  year,  we 
have  only  to  alter  the  interval  of  time  from  a  year  to  the  Twth 

part  of  a  year  and  the  payment  from  1  to  —     If  then  we  break 

ri  -f  jth  7wthly  interval  into  r  parts,   r   being   very 

great  and  approaching  infinity,  the  value  of  the  correction  is 


11/1  ( 


_  —  2     —  — 


m    mr 


+  — (M    ^     ,fc,r-l-M    ,      ,1c+\)\ 

;•  V       x+nH x->!-n-\ ■'I 

'  m     mr  m    J 


1/-  r-1-  7-2-1-  _  \ 

M„.„.  fc+-^^  AM fc_.,j__A2M )fc  -  M fc+i) 


w/D^V     ^+»*+m       2r  ^+«+m      12r2  •^+^^+:^         ^+«+  ^ 

by  a  process  similar  to  the  above,  where 

AM  ,    ,fc    =    M  ,    ,/j+i-M  ,    .  fe,  etc. 

wi  mm 

Now  making  r  infinite  we  have  as  the  value 

L-(M  ,    .fc-M    ,      fc+i  +  iAM  ,    ,;i-T-VA2M         fc') 

»■'  _  TO  TO  •m.  •»- 


a;  "* 


and  giving  to  (n  H ]  every  value  from  0  upwards  we  have  as 


the  value  of  the  total  correction 
1 


^m.^UM^^L-M^)} 


m 

X 


But      M^^i   =    M^  +  — (M^^j-M^)   approximately; 


therefore 


M^^i  -  M^         —  (M  ^,  -M) 


m 


?«  ^      a;+l 


D  D 

X  X 

FT  .W  (™)     .  T  Tl 

Hence     a      =    «      +  oi::  A  -  ^ir— o '^-..r-i 
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M^  .1    =    M  +  —       ' 
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and 


x+- 


dU 

a 

dx 


*      m    dx 


=     -a  D 

If.    1 


(See  Chapter  X.  of  these  notes,  Example  6  (a).) 


Therefore 


M  ^1  -M 


m 


and    «^    =    a^    -^^Tn^x-u^i 


5.  We  may  obtain  expressions  for  complete  temporary  annuities 
as  follows : — 

a  —.  =    d  -v"^  p  a  , 

xn\  X  n^x    x-^n 

=  ".r^+K^  +  iy^U 

.(m)  ^(m)  (m) 

xn\  X  n^x    x+n 

{m-l       1    ,,      .M  4   1  f  7W-1       1  ,,      .V,  .        1 

«       2»n        2m  ^         ^      xj         ni  x\^    x+n       2m       2vi^         ^      x+nj 

^  X  ^ 

These  approximations  are  close  enough  for  practical  purposes' 
as  the  greater  accuracy  of  the  more  refined  formulas  is  to  a  certain 
extent  inoperative  on  account  of  the  subtractive  portion  in  the 
above  formulas. 


EXAMPLES 


1.  A  life  annuity  of  P,  payable  by  half-yearly  instalments,  was 
purchased  at  age  x.  After  n  years  (a  half-year's  payment  having 
just  been  made)  it  is  desired  to  make  the  annuity  payable  by 
quarterly  instalments  in  future  and  with  a  proportion  to  date  of 
death.  To  what  sum  must  the  annuity  be  reduced  if  the  altera- 
tion be  given  effect  to  ? 


CHAP.  XI.]  TEXT  BOOK— PART  II.  225 

Remembering     that      a^    =  «J"   +  ~\^(\  +  i)\,     and     that 

(m)  m  —\  ,  -  -  „ 

a       =  «  +  —T — ,  we  have  the  value  oi  the  annuity  as  at  present 
constituted 

If  K  be  the  annual  payment  in  future  under  the   conditions 
required,  the  value  of  the  future  payments 

=    K{|  +  a  ^   +iA  ^  ri+Oi}. 

Hence,  equating 


and  K    = 


8  x+Tl         8       a;+7!A  / 


2.  Given  that  £100  will  purchase  an  annuity  of  £5026  payable 
yearly,  find  the  corresponding  annuity  also  payable  yearly  but 
with  a  proportion  to  the  date  of  death,  using  3  per  cent,  interest. 

100 


Here 


^*         5-026 


=    19-897. 
And  a^   =    «^+iA^(l+Oi 

=   «.  +  i{l-^(l+«J}(l  +4") 

taking    {\-\-i'f  =    1  +- 

=    19-897 +  i(l- -02913  x20-897)(l-015) 
=    19-897  + -199 
=    20-096. 

Therefore  £100  purchases  a  complete  annuity  of 

100 


20-096 


=   4-976. 


3.  A  man  aged  70  has  £250,  which  he  decides  to  invest  in 
an  annuity.  What  annuity,  payable  quarterly  in  advance  and 
with  a  proportion  to  date  of  death,  can  be  allowed  to  him,  given 
«70  =  7-299  and  c?  at  3  per  cent.  =  -02913,  and  assuming  a  loading 
of  10  per  cent,  to  be  added  to  the  pure  value  } 

P 
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It  is  necessary  to  find  the  value  of  a^^^  in  the  first  place. 


Now 


,(m) 


(m) 


=    <+  2^^(1+0^  by  formula  (2) 

=    «  +  '^—  +  ^{1-^(1 +«)}(! +«> 

Therefore  kf^   =    «^^  +  |  +  ^{  1 -rf(l +«J}(1 +^)^ 

=   7-299  +  -625  +  -125(1  -  -02913  x  8-299)l-015 

((1  +?)i  being  taken  as  1  +  ^  =  1-015) 
=    7-924  + -096 
=    8-020. 

Adding  the  loading  of  10  per  cent,  we  get  8-822  as  the  price 
of  an  annuity  of  1.     Therefore  £250  will  purchase  an  annuity  of 
250 


8-822 


28-338. 


The  annuity,  payable  quarterly  in  advance  and  with  a  propor- 
tion to  date  of  death,  which  can  be  purchased  is  therefore 
£28,  6s.  9d. 

4.  Show  that  A  =1  —id   approximately. 


We  have 


1  —  ia. 


*  1+i 

whence        (1+?)A     =    1  -  ia 

But  (1+0    =    (l+iy(l+i)i 


=   (1  +  2)2(1  +  —J  approximately. 


Therefore 
and 

that  is 


(l+O^A/l  + 


2 
1  —  ia 

X 


A_^   =    1  -  id    approximately. 
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,(m) 


1 


5.  Show  that  or^    =  v^^  a    approximately. 


.(m)  m-1        1   - 

fl:        =    a  +—- 1 A 

*  *       2w        2m    ' 


=  K+^)-^.t(i-aJ 


2m 


a  —  ~ — 8a 
«     27n     * 


^x{  ^  ~  9~ )  ^^^^^  S  =  rf  approximately, 


X 

since  v^m    ^   ^j  -dy^ 


2m 
v^'^d    approximately, 


»    1  -  ^ —  approximately. 


CHAPTER    XII 


Joint-Life   Annuities 


1.  In  a  table  in  which  Gompertz's  Law  holds  we  have  funda- 
mentally 


and 

whence 
and 


tpx  =  r 


*(c*-l) 


xy 


—    2y',  p 


t'  xy 


(putting     d^  +  cv   =   c^") 


=   2v«gCc*+«^)(c*-i) 


t^w 


=    a 


Similarly     a  ^   =   a     where    cf  +  cy  +  c''   =   c'^,   and   generally 


a 


=    rt. 


xyz-  •  •  (m) 

Now,  if  C^  +  C-2/  +  C^  +  . 

then         Bc^  +  Bcy  +  Bc^+  • 


where    c^  +  c^  +  c^  +  •    •    •     to  m  terms  =  c 

•  to  w«  terms    =   c^, 

•  to  m  terms    =    Bc% 


that  is, 


f^r+f^.+  f^.+ 


to  m  terms    =    n 


From  this  we  see  that  in  the  case  of  a  table  following 
Gompertz's  Law  we  can  find  the  values  of  joint-life  annuities, 
provided  we  have  a  table  of  the  force  of  mortality  and  of  annuities 
for  single  lives.  If,  for  example,  we  wish  to  find  the  value  of 
we  first  obtain  w  such  that  /x    =  jw-on  + /^^n  + /^/sn  *^^  then 


80 :  40 :  50» 


60 


a    at  the  given  rate  of  interest  is  the  value  required. 


m 
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2.   As^ain,  in  a  table  in  which   Makeham's  first  modification  of 
Gompertz's  law  holds  we  have 

a     =    A  +  Bc^ 


I    = 

X 

ks^g^ 

and 

tP.     = 

^fgcV-l) 

Hence 

a      = 
xy 

t"xy 

= 

2t;«*2<g(c^+c»)(c'-l) 

(putting 

(f  +  cv   = 

2c«') 

=   2v^  p 


tl  WW 


=   a 

WW 


Similarly  a      =  a^^^  where  c'  +  cV  +  c'  =  3c^',    and    generally 
^^..        f^\  ^  ",««,«,        f^-\  where  c*  +  c^  +  c^  +  .    •    .     to   7w   terms 

an/2'  •  •  {m)  www-  •  •  {m) 

Now,  if  c*  +  c?/  +  c^  +  •    •    .  to  w  terms  =  mc'^, 

then  Be*  +  Bcy  +  Bc-+  •    .    .   to  m  terms  =  7wBc% 

and     (A  +  Bc«^)  +  (A  +  Bc2/)  +  (A  +  Bt'^)+  .    •    •    to    ?«    terms 

=  m(A  +  Bc^), 
that  is,  /x^  +  fi  +  /x^  +  •    •    .  to  ?w  terms  =  mfx  . 

We  thus  see  that  we  can  find  the  values  of  joint-life  annuities 
in  such  a  table,  provided  we  are  supplied  with  a  table  of  the  force 
of  mortality  and  with  tables  of  annuities  on  joint  lives  of  equal 
ages.  For  example,  to  find  ^^q.^.^q)  we  first  find  w  such  that 
3/*  =  Mort  +  /*^n  +  /*.:«  and  then  a        at  the  given  rate  of  interest  is 

'w      '^30      '^40       "50  vnvw  o 

the  value  required. 

3.  If  in  the  relation  2c''"  —  0^+  cV  we  assume  that  x  <  y 
we  have 

2c'>"    =    c^{\  +  c2/-*) 

1  +cy-^ 

f>W-X      _  ' 


,  loff  (1 +c?/-^)-loff  2 

and     w-x   =    — ^-> — ^ ®— 

logc 
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from  which  we  see  that  the  value  of  w  —  x  is  the  same  for  all 
values  of  x  and  y  where  the  difference  between  x  and  y  is  constant. 
In  other  words,  the  addition  to  be  made  to  the  younger  age  to 
find  the  equivalent  equal  age  is  constant  where  (3/  -  x)  is  constant. 
We  might  therefore  form  such  a  table  as  the  following : — 


y-X 

w-x 

_  log(l  +  cy-^)-log2 
logc 

1 
2 

3 

4 

5 

etc. 

Entering  this  table  with  the  difference  between  the  two  ages^ 
we  find,  in  the  second  column  opposite,  the  addition  to  be  made  \ 
to  the  younger  age  to  obtain  the  equivalent  equal  ages. 

If  there  be  three  lives  we  have 

3c^  =  c*  +  c2/  +  c«. 
where  x  <  y  <  z. 

From  the  above  table  find  w  such  that  2c'^  =  c^  +  cy.     Then 

=     €'"{2  +  0"-'"') 

2  +  c^-w 


log(2  +  c^-'«')-loff3 

U  —  W     =     — 2-^^ ^ S — 

logc 

We  might  then  form  a  second  table  of  which  the  first  column 
should  be  integral  values  oi  z-w  and  the  second  should  be  the 
corresponding  values  of  the  above  expression  which  is  equal  to 
u  —  w.  Then  for  annuity  values,  etc.,  involving  three  lives  we 
should  find  from  the  first  table  the  value  of  w-x  corresponding  to 
y  —  X  and  hence  find  lo ;  and  thereafter  find  from  the  second  table 
the  value  of  u  —  id  corresponding  \.o  z  —  w  and  hence  find  u.  The 
value  of  the  required  function  is  then  that  of  a  similar  function 
on  three  lives  all  aged  u. 
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4.  Still  considering  a  table  subject  to  Makeliam's  first  modi- 
fication of  Gompertz's  law  we  have  as  before 

a      =    2y* ,  p 

xy  t^xy 

X  ,     lis/  t 

(putting  c*  +  c2/    =    c^") 


=     2t;«*2«a{c  +c^)(c' -  1) 
o 


o 

=    a 

w 

where  a'    is  calculated  at  such  a  rate  /,  that 


l+j         1  +  i 
Similarly     a       =    ^v^s^^  s^  s^  ("  "^) 

J         xyz  o 

t 
=    a 

w 

where  d*^   =   c'  •{•  cv  +  c~  and  the  annuity  is  calculated  at  a  rate  J 

1  A'2 

such    that ;   =    ~ — ;. 

1  +  J         1+1 

Generally  a  ,  .    =   a' 

J     xyz-  '   •  (m)  w 

where   c^    =    t^  +  cv  +  c^  +  -    •    •     to  ?»  terms,  and  the  annuity  is 

1  ^.m  - 1 

calculated  at  a  rate  /  such  that ;   = -• 

•^  1+^  1+2 

The  problem  may  be  stated  still  more  generally. 

fl  =     '^Dts'>nta.(c^+(^+c^-^- •   •   •  to  m  terms)(c  -1) 

xyZ'   •   •  (m)  * 

putting     c^  +  cv  +  c^+  '    .    •  to  m  terms    =   rc^ 

=   2y^*(™  -  ^)'  *^^g  '■c'^  (c^  - 1) 


=    2i;'  *  ^p^ 

(r) 


t"www-  •  •  (r) 

=    a' 


1  gm—T 

calculated  at  a  rate  of  interest  ;  such  that  = • 

•^  l+j  l+i 

In  practice  it  would  be  most  convenient  to  make  r=l,  as, 
under  this  second  method,  tables  of  annuity  values  have  to  be 
calculated  at  special  rates  depending  on  the  number  of  joint  lives, 
and  these  special  tables  will  of  course  be  most  easily  prepared  for 

single-life   annuities.     A  table  of  c    for  all  values  of  x  must  also 
be  prepared,  as  a  table  of  /a   in  this  connection  is  inconvenient. 
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5.  A  constant  increase  in  the  force  of  mortality  under 
Makeham's  law  has  the  eifect  of  an  increase  in  the  rate  oi 
interest.     For  if  in  the  expression 

/^a;   =     -log*-(log^  logcy 

we  add  a  constant  -  log  r,  where  r  is  a  positive   fraction  and  coi 
sequently  —  log  r  is  also  positive,  we  have 

/x'^  =  -  (log  *  +  log  r)  -  (log  g  log  cy 
whence  simply 

X  o 

X 

Also  the  value  of  an  annuity  on  (a?)  in  the  new  table  is 


'  ocii) 


t^  X 

t^x 


where   a 
1       _    


,.,  is   calculated   at  a  special  rate  /   which    is  such   that 
r         ^  .,.  .,     .       1  1        .  .      i 


From  this  we  see  that 


< 


since  r  IS  a' 


l+j         1  +  i 

positive  fraction ;  and  consequently  j  >  i.  It  may  be  mentioned 
that  an  increase  of  '01  in  the  force  of  mortality  is  very  nearly 
equivalent  to  a  rise  of  1  per  cent,  in  the  rate  of  interest. 

Further,  in  any  table,  as  indicated  on  page  211, 


«  +8   =    - 


1  dD 


^loffD 
dx 


Now  in  a  table  where  fx   is  increased  to  /x  -  logr 

(/^^-logO  +  S 


dlog-D' 

»  X 


dx 
Also  in  a  table  where  8  is  increased  to  S  -  logr 


rflogir 


Therefore       — 


dx 
rflogD' 


da. 


and 


D' 


=    /^.  +  (^-logr) 


J  WD" 

____5 

dx 
Y>"    for  all  values  of  .r 

X 


a     =    a    . 

X  X 
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Thus  a  constant  addition  to  the  force  of  mortality  is  equivalent 
to  the  same  constant  addition  to  the  force  of  interest.  From  this 
fact  the  practical  assumption  is  made  that  a  constant  addition, 
say  "01,  to  the  rate  of  mortality  is  equivalent  to  the  same  constant 
addition,  1  per  cent.,  to  the  rate  of  interest. 

Though  a!  .  by  the  extra  mortality  table  is  equal  to  a       by  the 

normal,   it   does   not   follow   that   the    corresponding   single    and 
annual  premiums  are  also  equal. 

For  A;,^   =    l-''«(l+'''„) 

=  i-''(i)(i+''a))  ^'"««  "'(o^^o) 
whereas         A^,   =   l-rfy/l+fly^) 


1 


d. 


O) 

6.  An    increase    in    the    constant    B   has   the   same    effect   as 
increasing  the  age.     For  if  /x    =  A  +  Bc^,  let 

li'    =  A  +  B'c* 
where  B'  >  B. 

Find  h  such  that  B'  =  Bc'S 

Then  /a'^   =    A  +  Bc'^c* 

=   A  +  Bc*+'^ 

7.  In  a  table  which  follows  Makeham's  first  modification,  when 
it  is  required  to  find  the  value  of  the  annuity  a 7^,,  it  is  not 

^  J       xyz  .  .  .  (my 

correct  to  put  it  equal  to  a -^.  where  mii   =11  +  w  +  m  +  •  •  • 

to  m  terms. 

We  must  proceed  more  slowly. 

a 


xyz...(m)  (l+Z)'" 

=    Z^  -  rZ''+i  +  !l!jJll)z''+2 
2 
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Or,  to  take  a  particular  case, 

a =    (a    -{■  a  +  a  +  a  )  -  (a     +a     +a     +a    +a    +a   ) 

^    w         X         y         z^       ^    vx         loy         wz         xy         xz         yz^ 


wxyz 


+  (a      +a      +a      +a     )-a 

^   wxy         wxz         wyz         xyz-'         wxyz 


Here   we   must  determine   separately   by  the   above    rule   thi 
values  of  all  the  joint-life  annuities  involved  and  hence  find  th 
value  of  the  annuity  in  question,  for  it  is  only  to  joint-life  annuities 
thai  the  rule  applies. 


4 


8.  As  already  pointed  out  in  the  notes  on  Chapter  VI.,  under 
Makeham's  second  modification  of  Gompertz's  law,  the  expression 
for  the  force  of  mortality  takes  the  form 

/A     =    A  +  Ha:  +  Bc* 


whence  simply 

and 

also 
Therefore 
Now  putting 

we  have 

and 


p        _      g^yjM+t  g:  (c    -1) 

,2    JO+d,t 


f)  =    ^^2<(a;  +  d)  +  (V  "^  (c  -1) 

t"x+d  ^ 

t^  x  :  x+d  ^ 

(f  +  C^+d    =    2c^ 


2-j:   =    log(l+c^)-log2 


log  c 


d' 


where  d'  depends  on  d,  the  difference  between  the  ages  of  (x)  and 
(x  +  d). 

Also  X   =   z-d' 

Hence         p  ,      =     s^t^f^2t(2z-2d'+d)+2t^a;2c\c* -l) 

t'  X  -.x+d  c 

—     s-^W^t .  2z+2V^a.2c^  (c''  -  1)  ,^2«(d  -  2d') 


But 


=       o     q^2t(d-2d') 

I  =  2jV^  J) 

x:x-^d  tt  X  -.x+d 

=  ^'vtfi;'^Kd-2d'j  jy 

=  a 


trzz 
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where  a'     is  calculated  at  a  rate  /  such  that 

1  ^^.2(c?-2d') 

Affain        «  =     53<^^.2«(3a;+d+c)+3(2o<c^+c'"+'^+c''+'')(c' -l) 

^  t'  X  :x+d  :x+e  to 

And  putting        3c^    =    c*  +  c*+'^  +  c*+« 

we  have  c«-^   =    ^"^^   "^^ 

3 

and  £-x    =    log(l+c^+c0-lo.s:3 

logc 

=  rf' 

where  d'  depends  on  d  and  e  the  differences  between  the  ages. 

Hence     n  =     5S<^^2t(3^-3d'+d+e)+8«^ff8c''(c*-l) 

t^  X  :  x+d  :x+e  o 

t'  zzz 

and         a       , ,      ,      =    a' 

x  :  x+d  :  x+e  zzz 

where  a      is  calculated  at  rate  ;  which  is  such  that 

\  q^2(d+e-3d') 

1  +j    ~  l+i 

Generally     a      ,  ,     ,  =   a 

•^  x: x+d -.x+e:  •   •   •  (m)  zzz-   •   •  (m) 

where  «' ,^         ,  .  is  calculated  at  rate  /  which  is  such  that 

zzz-   •   •  (m)  «/ 

\  2^2(d+e+.   .   •  to  (m  - 1)  terms  -  md') 

1  +j  ~  r+1 

-       „         log;  (I -{- c^  +  c^  +  .    .    .  to  ?«  terms)  -  loff  »» 

and     d    =       ^ '^ ^^—, ^- ^— 

logc 

It  will  be  seen  that,  under  this  second  modification,  tables  of 
joint-life  annuities  would  be  required  calculated  at  special  rates 
of  interest  depending  on  the  number  of  lives  and  on  the  differ- 
ences between  the  youngest  and  all  other  lives.  A  table  of  c' 
is  also  necessary. 
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EXAMPLES 

1.  Obtain  an  approximation  to  ^rn- 70  "5  ^J  ^^^  Carlisle  Table 
at  3i  per  cent. 

(a)  Simpson's  rule. 


"70:75    =    3-731 


50:82 


a 


60  :  83 


82-411 

=   3-562 
=   3-369 


«50 :  82-411  «^«50: 70: 75    =    3-483 


(li)  Price's  correction 
a 


50  :  70  :  76  ''^eo  :  82 

=    3-562 --05 
=   3-512 


(c)  Milne's  correction. 
a 


60  :  70  :  75  ^50  :  82-5 


=   ^(3-562 +  3-369) 
=   3-466 


2.  Use  Simpson's  rule  to  find  by  the  H**  Table  at  3^  per  cent, 
the  value  of  a- 


35  :  67  :  73' 


(It^ 


35:67:73 

To  find  a 


=     ^-^35+  «C7+  ^^73-  ^^35:67-  «35  :  73  "  «67  :  73  +  «35  :  07  :  73 

we  have 


35  :  67  :  73 


"67:73    =  4-020 

~  ^78-573 

and  a^^  ,     =  3997 

35  :7^ 

«35:7D    =  3'^^^ 


therefore     a  ^,^         =    3-864 


35  :  78-573 


Hence 


35  :  67  :  7b 


-   =    17-325  +  7-471+5-512-6-993-5-238-4-020  +  3-864 


=    17-921 
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3.  Find    from   the    Text  Book  table  the  values  of   a — ^ — ^  at 
3  per  cent.,  and  of  A^^.^.^^  at  3 J  per  cent. 

^43  :  48  :  59  ~  ^43  :  48  "^  ^43  :  59  "^  ^48  :  59  ~   43  :  48  :  69 

~  ^45-78  :  45-78  '*'  ^53-69  :  53-69  "^  ^54-83  :  54-83  ~    52'11  :  52-11  :  52-11 

=    11-915  +  9-284  +  8-901-23-9I0 
=   6-190 

A3TT40Tr4    =    l-^(l+«3Tlloll4) 

^81:40:44    ^    Si  "^  ^40  +  "44  ~  ^31  :  40  ~  '^Sl  :  44  ~  ^^40  :  44  "^  ^31  :  40  :  44 

~     Si  "^  So  "^  S4  ~  S6-40  :  36-40  ""  S9-33  :  3933  ~  ^218:4218  "^  ^9-56  :  39-56  .-89-56 

=    18-235  + 16-103  +  U-997  -  13-936  -  13-185  -  12-409  +  1M96 

=   21-001 

=   1  - -03382  X  22-001 


31 :  40 :  44 

=    -25593 

4.  State  how  you  would  apply  Simpson's  rule  to  obtain  the 
value  of  flg^^^^^^-,. 

From  a  consideration  of  the  statements  in  Text  Book,  Article  6, 
it  will  appear  that  it  would  be  incorrect  to  adopt  such  a  method 

as  the  following : — Find  w  such  that  a     =  a,^  ^.:  then  a„„      —.  is 

^  w  47:60'  80:w:15| 

the  value  required. 

It  is  necessary  to  split  up  the  temporary  annuity  into  its  two 
parts,  and  we  then  have 

a  ~    =    a  45:62:75 

30:47:60:151  30:47:60         f)  45:62:75 

30  :  47  :  60 

Then  find  w  such  that  a    =  «,„  ^„  and  w  such  that  «  ,  =  «  „  ^,, 

1/^  47:60  w'  62:75* 

and  we  shall  have 

—    =    n  45    62    75 

30:47:60:151  30 :  lu       nil        45 :  w' 

^30  ^47  '60 

5.  Show  that  doubling  the  force  of  mortality  is  equivalent  to 
taking  two  lives  of  equal  age  in  the  expectation  of  life,  the  life 
amiuity,  and  the  assurance. 
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Now 


dv 

= 

dlogi 
dx 

I 

X 

log'; 

= 

2  log  /^ 

+  logA 

ar 

= 

Kg' ' 

e' 

X 

= 

-= 

V  ^'x+t 

^  r 

X 

= 

^«+t 

^x 

Similarly     a'     =  a 

J                X  XX 

Also            A'     =  v(l+a')-a' 

X  ^              X-'           : 

=  v(l+a   )-a 

«  A 


6.  Show  that  if/    =  ks'p<^',  then  c^  4-  ^      =   c*-^-  a 

xy  to  6 

and     4«      =   2i;'A'2«fi*^(c^-i) -^  ffcV-i) 

Putting     (f(c^-\)    =    ?o  we  have 
a       x,i    ,v  d 

nrC   (C    -1)      _      _     0-14 

dx^  dx^ 

_     d    ^j.  du 
du  ^    dx 

=   g^log^  — c^(c^-l) 

=     gC*(c '  -  1 )  log  ^  (c«  -  1 )  C^log  C 

Therefore  cv  -j  a^    =  (log  g  log  c)(f+y:^vh\ct  -  l)g'^'^''^  -  i>g«*(^' "  ^^l 


dx    ^y 


I 
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Similarly    c^ -^  rt      =    (logg  logc)c2/+«2i;«62<(c«  -  l)o^'=V-i)gcV-i) 

Hence        cv  -r  a      =   c^-j-  a   . 
dx    »^J  di/    '^ 

7.  Given  in  the  case  of  a  table  following  Makeham's  rule  that 

log  l^^^    =    log  ^  +  (a;  + 1)  log  s  +  c*+^  log  g 

show  what  modifications  must  be  introduced  in  order  that  the 
equation  may  aj)2)ly  to  select  tables  without  loss  of  the  property 
of  uniform  seniority. 

To  obtain  an  expression  for  log  /       ,  instead  of  log  k  and  log  g 

we  must  write  log  k  and  log  g ,  since  these  will  vary  progressively 

for  each  year  of  duration.  Log  s  and  c  will  remain  constant  for 
all  durations.     We  then  have 

^^^  {x]+t   ==   ^^S  ^t  +  (^  +  0  log  *  +  ^'"+*  log  g^ 
and     log/^^^   =   log^^  +  orlog^  +  c^logg^ 

whence  log  ^;,^^^   =   log /^^^^^  -  log /^^^ 

=   (log  k^  -  log  k^  +  tlogs)  +  (f  (pi  log  g^  -  log  g^ 

Similarly  log  ^p^^^   =   (log  k^  -  log  k^  + 1  log  s)  +  cV  (c<  log  g^  -  log  g^ 
Therefore 

^""^  iP[xm   "    ^  ^^''^'  ^t  ~  ^^^  ^0  + '  l°S  *)  +  (C'  +  cJ/)  (c«  log  g^  -  log g^) 
(putting  2c«'  =   c*  +  c!/) 

=    2  (log  ^^  -  log  k^  +  /  log  *)  +  2c«'(c«  log  ^^  -  log  g^ 

Therefore  further  a,  ,,  .   =   2v' w^  ^  , 

~  tP[w][w] 

~       [wjw] 

where         c^  +  cv   =    2c^ 

Similarly  also     r.^^^^^^^^^.  _  ^^^    =    ^^^^^^^^^^^  ,  ,  ^^^ 

where     c*  +  c2/  +  c^  +  •    •    •  to  w  terms    =   mc^. 
It  may  similarly  be  proved  that 

[x]+r:[y]+r:[z]+r-   •   .  (in)    ~       [w]+r:[w]+r:[w]+r-   •   .  (m) 

where  the  same  relation  holds. 


CHAPTER    XIII 


Contingent,  or  Survivorship,  Assurances 

1.  We  may   easily  transform   Text   Book  formula   (1)    so  tliax 
it  shall  be  suitable  for  application  to  select  tables. 

vp     ,     (1  +  a  ,    , ,)  and  a  =  vp        ,(1  + «  , , 

Jx-l:y^  x'.y+l-'  x:y-l  -^  x:y-l^  x+l:y 

Ai    =  h{A    +vp(l+a      ,^)-vp(l+a  ,^     )} 

xy  ^  ^     xy       ■»  2/^  X :  y+l-'        ^  x^  x+1 :  j/'  ' 


But  a 


x-l:y 

Therefore 


Hence   A}^,  , 
[x][y] 


Again,  since    A 


'[x]V-    '      [x]+l:[y] 

=  1  -  d(\  +a   ),  we  may  put  the  formula  in  a 

form   for   finding   the    value    of   A^,    given    tables    of   joint -life 
annuities. 


tlie" 


2.  In  calculating  the  necessary  joint-life  annuities  or 
suitable  commutation  columns  as  described  in  Text  Book,  Article 
17,  it  is  not  at  all  essential  that  both  (.r)  and  (j/)  be  taken  from 
the  same  mortality  experience.  The  two  lives  are  of  quite 
different  classes,  and  the  risk  will  be  most  accurately  calculated 
by   taking  their   mortality  from    different   tables.     The   standard 

basis  at  the    present   time  is  to  take  the  O       table  for  (y)  who 

is   in   the  position  of  an   annuitant  or  life -tenant,  and  the  O 
table  for    (.r)   who    comes    into    property   on    the    death    of    (^), 
and   desires    to    insure    against   his    dying    before    that    event.* 
Tables   of  A^    and  Pi     on  this    basis    have    been    calculated    by 

xy  xy  •' 

*  See,  however,  the  word  of  caution  on  pp.  vi.  and  vii.  of  British  Offices^ 
Life  Tables,  1898;  "Select  Tables,  Whole-Life  Assurances— Males." 
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Messrs  Baker  and  Raisin.  Further,  it  is  wrong  to  calculate  the 
values  from  an  aggregate  table,  for  (.r)  is  usually  the  younger 
life,  and  in  such  a  case  his  mortality  would  be  underestimated, 
while  that  of  (j/),  the  older,  would  be  overestimated,  both 
errors  operating  against  the  office. 

3.  Text  Book  formula  (7)  may  be  shown  simply  thus ; — 

A2     =   2y^       lo2 

xy  -         n-1  I  f^xxj 

=     2t)«(         \q    -  Ifll  ) 


Aq   -  '^V'"'      ,  I  q^ 

-1\    'X  71-1      iXl 


n-ll'x  n-1  \  ^xy 

=   A  -  Ai 

X  xy 


Affain     A  2    =    2y^     .,  \q  ^ 

o  XII  'n,  —  ^  I  I  mi 


xy  n-1  I  'xy 

=    2i;"(      J7   -       J7  ^) 

^n-l\  ly      n-l\  'xy^ 

=    ^v^(     T  17   -       J7    +      JvM 

Ml  -  1  I  '2/      »i  -  1  I  ^xy      71  - 1  I  'xy^ 

=    A  -  A    +  Ai 

y  xy  xy 

All  the   Text  Book  formulas  (9)  may  be  similarly  deduced,  but 
by  summing  from   1   to  w  only. 

Thus     I    Ai    =   ^iv^       17 1 

\n     xy  ^      71-1  I  'xy 

=   2V(     J7    -      JV'  ) 

■•■       v/i,-!  I  'xy      71-1  I  'Jt/y-' 

=    I   A    -I   A^ 

\n     xy      \n     xy 

4.   An  alternative  formula  for  1     A^    may  be  found  as  follows  : — 

\n      xy         •' 


1    A^     =    AI  -v^  ;;    A~ 

\n     xy  xy  n'  xy     x+n:y+n 

=    -_(A  a;:y-l    .        a;-l:7/\ 


x+n :y+n- . 


-^V-p[A^         ^     -      ^>-~-^rn-l+''x  +  n.l:y+n\ 
o        n^  xy\     x+n:y+n  *,  1)  J 


2/+71-: 


1    /  I     «  ,         I      «      ,      \ 

Q 
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6.  The  Text  Book  formulas  (8)  may  best  be  obtained  by 
deducting  the  corresponding  values  in  (9)  from  the  whole  benefits. 
Thus : — 

IA2     =     A2   -  I    A2 
» I     scy  xy       \n     xy 

=   (A  -  Ai  )  -  (I  A  -  I  AM 
=      lA  -    lAi 

n\      x      n\      xy 

6.  The  application  of  Davies's  and  De  Morgan's  types  of  joint- 
life  commutation  symbols  respectively  to  the  case  of  A^^  may  be 

shown  more  clearly  than  in   Text  Book,  Articles  14  and  15,  in  the^ 
following  manner : — 

We  have  A^    =   -7—7  2v*d  , ,   ,  /  . ,   , 

sey  II  x+t-1   y+t-i 

X   y 

Now  under  Davies's  form,  where  x  >  1/,  we  may  write  this 

x+t-l   y+t~^  _  ^  x+t-l       x+t-'^  y+t-1       y+t'^ 


D  2D 

xy  xy 


2D 


xy 


t,(N    ,         +N    ,    )-(N        ,+N  ) 

—       ^     x-\:y-\  x-l:y^      ^     g^y-l  oi^r 

2D 


xy 


Also  where  y  >  x  we  have 

"''^       ^x-Vt-\   y-\-t-\^  x-]rt-\    y+t~   x+t   y+t-l~   x+t   y+t) 


2D 


xy 


'^     x-l  :y-l X  :y-\^      ^     x-l  :y xy-' 

2D 


xy 


Under  De  Morgan's  form  we  shall  write 


x+y 


2v   2  {f'^+t-l^y+t-l'^^x+t-l^y+t~^x+t^v+t-l~^x+tK+t) 


+t-l    y+t        x+t    ?/+! 

2D 

xy 


!+«  y+i 


(vN     ,         -N   )  +  vUN     ,      -N        0 

^       x-l  :y-l  xy-'  ^     x-l  :y  x:y-l^ 


2D 


xy 
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7.  To  find  Ai  --. 

X :  y{t  I) 


Ai 


vd  +v^d  ,,+  •    •    •    +v^d  ,,   , 

X  x+\  x+t-1 


«:j/OI)  / 


X 


,  x+t    j/+i  x+t+\    y+U^ 

■*■  n '' 

X    y 

vH  ^^    vd  ,J  ^.+v^d  ,,,l  ,^.+  .    .    . 

X  x+t   y 

_    Al-  +      ^+'  A— 

xt\  ^      D  x+t:y 

X 

In  practice  the  following  approximation  is  sometimes  used  for 

finding    A^  -pr^ :    Find   z   such    that    e    =  c  +<,  and    then    write 

^        x:y(t\)  z  y 

Al  --    =    Al  . 
x:y{t\)  xz 

8.  To  get  the  annual  premium  in  this  approximation  we  should 

Ai^ 
write    P^.":^   =    1   .  '"^  « 

xz 

To    find   the   true   value    of     Pi  -~r^  we    have   the    divisor  of 
Al,— =f^  either  («)  1+a    — =-  or  (b)  \+a     as  the  Text  Book  points 

x:yit\)  ^  J  »:2/((|)  ^  ^  vy  ^ 

out. 

Al.--- 

(a)  If  we  take  Pi  —^.  —  - — ^llM-  an  option  is  given  which  is 

^  a;:j/(«|) 
not  allowed  for  in  the  calculation.  For  if  (^)  die  early,  (x) 
may  be  able  to  secure  an  equivalent  benefit  at  his  then  age  for 
a  less  premium  than  that  payable  under  this  contract.  Thus  if 
(^)  die,  say,  at  the  end  of  the  wth  year  where  n  is  small,  it  is 
possible   that   P-^  n   <    Pi  -7=:«     A   minor   option   may  also   be 

^  x+n:t\  x:y{t\)  ^  -^ 

exercised  in   respect   of  the    fact  that   the   last    year's  premium 
covers  on  the  average  only  six  months'  insurance. 

(b)  On  the  other  hand,  if  we  make  Pi  --  =  -liA\  a  risk  of 

^  ^  '  x:y{t\)        1  +  a 

xy 

another  kind  is  being  run.     For  if  (^)  be  on  his  deathbed  and  die 
after  but  one  payment  of  premium,  the  office  is  granting  a  <-years 
term  assurance  for  a  quite  inadequate  single  premium. 
The  former  method  is  probably  the  better. 

9.  To  find  the  value  of  an  assurance  payable  only  in, the  event 
of  (x)  dying  within  t  years  after  the  death  of  (^). 
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The  value  of  the  assurance 

vd(l  -I  ^^  +  vU  ,Al  -I  ^,^^■  '    '    •    +v'd.^   .Q  -I  ^,   i) 

_         x<  y        y+y  g+1^  y        y+W x+t-l^  y        y+t-^ 

- '  n  ^  " 

X   y 


+ 


^^'^^IK^,  - '.«+») + "'•^^''x+.^a+u  -  '„+.«*) + 


y+H      y+t+w 


vd  +  v'^d..  +  .    .    .    +  v^d 

X  X+1  X+t-1 


I  I 

X  y 


X   y+i  x+1   y+l^ x+t-l    y+t-}t^  x+t   v+t  +  h^ 

I   I 

X    y 

vH  , ,     vd  , ,  I     ,+  v^d  I        +  .  •  . 

,  g+t  ,,       x+t    y+^  ^         x+t+1    y+H^ 

"*"      /  2     2 

«  x+t   y 

=  AV,  -  Ai    +  -^  Ai. 


xt\ 


xy  D         x+t:y 

X 


x:yil\)  xy 

This  result  is  obviously  correct :  for  the  desired  assurance  is 
equivalent  to  an  assurance  payable  should  (x)  die  before  (i/)  or 
within  t  years  after  the  death  of  (^),  less  the  assurance  payable 
should  (x)  die  before  (y). 

10     Al        =    2v^   a:4-TO-l     y+n-i     z+n-^ 

*!/«  Ill 

X  y  z 

_    y»,7i,   x+n-1       x+n     y+n-l       y+n     g+w-1        z+n 

I  ^  21  21 

X  y  z 

/  I  J  I  II  I 

^    yi^inl     x+n -I    y+n-l    z+n-1         x+n   y+n-l    z+n- 

^^"^  \        m  TTi  — 

X   y   z  X   y   z 

,    x+n-1    y+n-l    z+n         x+n   y+n-l    z+n 


I    I    I 

X   y   z 

I   .     I 


I   I    I 

x    y    z 

I    .      I    .      I 


x+n-1    y+n   z+n-1  _     x+n   y+n   z+n-1 

1 1 1  m 

X   y   z  X   y   z 

x+n-1    y+n   z+n         x+n   y+i 


I   I    I 

x    y    z 


y+n   z+n\ 
I    I  J 


I 

X    y    z 


^  '  \       _    x:y-l:z-l^     x-l:y-l:z        x :y-l :z  ,     x-l:y:z-l 


4,  \    xyz       Py_^.^_^         Px-i:y-i  Py-i  Px-l:z-l 

__       x:y  :z-l  ,      x-1  ly  :z  \ 
Pz^l  ~Px-l     ^ 
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since  ^^n(     ^+^-1    y+n-l    ^+n-l x+n    y+n    z+n\    ^    ^ 

X   y   z  X   y   z 

Formula  (21)  of  the  Text  Book  exceeds  the  above  result  by 


A( 


A        —    3;  :y-l  :g-l  _    x-\  :y-\  :z  _    x-1  :y:z-\         x:y-\:z 
■i  y-l:z-l  "x-1  :y-l  -l  x-1  :z-l  ^  y-l 


a  a 

,        x:y:z-l         x-l:y:z 


) 


Pz-1  Px-1 

which,  however,  is  a  small  quantity. 

The  above  expression  may  also  be  written  in  the  form 
Ai     =  x{A     -v»  (!+«,,        )  +  vp(l+a      ,,    )-\-vp(l+a        ,,) 

xyz        *i     xyz       ^x^  x+l:y:z^        ^y^  x:y+l:z''        -*  «>■  x:y:z+l^ 

since     a        ,  =  ■yp  n^a,,        ),  etc. 

x:y-l:z-l  -^xiy-liz-l^  x-{-l:y:z" 

In  this  form  the  expression  may  be  applied  to  select  tables. 
11.  To  prove  Text  Book  formulas  (22)  to  (27)  inclusive  we  have 

^2  III 

1  xyz 

d  ,      ,/.      ,  d  ,      ,/,      ,/,      , 

—  yij^    x-hn-l    z+n-h  _  y..n    x-^n-1    y^-n-\   g+w-^ 

/    /  /    /    / 

X   z  xyz 

=   Ai  -Ai 

XZ  X1/Z 

^2        _     Vfjra     x+n -11     y        y+n-^     z+n-j         z        z+n-j     y+n-j  \ 

a^/^  /         \  /  /  /  /        / 

xyz  z  y 

d  /I         ,       I         ,         I         ,  I         A 

—  V.,,n    x+n-ll     y+n-i  .      z+n-j      n    y+n-^   z+n-jX 

~  I         \        I         '^        I  II  ) 

X  y  z  y   g 

d  ,      ^   I  ,      ,  d   ,      ,   /  ,      , 

~    ^  I  I         ^  I  I 

X  y  X  z 

/  /  / 

X  y  » 

r=   AI  +A1  -2A1 

xy  xz  xyz 
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A8 


xyz 


d 

2i)W  - 


x+n-\     y        y+n-i 


I   -I 


z+n-i 


I 


I 


I 


^n    x+n-1  _  2j^7j,    x+n-1     y+n-j  _  ^^n    x+n-l     z+n-^ 


I 


I 


+   2d^ 


x+n-l     y+n-^     z+n-^ 


I 


I 


=   A  -  Ai  -  Ai  +  Ai 


xy 


A^ 


xyz 
I   -I 


I 


I   -I 


X  :y?, 


_    v^.TC    x+n-1  /    y+n-i     z       z+n-j  ,      z+n-l    y       y+n-j 


y+n-^     z+n-^ 


I 


I 


d 


^^n    x+n-\l  jy+n-}         z+n-\ 


=    Al  +A1  -Ai 
xy  xz  xyz 


I 


II 
V   « 


) 


(It  should  be  noted  that  therefore  A^  —  =  A  -  A^  ") 

V  X  '.VZ  X  TUZ' 


X  :yz 


xyz^ 


A_L         =    y/>in    z+n-y     x+n-1     y+n-^  y+n-1     x+n-^\ 

W'.z  ^         I         \       I  I         ^         I  I        ) 


«   Ai    +A1 

xyz  xyz 

A_        =    V„ffl   z+n-M     x+n-\     y       y+n-j        y+n-1  _« 
8  z  X  y  y 


x+n-^\ 
I  I 


__    V,  n   z+n-U    x+n-l         y+n-\  _    x+n-1   y+n-^  _     y+n-1    g+n-A 

~        /    \   /    "^    /  ri  n      ; 

z  X  y  X   y  %  X  f 


Al   +  Al    -  Al     -  A  1 
%z  yz  xyz  xyz 


12.  To  find  P2 

xy 


A  -  Ai 

p2      _         X  xy 

a^  l+a 


In  granting  such  an  assurance  by  annual  premiums,  (ly)  must 
be  medically  examined  as  well  as  (x).  For  were  (z/)  in  bad  health 
and  about  to  die,  the  office  would  be  granting  a  whole-life 
assurance  to  (x)  for  P^  ,  which  is  less  than  P  . 

\  y  xy'  x 


m 
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13.  To  find  the  annual  premiums  corresponding  to  the  assur- 
ances in  Text  Book  formulas  (22)  to  (27)  inclusive. 

In  obtaining  the  statuses  for  annual  premiums,  care  must  be 
exercised  that  premiums  are  not  taken  into  account  beyond  the 
period  when  they  certainly  cease  to  be  payable  by  reason  either  of 
the  benefit  being  paid  or  of  the  chance  of  its  payment  having  passed. 

A2 

xyz 
P2        =  1 

1  xz 

Here  both  {x)  and  (^)  must  be  medically  examined. 

A2 

p2        _  xyz 

xyz  1  + «     _ 

x:yz 

A3 

p3        _  a^g 

xyz         I  +a 

X 

In  these  two  cases  all  three  lives  must  be  examined. 

Ai  - 

pi    _    _  x'.yz 

x:yz  l+fl     _ 

x:yz 

The  same  difficulty  arises  as  in  the  case  of  P^  -=^,  since,  e.s.* 

•'  x:y{t\y,'^' 

if  (z)  die  early,  say  during  the  rth  year,  then  possibly 
P^^.—  <  PJ.^    and   an   option   may   be    exercised  against  the 

office.     The  alternative  is  to  make  pi  —   =    - — Xj^yz_  ^j^.jj  ^  corre- 

xyz 

sponding  risk  of  granting  the  benefit  at  an  insufficient  single 
premium,  if  (z),  say,  be  on  deathbed,  (x)  alone  is  medically 
examined. 

P  1         =     Ai^  iz 

hcyi'.z  I  +a 


p 


xyz 

A- 

xy :  z 
3 


xy:2  l+a~ 

3  xy.z 

In  the  last  two  cases  (x)  and  (^)  must  be  examined. 

14.  Another  and  probably  better  method  than  that  suggested 

in  the  Text  Book  of  aj^plying  Simpson's  rule  to  the  calculation  of 

A^  —  and   A—      may  be  pointed  out. 
x:yz  xy'.z         J  ^ 

8 

Ai  -  =  Ai  +A1  -Ai 

X'.yz  xy  xz  xyz 
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Then  finding  lu  such  that  a 


yz 


we  may  write 


Ai  -  =  Ai  +  Ai  -  Ai 


X  '.yz 


xy 


Al 


so 


A-      =  Al  +A1  -Al    -A 


xy:z 


yz 


xyz 


xyz 


Find  w  such  that  a     =  a  _,  and  w'  such  that  a  ,  =  a    ;  and  we 

w  yz'  v/  xz^ 


have  A-      =   Ai  +Ai  -A^    -  Ai 

xry'.z  xz  yz  xw  1/1 

3 


J 


15.  To  find  the  single  and  annual  premiums  for  an  assurance 
payable  on  the  death  of  the  survivor  of  two  children,  ten  and 
fifteen  years  old  respectively,  provided  both  die  before  attaining 
age  twenty-one  during  the  lifetime  of  their  mother,  aged  fifty. 

The  single  premium  is 

D. 


I  Al       +  I  Al 

II  10:50^     6     15:50 


-(, 


6     '10:161  :50 


+ 


D 


16:21:56,     Al 

5     16 :  56 


56/ 


10  :  15  :  50 

To  obtain  the  annual  premium  divide  this  expression  by 

1 6*10  :  60  "^  1 6^15  :  50  ""  1 6^10 :  15  :  50  "^  ^  6^10 :  50V         6-^15^  1 5^16  :  66 


16.  To  find  Al  _ 

ao  :xy 

A\,-  =   Al  -  +  A1  --AJL  _ 

ao:xy  a:xy  h-.x-y  'ah' :xy 

=   (Al  +A1  -Al    )+(Ai  +A1  -a;   ) 

^     ax  ay  axy-f       ^     ox  by  bxy^ 

~  ^     iab^ :  X  "^      iotl :  y  ~      iabi  :  xy) 

=   (Al  +AI-+A1  +A1) 

^     ax  ay  bx  by-' 

-(Al    +A1    +A1    +A1    +A1+AI) 

^     axy  abx  aby  bxy  abx  abiy 

+  (A\    +A1   ) 

^     dbxy  abxy-^ 

From  observing  the  method  of  arriving   at  this   result,    any 


similar  complicated  benefit  of  the  form  A 
be  worked  out. 


abc- 


(m) : xyz • 


(«) 


may 


17.  To  find  A  2 

■wxijz 

A2        =    A2      +A2      +A2 

wxyz  wxyz  wxyz  wxyz 

1  1  1 


(Al    -Al     )  +  (Ai    -Al     )  +  rAi    -Al    ) 

^     wyz  wxyz''       ^     wxz  wx^iz^  '  V     wxv  umiz^ 


--=   (Al    +A1    +A1    ) 

>•     wyz  wxz  wxy-' 


wxyz 

3A1 

wxyz 


wxyz 
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18.  To  find  A3 

wxyz 

A3        =    A2_    +A2   _^  +  A2_v, 
wxyz  w(xy)z  wx(yz)  w(xz)y 

1  1  1 


=   (Ai  -Ai    -)  +  (Ai  -Ai    -)  +  (Ai  -Ai  .-) 
=   {Ai  -(Ai    +A1    -Ai     )} 

*■     wz      ^     wzx  wzy  wzmj^  > 

+  {AI  -(Ai    +A1    -Ai    )} 

I     i«ai       V     ■uja^  wxz  wxvz^ ' 


wxy  wxz  wxyz^ 

+  {AI  -(Ai    +A1    -Ai     )} 
=   (AI  +A1  +Ai)-2(Ai    +A1    +A1   )  +  3Ai 

\     wx  wy  wz^  ^     wxy  wxz  wyz^  wxyz 

19.  To  find  A  4 

wxyz  « 

A4       =    A   -Ai      -A2     -A3 

wxyz  w  wxyz  wxyz  wxyz 

=   A    -Ai      -{(Ai     +A1    +A1   )-3Ai     } 

w  wxyz       *  ^     tflary  wxz  wyz^  wxyz' 

-{(AI  +A1  +Ai)-2(Ai    +A1    +A1   )  +  3Ai     } 

IV     y}x  '       wy  we^  V     wxy  wxz  wyz-'  wxyz> 

=   A    -(Ai  +A1   +Ai)  +  (Ai    +A1    +A1   )-Ai 
Or  A*       =    A    -Ai   — 

wxyz  w  w :  xyz 

=   A    -(Ai  +A1  +Ai)4-(Ai    +A1    +Ai   )-Ai„ 

w      ^     wx  wy  wz^      V     yjxy  wxz  wyz'  wxyz 

20.  Text  Book  formula  (29)  may  be  easily  obtained  in  a  manner 
similar  to  that  already  shown  for  formula  (14)  of  Chapter  X. 


ry  Jq       tl. 


dt 

xy 


a      =     j     vH--j)]ndt 

dx  ^y      Jo    Kdx^'y^^y 

But  as  shown  on  page  212  —^p^  ^  (h-^- l^x+t)tPx 

d         r 

Therefore     -r-d      =     \     vHii  - /x  ,  ,V;?   dl 
dx    ^  J  0  ""     ^x+tjt' xy 

=    a  a    -  Ai 
'X  xy  xy 

And  since     -r-d      =!(«,,      -d     ,     )  approximately 

A}     =    fx  d    +l(d     ,      -  a   ,.     ) 

xy  "x  xy      -^^  x-\:y        x+1 : y^ 
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In  the  same  way,  since 

a       =     I    v^,p    dt 

xyz  J  t^xyz 

vH  -—n  \  p    dt 

=     /     vHix  -a   ,  ^,p     dt 
J  „       ^'x      "x+tjt^xyz 


d    - 

dx   *2/^ 


=    a  a      -  A^ 

'x  xyz  xyz 


»+!  '.yz        x-l  :yz 


)  approximately 


and  since     — a       =  }y(d 
dx   ^^        '^  ■ 

we  have  A^     =  a  a     +^(d    .       -d  ,.     ) 

xyz         'X  xyz      ■^  ^   x-l:yz        x+l : yz-' 

which  is  Text  Book  formula  (31). 


»«^7i.Til 


21.  We   might  obtain  the   expression   for    A^     in   Text    Book 


formula  (40)  as  follows  : — 


xy 


vy 


X   y 


x+t   y+t 


TTJc 

X   y'  ^ 


X    2/ 

c*         1 


(f  +  cv 


«    2/  •'  " 


•^     A 


d^  +  cv     ^ 


22.  Following,  in  the  case  of  Gompertz's  law,  the  method 
adopted  by  Mr  Colenso  with  regard  to  Makeham's  formula  in 
J.  I.  A.y  xxxi.  342,  we  have  this  expression: — 


Ai 
xy 


I  I  Jo 


x+t   y+t 

x  y 

I    I    J  0  x+t    y+t 

X   y 


=    fi  a     (a'     beinor  calculated  at  rate  /  where  — 

'   X    xy  ^     xy  o  j  i 


1 


+j  l+l^ 

~   [L  d'  (a!    being  at  the  same  rate  j,  and  lo  being  such  that 
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23.  Under  Makeham's  rule  for  /x  ,    Text    Book    formula   (38) 
may  also  be  obtained  as  follows  : — 


Ai     =   -J-p  r  vH  ^,  /  ^,  (A  +  Bc^+i)dt 
=   Afl     +  -^  rvH  ^,  /  ^,  Bctdt 

'^  I   I  J  0        x+t   y+t 

X    y 

=    Aa     +  — ^  JL  rvH  ^  /  ,rBf^^+«  +  Bc2/+0^/ 


=   Afl    + 


X    y 
C«  1 


a;   J/ 
c'A-C^  rx        — 

"LJl^Ad     +_^_-(A    -2Aa   ) 

(f-\-cy     ^     c'  +  cy     '^         ^ 
A     -  — —  Aa 


c*      —            C^  —  (? 
A     + loff  s  a   ,  since  A  =  —  log  s 


Also  Ai 

xyz  .  .  .  (m) 


^^ r^'i^.    ^.    ^,        ,  ,(A  +  Bc^+0^ 

Jq       x+t:y+t:2+t:.  .  .(m)\  J 


xyz  .  .  .  (m) 

=     ^%z...  (m)   +     r-^^—    f     ^%+t  :y+t  :z+t...  (m)^^^' 
a^z  .  .  .  (m)  •'  " 

=     \q  _l    . /      ■y^/ 

xyz...(m)       (f +  cy  +  c^  +  .  .  .torn  terms  I  ,Jo      x+t:y+t:z+t...(m) 

xyz  .  .  .  (m)  •'  " 

X  (B(f+^  +  Bcy+^  +  B(f+^  + .  .  .  to  m  terms) rf/ 


a^3...(m)  "^  c^  +  f,2/4-c«  +  .  ..  to  m  terms  /  ,Jo      ^+<:2/+«:2+«.-- W 

%  X2/2  .  .  .  (m)  "^  " 

X  (/^a;+i  +  ^y+f  +  f^z+t  +  •  •  •  to  »i  terms  -  mA)dt 

qX  

=    Aft  ,  H r A  ^  —  mAd  ,  J 

3,1/2  .  .  .  (m)  c*  +  C^  +  C^  +  .  .  .  to  Wl  terms  ^     xyz...(m)  xyz...  (my 

C*  -r 


c*  +  c2/  4-  c^  + .  . .  to  w  terms    a^^: . . .  (m) 


mc^  -  (c^^  +  c^  +  6'^  + .  .  .  to  m  terms)     _ 

(f +  cy  +  (f  +  '  .  .to  m  terms  a«/2 . . .  (m) 
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(putting  c^  +  cV  +  c^^  +  .-'tom  terms  =  mc'",  and  a^^       ^^^^  =  a^^^       ^^j) 

+  { 1  )  loff  5  ff  ,  . 

Vc'"'  /  www  .  .  .  (m) 


-^A 

^^w     wwie  .  . .  (m) 


d 


24.  Mr  Colenso  in  the  paper  already  mentioned  deduces  the 
following  expressions : — 


Ai 

xy 


=  —  r 

Wo 


"'U'^/A  +  B^^+Orf^ 


x+t    y+t 


=    Aa     +   T—r  I     v^d 


/       /      dt 


=   Afl    +  (/x  -  A  V' 

xy      ^'  X  ^     xy 

(a'     beinff  calculated  at  rate  /  where .  = A 

=    ha      +  C/x  -  A)a' 

r«'       beins:  at  the  same  rate  ;,  and  w  such  that  u  +u  =2u  ) 
=  -  log  *  a      +  (u  +  log  s\a        since  A  =  -  log  *. 


Similarly 


Ai 

xyz 


=     -  log  *  fl        +  (a  -f  log  s)a' 

o         www        V^j;  "    /      wtvi 


And  generally 


xyz  .  .  .  (7n.) 


-  log  s  a  ,  X  +  Cm  +  log  \)d ' 

"        www .  . .  (m)      ^'  X  »    /     . 


www  .  .  .  (m) 


Mr  Colenso  gives   tables   of    -  log  ^  ^       ,  log   (ja  +  log  s),  and 
log,„a'  from  which  values  of  A^      may  be  easily  calculated. 

oio      www  xyz  •'  •' 

Basis  :  Carlisle  Table  of  Mortality,  rate  of  interest  3  per  cent. 


25.    TcxL  Book  formula  (41)  may  be  obtained  thus :- 


i 
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A__J__ 

'xyz  .  .  ,  (m)' :  abc  .  .  .  («) 

= ^ /      v^l  I 

I  x+t:y+t:z+t...(m)a+t:b+t:c+t...(n) 

xyz  .  .  .  (m)  .  abc  .  .  .  (n)  •'  " 

X  {mK  +  B(6-^+«  +  c2/+«  +  c^+«  +  ...  to  m  terms)  }rf^ 
^    y^^^  , c^  +  c^  -t-  c^  -I to  y;z  terms 


ari/2 . . .  (m) .  a5c . . .  (71)         c^  +  c^/  +  c^  +  •  •  •  to  7w  terms  +  c«  +  c^  +  •  •  •  to  w  terms 
X /    vH  I 

I  f.       x+t:y+t:z+t...(m)a+t:b+t:c+t.    .  (») 

'xyz  .  .  .  (m)  .  abc  .  .  .  (n)-'  " 

"^  /^o+t  "^  /^6+«  "^  f^c+t  +  *  *  •  to  w  terms  -  (w  +  »)A}</< 


c*  +  c^  4-  f^  +  •  •  •  to  wi  ter 


ms 


c-^  +  cz/  +  c^  +  •  •  •  +  c"  +  c''  + .  .  .  to  (m  +  n)  terms     a^/zoftc . . .  (m+n) 

w(f^  +  c^  +  c^  +  •  •  •  to  m  terms)  -  m(c^  +  c^  +  .  - .  to  n  terms) 
c*  +  cJ/  +  c^  + .  •  .  +  c«  +  c^  + .  . .  to  (?«  +  w)  terms 

X    lo*?  J  a      ,         .    ,   . 

c>        xyzaoc  .  .  .  (m+n.) 

since    A  =    -log*. 

26.  TV.r/  Book  formula  (42)  may  be  obtained  directly  in  a 
manner  which  throws  light  on  the  ordinary  assurance  of  the 
same  kind  proved  in  Text  Book,  Article  21. 

The  benefit  may  be  divided  up  as  follows  : — (1)  An  assurance 
of  1  payable  at  the  moment  of  death  of  Qv)  provided  (^)  be  then 
alive,  and  (2)  a  temporary  assurance  for  t  years  to  be  entered  on 
by  (.r)  at  the  death  of  (^).     Thus 

A^-;7f,   =   Ai  +-J-J-  /    vH  ^    I  ^  fJ-  _^  A-1-   -r^^n 

■^^xiyit])  xy      I    I       n         '"+"'   y+'i^'^V+n     x+n:t\ 

X   y  ''  ^ 

—  1       /"*  —  — 

=   Ai  +  7-7- 1    W  ,    /  ,    u  ,   (A  ,    -  v\p      A  ^    ,  ')dn 

*J'       I   I    I  n        x+n   y+n'y+n^     x+n  t^  x+n     x-^-n-rt-' 

X   y'  ^ 

=    Ai  +  A2  -  -r^        i'"^  o.,^    '  a.  /^  ..    A  ^,_^  dn 

xy  xy        I        I     ]  f.         x+t-i-n   y+n^y+n      x+t+n 


=   A  -v\p  A-4t 

X  t^  X      x  +  t 


+t:y 


=   \ — D^(^x+t-^iTT:P 
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EXAMPLES 


1.  Find   an  expression    for   A^     on   the    assumption   that   the 


xy 


chance  of  (x)  and  (j/)  dying  in  the  same  year  may  be  neglected. 
For  the  complete  value  of  A^   we  have  the  formula 

^  xy 

Ai    =  2v'^{(     ^p  -    p  \  p  +i^(     -.P  -    ?j)(     -.P  -    /Ol 

xy  i^n-l-'x      n^-xjn^y       -^^n-l^x      n'  x-'^n-l^  y      n'^  y^' 

But  as  the  chance  of  both  deaths  occurring  in  the  same  year  may 
be  neglected,  we  omit  the  second  term  in  the  expression,  and  we 
have  for  the  value  of  A^    under  the  conditions  specified 

xy  ^ 


2v'Y     ,p  -    p  )  p 


x-l:y 


—  a 


Px-: 


xy 


This  benefit  is  of  use  when  studying  formula  (11)  of  Text  Book, 
Chapter  XIV.,  and  its  modification  in  formula  (14). 


2.  Given  the  values  of  single-  and  joint-life  annuities,  find  the 
annual  premium  payable  during  the  joint  lives  of  (.r)  and  (y)  for 
an  assurance  payable  on  the  death  of  the  last  survivor  of  (.r)  and 
(t/),  but  half  the  sum  assured  to  b6  payable  on  each  death  if  (x) 
dies  before  (^). 

Do  you  see  any  objection  to  making  the  premium  payable 
during  the  life  of  the  last  survivor  ? 

The  benefit  splits  into  two  parts  :  where  {x)  is  the  survivor  the 
assurance  is  payable  on  his  death,  and  where  {y)  is  the  survivor 
half  is  payable  on  each  death.     Therefore  the  whole  value  is 

A2  +1A1  +1A2 

xy  *   ^     xy       ^     xy 

=   (A  -Ai)  +  iAi  +i(A  -Ai) 

^     X  xy-'       ^     xy       ^^     y  xy^ 


=   A  +1A. 


rA 


xy 
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As  the  premium  is  to  be  payable  throughout  the  joint  lives  the 
payment  side 


=    P(l+%) 


and  P    = 


1  -d(l+a  +|a  -la   ) 


1  +a 

xy 


The  objection  to  making  the  premium  payable  throughout  the 
life  of  the  last  survivor  is  that,  if  (x)  were  to  die  in  the  early  years 
of  the  contract,  then  (j/)  might  be  able  to  secure  the  benefit  of 
i  payable  on  his  own  death  at  a  smaller  premium,  provided  he 
were  in  good  health. 

3.  Deduce  a  formula  for  the  annual  premium  for  an  assurance 
payable  if  a  life  aged  x  dies  within  the  next  five  years,  or  if  he 
lives  five  years  and  dies  after  another  life  now  aged  y. 

The  first  part  of  the  benefit  is  AJ..^;  for  the  second  part,  if  (y) 
also  lives  the  five  years,  we  have  v^^p  A^.-— ,  and  if  (?/)  dies 
within  five  years,  v'^  p  (1  -  ^p  )A^  .  Therefore  the  whole  benefit 
is 

=   A  -v-\p  A  ,^  +  v^j)   (A   ,,-A4-R.-rE) 
+  v^^p  A  ,  ^-v^^p   A  , . 

5'  z     x+5  5'  xy     x+5 

=   A  -v\p   A-^^  -- 

X  5^  xy     x+b  :y+o 

Similarly  the  payment  side  is 

=    Pa 

X 

A  -v^^p   A^.-— 

HI)                 X          b*^  xy     x+b.v+o 
eiice         r    =    -^       — ^-!— 


a 

X 


4.  Express  the  value  of  an  annuity-certain  for  n  years,  payable 
quarterly,  to  begin  to  run  at  the  death  of  (x)  if  he  die  after  (j/). 
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On  the  required  contingency  happening  the  value  of  the 
annuity  is  j^^^n  calculated  at  rate  of  interest  — .  Therefore  the 
value  of  the  annuity  at  the  present  time  is 

5.  Deduce  a  formula  for  the  annual  premium  for  an  assurance 
payable  on  the  death  of  (.r)  if  (^)  has  died  five  years  or  more 
before  him,  the  premium  to  be  payable  during  the  currency  of 

the  assurance. 


m 


The  benefit  here  is  equivalent  to  an  assurance  on  (x),  less  an 
assurance  payable  if  he  dies  before  (//)  or  within  five  years  aft 
(^),  that  is 

A  -Ai.-— 

a;  a;:  J/ (5) 

The  premium  will  be  paid  throughout  the  whole  of  (xjs  life, 
and  the  payment  side  is  equal  to 

A.-A1.--T 
whence  P   = 


x:y{5\) 


1  +a 


6.  State  a  formula  for  the  animal  j)remium  for  an  insurance 
payable  /  years  after  the  death  of  (ai),  if  (j/ )  has  survived  him  and 
died  before  the  end  of  the  t  years. 

Benefit  side 

I  1  ^         ti  v+n-h-f 


I 

X 

d 


d 


^  X  y  X  y         ^ 

=   v'CAi  -,p  Ai   — ) 

^     xy      tl  y     x:y+U 

The   premium  will  be  payable  so  long  as  ( //)  survives  jointly 
with  (x)  and  for  I  years  after  (^)'s  death,  if  (j/)  lives  so  long. 

Therefore  payment  side  =  P(l+a  .^tin) 
Equating  the  two  sides  we  have 

vHA}  -,p  Ai   — ) 

^     xy      t'^  y     X  :  y+U 


P    = 


1  +«     ZTtT^ 


i 


4- 
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7.  Give  the  formula  for  the  single  premium  for  an  assurance 
payable  at  the  death  of  the  last  survivor  of  (x)  and  (y),  if  that 
occur  in  the  lifetime  of  (s),  or  within  t  years  after  the  death 
of(^). 

A—    -— -    =    Ai      _.  _L  Al    ___  _  A _1_    ___ 

(a    --^(A  ,,-AJ-    )] 

_    ( j^  x+t  :  y+t  /  ^  -A-i-    -A -i-      "il 

\      xy  D  x+t:y+t  x+t:y+t:z  x+t:y+t:zJ  f 

\.  xy  J 

8.  Find  the  annual  premium  for  an  assurance  payable  at  the 
death  of  (x),  unless  (^)  die  within  the  first  n  years  and  in  the 
lifetime  of  (.r). 

To  get  the  benefit  we  must  deduct  from  the  ordinary  assurance 
on  (x)  the  value  (1)  of  an  assurance  payable  should  Qc)  die  after  (y) 
within  n  years,  and  (2)  of  an  assurance  payable  should  (x)  die  after 
n  years,  (^)  having  died  within  n  years. 

The  benefit  side  is 

A  -{I  A2  +(1-   p)    \A\ 

x       '■\  n     xy      ^         n^  y-'  n\      x' 

=   A-i   A+i   Al-    \A  -\-v^  p   A. 

X      \  n     X      \  n     xy      n\      x  n^  xy     x+n 

=     \    A^    +V^   p     A    , 

I  n     xy  n^  xy     x+n 

which  is  correct,  being  the  assurance  payable  should  (x)  die  before 
(j/)    within   n  years,  or  should  (x)  die   after  n  years,  (^)  having 
survived  that  period. 
The  payment  side  is 

P(l  +a     — Ti+^"  pa,) 

^  xy:n-l\  n^  xy  x-^ny 

\    A}    +V'^   p     A    , 
And    P   =  \n     xy  n^  xy     x+n 

1  +  fl      — r^  +  v'^  p    a   , 

xy:n-\\  n^  xy   x+n 

9.  Find  the  annual  premium  for  an  assurance  on  the  life  of 
(.r),  the  policy  money  to  be  payable  at  death  or  on  the  expiry  of 
n  years,  provided  that  in  either  case  two  other  lives  (j/)  and  (z) 
are  then  in  existence. 

R 
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The  benefit  side  is 

I  Ai    +v'^  p 

\7b     xyz  ni  xyz 

And  the  payment  side  is 

P(l+«  ) 
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Hence 


I  A^    +u«.  „ 

p    \n     xyz 71.^  xyz 

~       1+a       — -. 
xyz:n-l\ 


10.  Give  the  formula  for  the  annual  premium  for  a  temporary 
assurance  of  1  payable  in  the  event  of  {x)  dying  before  (^)  within 
n  years,  {z)  having  died  previously. 


The  benefit  side  is 


I  A2      = 

\n     xyz 
1 


I  Ai  -I  Ai 

\n     xy      \n     xyz 


The  assurance  will  not  cease  on  the  death  of  {z),  and  therefore 
that  life  does  not  come  into  account  in  settling  the  currency  of 
the  payment  side,  which  accordingly  is 

P(l+«  ) 

I  Ai"-|   Ai 
And  P   =    ^'"'    "^      '^    ^" 


1+a 


xy  :m-l| 


11.  Deduce  the  annual  premium  for  an  assurance  payable  on 
the  death  of  (x)  if  he  attains  age  x  +  n  and  dies  before  ( y)  and 
after  (z),  the  premium  to  be  payable  throughout  the  whole  period 
of  the  status. 


The  benefit  side    =      lAi  -    lAi 

n\     xy      n\      xyz 


As  in  the  previous  question  the  death  of  (z)  will  not  disturb 
the  continuance  of  the  assurance,  and  therefore  the  premium  will 
be  payable  so  long  as  (x)  and  (^)  jointly  survive.  The  payment 
side  is  accordingly 


P(l+«   ) 

V  xy^ 


and  P    = 


lAi  - 


lAi 

xyz 


1  +  a 


xy 


12.  How   would   you   arrive    at   the    animal   premium   for   an 
assurance    payable    at   the    death   of  the    last   survivor   of   three 


CHAP,  xiii.]  TEXT  BOOK— PART  II.  259 

lives  aged  40,  50,  and  60  respectively,  provided  a  life  aged    20 
is  dead  before  the  happening  of  the  death  of  the  survivor  ? 

The  benefit  side        =    A„„  -rrc-^ri — t.  =  A -A I - 

20:40:50:60  40:50:00  40:50:60:20 

The  payment  side    =    P(1+^^q.^q.J 

A. 


Hence       P    =         40  :  so  :  go  40  :  50  :  60  :  20 

"^  ^40  :  50  :  60 

and       A       ^  =Al        -4-Al        -l-A^        — Al 

rtiivx      j^^^  :  60  :  60  :  20  40  :  20  "^      50  :  20  "^      60  :  20  40  :  50  :  20 

-A      1       -Ai  -A      1       -Ai 

40:50:20  40:60:20  40:60:20  50:60:20 

_AliAl  4.AI  -4-A  1 

50  :  60  :  20  "^      40  :  50  :  60  :  20  "^      40  :  50  :  60  :  20  "^      40  :  50  :  60  :  20 

13.  A  sum  of  1  is  to  be  divided  among  such  of  the  existing 
children  of  a  widow  aged  iv  as  may  be  alive  at  her  death.  What 
is  the  share  of  (.r),  («)  assuming  that  there  are  two  children  aged 
X  and  1/  respectively  now  alive,  (b)  assuming  that  there  are  three 
now  alive  aged  x,  ^,  and  2  respectively  } 

(rt)  If  both  (.r)  and  (y)  are  alive  at  (w;)'s  death  then  (x)  receives 
|,  but  if  (y)  has  died  previously  (x)  receives  1.  Therefore  the 
value  of  (xjs  share  is 

Ml     4-A2 

^     wxy  wxy 

1 

=  4A1    +(Ai   -Ai    ) 

•*     wxy      ^     wx  wxy^' 

=   Ai   -lAi 

wx       ^     wxy 

{I))  If  all  three  are  alive  at  death  of  (?/;),  {x)  receives  4 ;  if  (x) 
and  one  other  only  are  then  alive,  he  receives  i ;  and  if  he  alone 
is  alive  at  death  of  (w),  he  receives  1 .     Therefore  his  share  is 
4A1      +i(A2      +A2     )  +  (A3     +A3     ) 

"     wxyz       -  ^     wxyz  wxyz^       ^     wxyz  wxyz-' 

1  1  21  12 

=    lAi      +irAi    -Ai      +A1     -Ai     ) 

•i     wxyz       "  V     wxz  wxyz  wxy  wxyz-^ 

+  (Ai  -Ai    -Ai    +A1     ) 

^     wx  wxy  wxz  wxyz^ 

=    AI   -l(Ai    +A1    )  +  iAi 

wx       -  ^     wxy  wxz^       «*     wxyz 

14.  Given  four  lives  (.r),  (a),  (Ji),  and  (c),  find  the  value  of  an 
assurance  to  yield  at  (cr)'s  death  £1000  if  one  and  only  one  of  the 
lives  {a),  {b),  and  (c)  shall  have  predeceased  him,  and  £3000  if 


"H 
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two  and  only  two  shall  have  predeceased  him.     The  expression  is 
to  be  reduced  to  assurances  which  determine  on  the  first  death 

The  value  of  the  assurance  is 
1000A2  ,  +  3000 A3  ^ 

xaoc  xcwc 

=    1000(Ai    +A1    +A\  -3A1    ) 

^     xdb  xac  xhc  xabc'' 

+  3000(Ai  +A1  +A1  -2A1    -2A1    -  2Ai    +3Ai     " 

^      xa  xh  xc  xao  xac.  xoc  xaoc- 

=   3000  (Ai  +A1  +An-5000(Ai    +A1    +Ai  )  +  6000Ai 

^     xa  xh  XC''  ^     xao  xac  xoc-'  xaoc 

m 

15.  Three  partners,  A,  B,  and  C,  aged  respectively  30,  35, 
and  40,  possess  a  capital  of  £10,000,  and  their  proportionate 
interests  in  the  business  are  2,  3,  and  5  tenths.  How  would  you 
calculate  the  premium  for  an  assurance  to  cover  the  risk  of 
having  to  pay  out  the  representatives  of  the  partners  who  may 
happen  to  die  first  and  second  ? 

The  value  of  the  assurance  required  is 

2000A1  .— —  +  3000A1    -_  +  5000Ai 


80:35:40  '  85:80:40  '  40:80:35 

It  would  be  advisable  that  three  separate  policies  should  be 
effected,  either  by  single  or  annual  premiums,  one  for  each  part 
of  the  above  benefit.  If,  however,  one  annual -premium  policy  is 
essential,  the  payment  side  will  be 

P(l+«80T8rT^)     =     P0+«30:35  +  «30:40  +  «35:40-2«30:35:40) 

2A1    ^,_^  +  3Ai    __  +  5Ai 


Hence  P     =     1000  ^^-^^'^^    35:80:40  40:30:35 

^  +  ^30  :  35  +  "so  :  40  +  ^35  :  40  ~  ^^30  :  35  :  40 

It    is    possible    that    under    such   a    policy   an   option  may   be 

exercised  against  the  office  in  the  event  of  one  of  the  lives  dying 

early,  say  C  in  the  first  year.     The  premium  for  the  remainder  of 

2000A1    .^  +  3000Ai.^^ 
the  benefit,  viz.  ^Ar^ ^^^,  will   probably   work   out 

^+^31:86 

at  less  than  P  as  found  above. 


16.  Give  a  formula  for  PgQ. f^pr^  the  annual  premium  for  an 
assurance  on  (30)  payable  in  the  event  of  his  dying  within  10 
years  or  before  (60). 


^ 
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The  benefit  side  is 

A^    = —   =   Ai    -  +  A1       -Ai        - 

30:10|:60  30 :10|^      30:60  S0:60:10| 

The  premium  will  be  payable  so  long  as  (30)  survives  jointly 
with  the  survivor  of  10  years  certain  and  of  (60),  and  for  the 
payment  side  we  have 

P 1   .^kTTT.  X  a„.  =- 


S0:10|  :60        30:10|  :60 

"^        80  :  ioj  :  60  v^30  :  lO]  "*"  ^30  :  60  ~  ^^30  :  60  :  io^ 

Therefore         Pi    =— -   =    ^30 : lo]  +  ^30 : 60  -  ^30 : 60 :  ioj 
30:10:60  a      — +  a  -a  — 

30  :  10|  ^    30  :  60        30  :  60  :  lOj 

With  the  premium  payable  during  a  status  such  as  this,  it  is 
possible  for  an  option  to  be  exercised  against  the  insuring  office 
in  the  event  of  (60)  dying  within  10  years,  say  at  the  end  of  the 
tth  year.  For  at  that  date,  provided  (30)  is  in  good  health,  he 
may  obtain  an  equivalent  benefit  for  PgoVr  .jQ—n  which  might  be 
less  than  the  premium  found  as  above.  On  the  other  hand,  it 
would  not  do  to  make  the  premium  payable  so  long  as  (30),  (60), 
and  10  years  certain  survive  jointly,  unless  evidence  as  to  the 
health  of  (60)  were  produced.  For  if  (60)  were  dying,  then  (30) 
would  secure  a  short-term  assurance  for  10  years  for  a  very 
inadequate  single  premium. 

17.  Use  Mr  Colenso's  tables  (J.  I.  A.,  xxxi.  354-6)  to  find  the 
value  of  A^,.^,,.^,,   and   ( «')P3^,  ^  .^  :  79 

^85:72:79     =^      "  ^^^  *  «35  :  72  :  79  +  (/^35  +  ^^^  *K35  :  72  :  79 

=      -  log  .V  «7,.73  .  .^.,3  .  ,,.73  +  (/X35  +  log  .9)«'^^.^3  .  ^^.„3  .  „^.^3 

since     /^35  +  /^72  +  /^79  =    -01020  + -06558  + -11692 

=  -19270 

=  ^/^7l-73 

Now      -log*«^,.^3^^^.^3^7^.„3   =    -02930 
and  log^^(/x3^  +  log*)   =    3-29072 

>         l^Slo" '71-78: 71-73: 71-73    =       '^^^^^ 

3-97277    =   log^(j-00939 


262 


ACTUARIAL  THEORY 


Therefore    ^^..^c^.^^^   =    -02930  + -00939 


[chap,  xrii 

41 

=    -03869,  or  £3,  17s.  5d.  %  very  nearly, 


85:72:79  J  +  ^ 


Ai 

35:72:79 


approximately. 


35  :  72  :  79 

03869 


4-053 
=    -00955,  or  19s.  Id.  %  very  nearly; 

18.  Investigate  an  expression  for  -— «  _ ,  and  show  what  approxi- 
mate conclusion  this  leads  to  on  the  assumption  that  Makeham's 
law  holds. 


dx 


-a  —.    =    -p-/     v\p 


dt 


=    -/"'''0',+.-^)t''' 

•'0  'x 

fn  fn 


=    art—-  A^-f 
f^ X   xn\  xn\ 

On  Makeham's  hypothesis  /x  .^-j"-,  =Bc^(c''-  1),  and  therefore 


d  P^ 

-—d-=  -Bc^      vHd  -  1),«  dt 

dx   *»l  Jo  ^ 


Considering  the  definite   integral,   we    see    that  it   represents 
either 

(a)  The  value  of  a  temporary  annuity  with   increasing  pay- 
ments ;  or 

(6)  The  difference  between  the  values  of  two  uniform  annuities, 
one  calculated  at  the  ordinary  rate  of  interest,  say  i,  the  other 

1  c 


calculated  at  rate  j  such  that 


i+j     r+i 


4 
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19.  Show    that   on    Makeham's    hypothesis    A^      =    ^^^ 

•^  ^  ^2/2         Slog  s-8 

for    all    values    of    x,    y,    and    z,    which    satisfy    the    equation 


log*            H'^  +  ^ogs 

Since 

8 
logs 

= 

y-^  +  ^ogs 

= 

B(2c''-cy-c') 

= 

2c^-cy-c' 

Therefore 

Sc* 

= 

log*(2c^-cV-c^) 

= 

log*{3c^-(6'^  +  ci/  +  c'~)} 

c^  +  cy+c^ 

= 

c^(31og*-6) 
loff* 

But  by  Text  Book  formula  (41) 

fjt         ^  _j_  (7^  _  2c* 

A^      =    '■ A      — —  \os,s  a 

xyz        ff!  +  cy  +  (f    xy^     c^  +  cv  +  c^      ^     ^y 


substituting  1  -  M^^^  for  A^^ 

c»  c«         ,  c'^  +  c^-2c*, 

od      r    \os.s  a 


(^^cy  +  (f    (^-\-cy  +  (f    ^2/2     c^+cy+c^      '^     ^^' 


substituting  for  Sc^  its  value  as  found  above 


(f 


=    c^ 


c^  +  cy  +  (f 

logs 


c^(31og.s-S) 


log* 
Slog  s-8 
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20.  Find  an  expression  for  -—  a   . 

^  di     ^ 


d     - 

di     ^y 


dv  d    _ 

Ti'dv^'^ 


dvrd_ 
~    diJodv     *^^y 

/■CO 

=     —v\     tv^,  p   dl 
Jo      '^^ 


=     -vCla) 


xy 


21.   Give  a  formula  for  the  fine,  to  be  paid  as  a  single  premium  ^ 
at  the   outset,  for  the  option  to  increase   at  the  end  of  n  yeari»|| 
without  further  inquiry  as  to  health,  the  sum  assured  by  a  survivor- 
ship policy  payable  only  in  the  event  of  (x)  dying  before  (y). 


If,  on  the  option  being  exercised  at  the  end  of  n  years,  the 
premium  to  be  paid  is  to  remain  at  the  rate  of  P^       per  unit  for 

the  future,  the  difference  between  that  premium  and  the  premium, 
which,  looking  to  the  effect  of  selection,  should  be  charged, 
(P  1  ^__),  is  (P_L_.^__-Pi  Y  The  whole  value  of  this 
difference  for  the  period  after  n  years  is  then 


m 


D 


[x]+n  :  [y]+n  rp l_ J  P  1 

D  [x]+n:[y]+n         [x][y] 

[x][y] 


)(!+« 


lx]+n:[y]+n 


)• 


J 


If,  however,  when  the  option  is  to  be  exercised,  the  premium 
to  be  paid  is  that  for  a  similar  benefit  at  the  then  ages,  we  must 
substitute  for  P^^,,  ,  in  the  above  formula  the  premium  P|  ^ 


[x][y] 


[x+n][y+nY 


22.  A  select  life,  (x),  desires  a  contingent  insurance  against  (?/) 
with  the  proviso  that,  if  he  be  alive  at  the  death  of  (?/),  he  shall 
have  the  option  of  converting  his  policy,  as  at  the  next  renewal 
date,  into  a  whole-life  assurance  at  the  ordinary  annual  premium 
applicable  to  his  then  age  without  medical  examinatioji.  Obtain 
an  expression  for  the  net  annual  charge  required  for  this  option. 

If  the  option  is  assumed  to  be  exercised  at  the  end  of  the  ^th 
year  its  value  is 


(p, 


lx]+t 


V 


>r 


[x+ty  [x]+t 
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and  the  probability  of  its  having  to  be  exercised  then  is 

t-l\^ly]tP[x] 

Therefore  the  value  at  present  of  the  option  in  respect  of  the 
tih  year  is 

^  t-l\^[y]tP[xi<^[x]+t  ~     {x+ty\x\+t 

Summing  this  for  every  value  of  t  and  dividing  by  a         we 

obtain  the  addition  to  the  ordinary  premium  to  cover  the  option 

*[«][2/] 
^t-l\%iy[x]+t-^[x+t^^\x]-  \}t) 

%ly] 

23.  Show  how  to  find  approximately  the  net  annual  premium, 
on  the  basis  of  the  Makeham  graduation  of  the  Carlisle  Table, 
at  3  per  cent,  interest,  for  an  assurance  payable  in  the  event 
of  (x)  predeceasing  (y),  (1)  (.r)  only,  and  (2)  both  (.r)  and  (y), 
being  resident  in  a  foreign  country.  It  may  be  assumed  that  the 
extra  risk  is  represented  in  the  case  of  a  single  life  by  a  constant 
addition  of  "01  to  the  force  of  mortality  at  all  ages. 

where        ^'ly  =   f  ^^\P,tP/x+t^^ 


=     f^'^'tP.tPyO'.+t+'^^y^ 


=   A'l  +'01d' 

xy  xy 

both  A'l    and  a'     being  calculated  at  a  special  rate  of  interest  ; 

xy  xy  ^  I  t/ 

1  r 

such  that :  =  —— -,  where  -logr  ==-01. 

l+j       1-03  '^ 


roo 

Also  a'      =--    I    'o\p'  ,p  dt 

xy  J  t^  X  try 

_     I     v^r^j}  ,p  di 

I  t^  xt^  y 

Jo  ^ 


=   a'      found  as  above. 

xy 
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(2) 


when 


(oo)p"l        _ 
xy 


xy 


+  a 


xy 


xy 


4?'  *p'  P-'  . ; 

t^  xti   y'    x+t 


J  C 


=    A"i  +-01a' 


xy 


xy 


both  A"i    an 

xy 

d  a"      beinff  calculated 

xy             ^ 

1            r2 

where  —  loffr=-01. 

\+j  ~~  1-03' 

CJ 

Also 

^"xy     =      f/iPxiVy^lt 

rra 

J  0              '^  ''' 

■=   a'      as  above. 

at  rate  j  which  is  such  that' 


CHAPTER    XIV 
Reversionary   Annuities 
1.  The  temporary  reversionary  annuity 

I  n   2/ 1  a;       \n   x       \n   xy' 

where  (.'r)*s  chance  of  receiving  payments  is  confined  to  the  first 
n  years,  must  not  be  confused  with  the  annuity  to  (x)  after  (^)  for 
life  which  is  to  be  entered  upon  only  in  the  event  of  (^)  dying 
within  the  first  71  years.  To  obtain  the  latter  we  must  deduct 
from  the  reversionary  annuity,  a  1^  the  reversionary  annuity  after 

71  years  should  both  lives  survive  that  period,  v'^  p    a  ,    \   ,   .     Its 

•z  *  '      n^xy    y+n\x+n 

value  will  therefore  be 

(a  -  a   )  -  v'^  p   (a  ,    -a  ,        ,   ) 

V  X         xy''  n^  xy^  x+n         x+n  :y +'»,■' 

This  again  is  different  from  the  deferred  reversionary  annuity 

n\    y\x  n\    X      n\    xy 

=    v'^  p  (I  -    p)a  ,    +  v'^  p   a  ,    I    . 

n^  x^         n'  y-'   x+n  n*  xy   y+nlx+n 

under  which,  as  pointed  out  in  Text  Book,  Article  5,  it  is  not 
necessary  that  both  lives  should  survive  the  period  of  deferment. 

Another  benefit  to  be  distinguished  from  the  foregoing  is  the 
annuity  to  commence  on  the  death  of  (j/)  and  continue  during  the 
subsequent  lifetime  of  (.r),  but  in  any  event  to  the  end  of  w  years 
certain  from  the  present  time.  This  is  a  reversionary  annuity 
on  n\  after  (j/),  a  1—,  together  with  a  deferred  reversionary  annuity 

on  (x^  after  (y\    irt  1   ;  then 

a  1-7+    \a  I     =  (a—-a—^-\-(  \a  —    |«   ) 

y\n\       n\    y\x  ^   n\         yny       Mi  |    a;      n\    xy^' 

Finally,  this  is  different  from  the  annuity-due  to  run  for  n  years 
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certain  after  the  death  of  (^y),  and  for  so  much  longer  as  {x)  may 
live,  the  value  of  which  is 


D 


2.  To  find  the  annual  premium  for  an  endowment  assurance  to 
(.r)  payable  at  age  Qv  +  n)  or  previous  death,  the  premium  to  be 
doubled  in  the  event  of  the  death  of  (^)  before  Qc)  during  the 
n  years. 

We  have  benefit  side    =   A  -, 

xn\ 

Payment  side   =    ^Cl +o^:SrT[)  +  Px  L.,«„|^ 


Whence     P 


-«         Ti) 

xn\ 


l  +  2a 


x:n-l\  xy:n-l\ 

The  difficulty  arises,  however,  that  if  (^)  die  early,  say  in  the 
^th  year,  Qc)  may  then  obtain  his  benefit  at  a  premium  of 
P   . .  — r.   which  miffht  be  less  than  2P  as  found  above,  and  the 

office  would  not  in  this  case   obtain  the    premium   on   which  it 
reckoned  in  making  the  contract. 

3.  To  find  the  proportions  in  which  the  purchase  price  of  a 
last-survivor  annuity  on  (x)  and  (?/)  should  be  paid  by  them. 

Each  is  entitled  to  half  the  annuity  during  the  whole  of  his 
life,  and  to  the  remaining  half  for  the  period  succeeding  the  death 
of  the  other  life.     That  is,  (x)  is  entitled  to 


K  +  i« 


2/l« 


I  -  Aa 

X         ^     i 


xy 


and  (_y)  is  entitled  to 


i 


^fi+ha 


-    x\y 


=    a 


_1 


a 


Now 


a  -  la    +a  -  la      =    a  +a  -  a 


xy 


xy 


xy 
y        xy 


xy 


which  is  the  whole  purchase  price.     Therefore  (.r)  and  (j/)  must 
pay  (a  -la   )  and  (a  -la   )  respectively. 

i.    •>    \  X       ^    xy''  y  xy^'  '^  •' 

4.  To   find  the  value  of  a  last-survivor  annuity  on  (ai)  and  (^) 
which  is  to  be  reduced  by  half  at  the  first  death. 
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The  whole  annuity  is  payable  durinjr  the  joint  lives,  but  half 
only  during  (.r)'s  life  after  (^y),  or  (y)'s  life  after  x.  Therefore 
the  value  is 

a    +  ia  I    +  i«  I      =    Ua  +  a  ) 

xy      ^    y\x       ^    x\y  ^"^   x         y' 

which  is  obviously  correct. 

5.  The  identity  proved  in  Text  Book,  Article  18,  may  be  very 
easily  demonstrated  by  working  from  expression  (1)  to  expres- 
sion (10). 

=   ^;^.7,  +  ^Vx('7,  +  i|'7,)  +  ^'3/'/7,  +  i|7,  +  2|7,)+  etc. 
=  ^-O+^/'.+i+^V.+i+^tc.) 

X   y 

X   y 

vH      d    „ 

X   y 

+    etc. 

X    y 

6.  In  Text  Book,  Article  19,  the  effect  of  a  change  in  the 
mortality  to  which  (^r)  is  subject  is  pointed  out.  But  similarly 
the  mortality  experience  of  the  two  lives  may  be  assumed 
throughout   to  be    that   shown  by  two  separate  tables.     Thus  in 

the   annuity  «  I  j   the    assumption   may   be    made  that  the  O 

Table    shows   the  mortality   of   the    class    to    which    (x)    belongs 

and  O^"^^  that  of  (y).     Then 

%]\ly]  ^  %]~%][y] 

where   a,  .  is  taken  from  the   O        Table,  and  a,  ,,  ,  is  calculated 

[y]  '  {x][y] 

with   O  ^        mortality  for  (x)  and  O        mortality  for  ( ?/).     To  get 
the  annual  premium  we  shall  divide  by  a^  .^  ,  found  as  above. 

It  is  to  be  noted  that  (x)  must  be  medically  examined,  but  (y) 
need  not,  as  the  latters  early  death  is  to  the  advantage  of  the  office. 
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7.  Commutation    columns    for   the    calculation  of  re^  ersionary 
annuities  could  be  formed  if  necessary. 

For     a   I       =         a:+l    y^  x^-V  x+2   y+lV  a;+2>' 

y\x 


1 


/    I 

X   y 


Following  Davies's  principle, 

_  x+l   y^  x+1^  x+2  y+iv  x+2^  ' 


x   y 


(ra)C  l+(ra)C i_ + 

xji  x+\  :  y+l 


D 


if  a;  > 


^ 


xy 


(m)]Vf  1 

xy 


D 


xy 


or 


(ra)C  l+(ra)C ._!  .  + 

«2/  a;+l  :j/+l^ 


(1+2)1/-«D 


if  x  <  ^ 


(ra)M  1 
xy 


xy 


(1  -l-2>-^D 


xy 

D      is  the  ordinary  joint-life  commutation  value,  and  the  forms  o! 
(^a)C  ^  and  (^«)M  ^  are  clear  from  the  above. 

xy  xy 

If  the  annuity  is  to  be  entered  upon   at  the  death  of  (^)  it 
takes  the  form, 

vU   ,  M  a  ,  ,+v^l   ,  J,  ,^a  ,,+  ... 

a   1       =  a^+^   y    x+ls  x+S   y+l    z+g 

?  y 
v'^+U   ,,d  a  ,  ,+v'^+H   ,J  ,,«  ,,+  ... 

_  x+h   y    x+^   ic+g   y+l    x+9 

X   y 

(ra)C  1  +(ra)C L  +  .  .  . 

xy  x+l  :  y+l if  a:  >  j/ 


D 


xy 


(ro)]V[  1 
xy 

D 


^ 


or 


(ro)C  l  +  (ra)C -    + 

ici/  x+l :  y+l 


(l+O^-^'D 


xy 


MM  1 

xy 


(l+i)2/-«^D 


«!/ 


if  iT  <  ^ 
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Here,  affain,  the  method  of  forming  (^^)C  i  and  (''«)M  ^   is  suffi- 
ciently  clear. 

If  the  annuity  is  to  be  entered  on  at  the  death  of  (j/)  with  a 
proportionate  payment  to  the  date  of  death  of  (^r),  we  have 

vil  ,,d(a  ,,  +  -prA  ,,)+v?/  ,jd  ,Ja  ,,  +  ^^A  ,,)+••• 


«  I   = 


2/1^  /    / 

a;    2/ 

The    denominator  will   take    the   form    D       or    (l+i)y-'^D 

xy  ^  ■'  xy 

according  as  tT  >  or  <  ^ ;   and  the  numerator  in  either  case  will 
take  the  form 

A  A  A 

(ra)C  1   .  (ro)C _i_  +   .  .  .   =  (ra)M  1 

xy  x+\:y+\  xy 

A  ,  1      

where     <''«)C  i  =  v^+H  ^,d  (  «  _^,  +  -^A  ^. 
xy  a;+i  yy    x+i       2      ^+^ 

Tables  must  therefore  be  formed  of  this  function  for  every  value 

of  X  with  every  value  of  i/,  and  the  summation  of  these  values 

ft 
from   X  upwards   where  x-^  remains  constant  will  give    ^^"^M^J 

as  above. 

8.  On  consideration  of  the  argument  in  Text  Book,  Articles 
21,  23,  and  26,  we  have  clearly  on  the  analogy  of  formula  (10) 

7n—l  /^x-v-i  \ 

which  is  Text  Book  formula  (14). 

9.  The  method  of  finding  the  value  of  ^('j*)  given  in  Text  Book, 
Article  30,  may  be  made  more  clear  by  a  simple  graphic 
illustration. 

p  Q  R  s 

I \ \ I  etc. 

I  I  I  I  i. 

A  B  0  D  B 
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Let  A,  B,  C,  etc.,  rej)resent  the  ends  of  wthly  intervals  as 
from  the  date  of  effecting  the  contract ;  and  let  P,  Q,  R,  etc.,  be 
at  the  middle  of  these  intervals. 

Now  on  the  assumption  of  the  deaths  being  equally  distributed 
throughout  each  interval,  if  (^)  die,  say,  in  the  interval  AB,  his 
death  will  on  the  average  occur  at  P.  Therefore  in  the  case  of 
the  formula, 

a(TO)     =     dm)  _  ^^(m) 
y\x  X  xy 

the  first  payment  of  —  will   be  made   at  B,  and  the    succeeding 

m 

payments  at  C,  D,  etc. 

But  in  the  case  of  the  benefit  represented  by  «C"0  it  is  desired 

^  "^      y\x 

that  the   first  payment  of   —    should    be    made     at    Q,    and    the 

VI  j 

succeeding  payments  at  R,  S,  etc.     If  therefore  the  formula  a^^^  is 

1  —1 

to  be  employed,  it  is  clear  that  not  —  but  t;^'"- — should  be  paid 

^    *'  mm  '■ 

at   B,  C,  D,  etc.,  for  this  will  amount  with  interest  to  —   at    thej 

m 

correct  dates  of  payment  Q,  R,  S,  etc. 

If  the  transaction  be  effected  thus,  (r)  will  receive  a  payment 

—  1 
of  ^2™ — ,  to  which,  on  the  conditions  of  the  benefit   «("^),  he    is 
m  y\^ 

not  entitled,  in  the  event  of  his  dying  between  B  and  Q  or 
between  C  and  R,  etc.  Making  a  deduction  for  this  over- 
payment and  keeping  to  our  previous  assumption  as  to  equal 
distribution  of  deaths,  we  have  the  value  of  the  correction  as 
shown  in  Text  Book,  Article  30,  =  - —  A^     approximately. 

A  further  correction  is  necessary  to  make  the  annuity  complete, 

and  the  value  of  this  is  also  approximately  - —  A^   as  shown. 

2m      ^ 

These  two  corrections  are  equal  in  value  but  opposite  in  sign^, 

and  we  therefore  have  finally, 

1 

y\x  ^   x  xy  -^ 

As    before,  let  payments  of  v  ^^"^ —  be  made  under  the  annuit] 

m 
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I  a(™)  -  I  a(«0  at  B,   C,   D,  etc.,  which  will  accumulate    to    at 

\n    X  \n   xy  }       j         j  j  in 

Q,  R,  S,  etc. :  the  value  of  this  annuity  being, 

1 

t;2m/'|    rt(TO)_  I    afm)\ 

^\n   X  \n   xy  ^ 

Now   let  E  be  the   end  of  the  n  years.     At   E   a   payment 

J_l 
of  t;2m —  ig  due,  but  is  not  to  be  made,  because  the  annuity  is  to 

cease  at  the  end  of  n  years  and  the  payment  of  —  to  which  this 

m 

would  accumulate  by,  say,  T  falls  outside  that  period,  and 
accordingly  is  not  payable.  A  deduction  similar  to  that  for 
the  whole-of-life  reversionary  annuity  must  also  be  made.  We 
then  have, 

-^  1    -^  1 

\n   y\x  ^\n   X  \n   xy'       rn  n^x"^         n^y/       2m      P     ^V 

Besides  an  addition  to  make  the  annuity  complete  in  the  same 
manner  as  for  the  whole  reversionary  annuity  we  must  add  a 
proportion  for  the  period  between  S  and  E.     Therefore 

+  /  Jl,  XI   A2   +  .i_  i;'^  «  (1  -    p)\ 

—  /I     -^       1  \ 

=    t;2mC  I    a(m)  _  .    «(m)\  _  (  —  y2m  _  )  ^ti   „  n  -     p^ 

^\n   X  \n   xyJ       \^jfi  2m/       «^  a;^         «' r 

11.  To  find    |i(^). 

n\    y\x 

We  have     i  d"^^   =      i  a(™)  -    i «(»») 

n\    y\x  n\    x  n\    xy 

n^  X   x-\-n  n^  xy   x-\-n:y+n 

=    v"^  p  (\  -    p  V(™)   +t;^  o    a'™)  , 

n-»  z^         n^y''    x+n  n^xy   y-\-n\x-{-n 

With  regard  to  the  first  portion  of  this  formula,  if  (x)  survive  and 
(  y)  die  within  the  u  years,  the  first  payment  of  the  annuity  «("0    will 

be    made   at  the  end  of  —  of  a  year  after  n  years,  and  therefore 

m 

S 
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«(««;)     =   «(wi)  .     Also  in  reffard  to  the  second  part,  d<'^'>  , 

A 

the  same  nature  as  S-'^h  which  has  been  ah'eady  discussed. 
Therefore, 

n\    y\x  n^  x^         n-*  y^    x+n  n^  xy    y+n\x+n 

=    V™    «  (1  -     »  )(d^'2    +   rr-A    ,    \ 
n^  x^         n^y-'  I     x+n        2ni     x+n  J 

1 
w-*  xy  x4-n         x4-n :  vA-n^ 


In  the   above   formula     ~ — A   , 

2m     «+» 


x+n        x+n\y+n 

would   be    more   exact 


- — A      ,  but  all  through  this  chapter  correction  for  payment  of 
claims  at  moment  of  death  is  ignored.  ^^^h 

12.  By    Text   Book   formula   (22)   the    annual  premium  for  a 
reversionary  annuity  is  found  to  be 


Pa  I      = 

y\x 


xy 


\+a 


xy 


i 


Now  the  value  of  a  reversionary  annuity  occasionally  decreases 
as  the  lives  grow  older,  and  therefore  the  annual  premium  for  an 
annuity  to  (x)  after  (^)  may  be  greater  than  that  for  a  similar 
annuity  to  (cr+1)  after  (j/  +  l)..  This  is  a  state  of  matters  the 
reverse  of  what  is  usually  found  in  assurance  contracts,  with  the 
consequence  that  a  level  premium  to  be  charged  throughout  may 
be  too  small  at  first  and  afterwards  too  great ;  and  were  the 
assured  to  realise  this  they  might  drop  the  policy  and  get  the 
same  benefit  for  a  lighter  premium  after  a  few  years.  The  first 
year's  risk  is  ^'i^^^/l +«^+i)  =  7/;^ 
than  this. 


and    Va  \     must  never  be  less 

y\x 


13.  To  find  the  reversionary  annuity  to  two  children  aged  10 
and  15  respectively,  which  is  to  commence  on  the  death  of  their 
mother  aged  50  and  to  continue  till  both  children  have  attained 
majority. 

This  is  a  temporary  annuity  to  (10)  after  (50)  for  11  years, 
together  with  a  temporary  annuity  to  (15)  after  (50)  for  6  years, 
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less  a  temporary  annuity  during  the  joint  lives  (10)  and  (15)  after 
the  death  of  (50)  for  6  years.     That  is, 

|ll^50|l0"^  l6^50|l5~  l6^5ollO:15 

^    |ll'^10~|ll^50:10"^|6^15~l6"50:15~  Ig^10:15'^I6'^60:10:16 


=  a,,^   rrr,s.„  .T-,^  —  CLr 


'(10:111X15:61)        50  :(10  :  11|X15  :(3|) 

14.  To  find  a— l-r 

xt/|ao 

(a)     a—\-^   =   a^  —  a-rr,~ 
^  ■^         (cy\ab  ab        db:xy 


=    a^r a— 

aoxy         xy 


=   (a  +(L+a  +a)-(a  .+a    +  a    +a,+a,+  a  J 

^  a        b         X         y'       V  06         ax         ay         bx         by        xy' 

+  (a  ^  +a  ^  +a     +a,    )  —  ci, 

^  V  abx        dby        axy        bxy-'        abxy 

-(a  +a)  +  a 

\  X        yJ        xy 
=   (a  -\-aC)-(a  ^-{-a    +a    +«,+«,) 

V  a  '      y       ^   db         ax         ay         bx         by^ 

■{■(a  ^  +a  ,   +«      +«,    )-«;,  , 

V  abx         aby         axy         bxy-'         abxy 

(b)      a—]^   =    fl— I    +a— L-a— I  , 

V  /    xy\db  xy\a        xy\b         xy\aJ} 

=    (a  \   +a  ]    -a    |)  +  (ai,+«|,-a    L) 

^  x\a~    y\a         xy\a^      ^   x\b         y\b         xy\b'' 

-(a\,+a\,-a    I,) 

^   x\ab         y\ab         xy\  ab^ 

=   (a   -  a    +a  -  a     -  a  +a     ) 

^   a         ax         a         ay         a         axy-' 

+  (a,  -  a,   +a.-  a.    -a,  +a,    ) 

^   b         bx         b         by         b         bxy-' 

-  (a  ,  -  a  ,   -\-a  .-  a  ,    -  a  ,+ a  ,    ) 

^   ab         abx         ab         aby         ab         abxy-' 

=   (a  +a,)-(a    +a    +a,   -\-a,   +a  .) 

V  a         b-'       ^   ax         ay         bx         by         db-' 

+  (a      +a,     +a  ,   +a  ^)  —  a  , 

^  axy         bxy         abx         aby-'         abxy 

15.  The  problem  of  Endowment  Assurance  Instalment  Policies 
discussed  at  page  148  is  sometimes  further  complicated  by  the 
introduction  of  a  beneficiary.  If  the  life  assured  die  before  the 
date  of  maturity,  the  beneficiary  is  to  receive  an  annuity  for  life 
with  the  guarantee  of  n  payments  certain ;  but  if,  on  the  other 
hand,  the  life  assured  survive  the  endowment  period,  then  the 
annuity  guaranteed  at  that  date  is  for  n  years  certain,  and  con- 
tinued beyond  the  n  years  to  the  last  survivor  of  the  life  assured 
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and  the  beneficiary.     This  extra  benefit  for  the  first  (m  +  n-  ])  yea 

is  the   vaUie  of  an  annuity   of  —  to  (j/),  which   however  is  n 

n 

payable  so  long  as  (x)  is  alive,  nor  for  n  years  after,  or,  in  symbols, 

~^\m+n-l    y      \m+n-l    y:x(n\y 


And  for  the  period   after   (jn  +  7i-l)  years,    the  benefit  is 
reversionary  annuity  to  (^)  after  (.r)  deferred  (in  +  n-l)  years ;  in 
symbols, 


Hi 


jl        m+n-l|    x\y 


The  whole  extra  benefit  is  therefore 
1 


(I 


m+n-l    y 


^^i" 


(I 1-  Irt    I  '^ 

m+n-l    y:x{n\)      m+n-l  |    xly-' 

D 


y:m+n-l\         yn\ 


1)        y+n  :x  :m-l\      m+n 

y 


- 1 1    xly' 


(See  value  of  i   a    —=.  deduced  on  page  13 10    . 

^  |m  x:y{n\)  r    o  j 

To  get  the  extra  annual  premium,  we  must  divide  this  function 
by  a  — i  in  order  to  guard  against  an  option  as  already  discussed. 
This  portion  of  the  premium  will  cease  to  be  payable  on  the  death 
of  (^)  before  (.r). 


EXAMPLES 


L  An  annuity  of  £100  per  annum,  payable  until  the  death  o 
the  last  survivor  of  three  lives.  A,  B,  and  C,  aged  respectively 
20,  30,  and  40,  is  to  be  divided  equally  between  A  and  B  during 
their  joint  lives,  afterwards  between  the  survivor  and  C,  if  living, 
and  ultimately  is  payable  to  the  last  survivor.  Find  the  value  of 
A's  interest. 


Given 


W 


^20  = 

20-2246 

^20:30  ^ 

16-1739 

^30  - 

18-4156 

%:40  "" 

13-9872 

«40  ^ 

16-1026 

^20:40  ^ 

14-5274 

^^47  = 

14-1097 

^^20 :  47  "" 

12-9502 

^'i3  = 

13-8064 

^20:48  ^ 

12-7015 
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A's  interest   =    i«„„  o^  +  i«on I  on .  .a  +  <^^ 


^20:30  '  -  30 1  20:40  '   30  :  40 1 20 
^  2^20  :  30  "^  (2^20  :  40  ~  2^20 :  30  :  4o)  "^  ^^20  ~  ^'20  :  30  ~  ^"^20  :  40  +  ^20  :  30  :  40^ 
=  "20  "^^20:30  "2^0:40  ■^2^20: 30: 40  % 


To  find  the  value  of  a    .  oq  .  40  ^^  have 

«80:40  =   13-9872   =  a„^^ 

whence  by  Milne's  modification  of  Simpson's  rule,  the  age  of  the 
oldest  life  being  less  than  45,  we  assume  w  =  48,  and 

«20:80:40    =    «20:48    =     12'7015 

Therefore         a^o  "  -2«20 : so  "  2^20 : 40  +  i^20 :  30 : 40 

=  20-2246  - 1(16-1739  +  14-5274  -  12-7015) 

=  20-2246-8-9999 

=  11-2247 

Multiplying  by  100  we  have  A's  interest  =  £1122,  9s.  5d. 
nearly. 

2.  Find  the  value  of  a  reversionary  annuity  payable  so  long  as 
three  at  least  of  the  four  lives  (to),  (x),  (^),  and  (z)  live  after  the 
death  of  (/). 

J\wxyz  ^         t'  /■'ti  wxyz 

=    2y'(l -,«)(»       +  p       +  p       -\-  p      -Sj)       ) 

V  t'  f''  H'  wxy      t'  wxz       M  wyz      t'  xyz         t^  uxyz'' 

—    a.\       +  (lA       +  a\       +  a\      -  3aj 

/ ;  wxy         j\  wxz         J I  icyz         j\  xyz  j  \  wx-yz 

which  may  be  reduced  to  terms  of  joint-life    annuities  on  three, 
four,  and  five  lives. 

The  general  formula  is 

j\wxyz  . .  .  (yn)    ~  ^         t'  jh'  wxyz  .  .  .  (m) 

3.  What  is  the  value  of  an  annuity  during  the  lives  of  Ix),  (7/), 
and  (s-),  £100  a  year  to  be  paid  so  long  as  they  are  all  alive,  .£80 
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a   year   after   the   first  death,  and  £60  a  year  after  the  second 
death  ? 


The  value  of  the  annuity  is 

100  o      +  80(fl  I     +a\     +a\    )  +  60(« 


xyz 


\yz 


y\xz 


z\xy'' 


xy\ 


+  a-\   +  a— 

xz\y         yz\x 


1 


4.  An  annuity-certain  of  £a  for  the  term  of  n  years  is  to  be 
enjoyed  by  P  and  his  heirs  during  the  joint  existence  of  two 
lives  aged  a;  and  i/  ;  and  if  that  joint  existence  fail  before  the 
expiration  of  m  years,  the  annuity  is  to  go  to  Q  and  his  heirs  for 
the  remainder  of  the  term  of  n  years.  Determine  the  value  of  Q's 
interest. 

Q  gets  a  reversionary  annuity  for  the  remainder  of  the  term  of 
n  years  after  the  failure  of  the  joint  lives  x  and  i/,  but  only  in  the 
event  of  that  failure  taking  place  within  m  years. 

Therefore  from  the  reversionary  annuity 


a—.-  a     — , 

n\         xy:n\ 


4 


we  must  deduct  the  portion  thereof  after  m  years   should   both 
lives  survive,  or 


p   (a i  -  a 

m^xy^  n-m\         x 

Q's  interest  is  therefore 

£a{(a—,- a      —  )-i;™'   i\  (a- 


+m  :y+m :  n-m|'' 


a 


x+in  :y+m  :n-m\ 


ra)} 


5.  Determine  the  respective  interests  of  (.r),  (j/),  and  (sr)  in  an 
annuity  payable  so  long  as  at  least  two  of  them  are  alive  ;  and  to 
be  divided  between  (x)  and  (^)  equally  during  their  joint  lives, 
and  after  the  death  of  either  in  like  proportions  between  (z)  and 
the  survivor  during  what  may  remain  of  their  joint  lives. 


The  whole  annuity  is 

2 


a- 


xyz 


a    +  a    +  a    —2a 

xy         xz         yz  xyz 


m 


The  share  falling  to  (x)  is  half  of  the  joint-life    annuity  a 
together  with  half  of  the  annuity  to  the  joint  lives  (x)  and  (z)  il 
after  the  death  of  (^),  or  II 


xy 


+  i« 


y\xz 


Kj/  +  2« 


-  A« 

xz       ^ 


xyz 
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The  share  falling  to  (3/)  is  similar  to  (x)'s.  The  relative 
positions  of  the  two  have  merely  to  be  changed.  Therefore  (^)'s 
share  is 

la    +ia  I       =   Aa    +i«    -  Aa 

■i    xy      ^    x\yz  ^    xy      ^    ys      -^    xyz 

(2:)  gets  half  of  the  annuity  so  long  as  he   survives  jointly  with  (x) 
after  (^)'s  death,  or  with  (^)  after  (.r)'s  death,  or 

A«  I     +  ia  I       =    la     -  la      +  la    -  la 

^    vlxz       ^    x\vz  ^    xz       ^    xvz       ^    vz       ^    a 


y\xz      ^    x\yz  ^    xz       ^    xyz      '^    yz      ^    xyz 

la    +A< 

Z     XZ  ^ 


=    la    ■\-la    —a 

'    xz      ^    yz         xyz 


The  three  shares  together  make  up  the  whole  annuity 

{la    +  la    -\a     )  +  (la    ■\-la     -la     )  +  (la    +la    -a     ) 

\z    xy       z    xz       ^    xyz-'       ^^    xy       ■^    yz       ^    xyZ''       ^^    xz       ^    yz  xyz-' 

^   a    +  a    -\-  a    -  2a         as  above. 

xy         xz         yz  xyz 

6.  An  annuity  of  1  is  granted  for  15  years  to  the  last  survivor 
of  (js),  (^),  and  (z).  So  long  as  they  are  all  alive  during  the  first 
5  years,  the  annuity  is  to  be  paid  to  (.r)  alone ;  and,  so  long  as 
they  are  all  alive  during  the  second  5  years,  to  (^)  alone.  At 
the  expiry  of  10  years,  or  at  the  first  death,  the  annuity  is 
to  be  divided  equally  between  the  survivors,  and  is  to  go  wholly 
to  the  last  survivor.  Express  the  value  of  (^)'s  interest  in  the 
annuity. 

The  value  of  (^)'s  interest  is 

.\,a     +^x,.|,rt      +l(\.^a  \     +  L^«  I    )+  L^«— I 

5|5   xyz      •>       10 1 5   xyz       -^^115   x\yz       |15   zlxy'        \15   xz\y 

7.  An  annuity  of  1  to  the  last  survivor  of  three  lives  (.r),  (^), 
and  (z)  is  to  be  divided  equally  between  (x)  and  (^)  during  their 
joint  lives  ;  if  Qc)  dies  first,  (^)  and  (z)  are  to  enjoy  it  equally 
during  their  joint  lives  and  the  survivor  of  them  is  to  have  the 
whole  ;  but  if  (y)  dies  first,  (.r)  is  to  enjoy  the  whole  during  his 
life,  and  after  his  decease  the  whole  annuity  goes  to  (z).  Find 
the  value  of  their  respective  shares. 


The  value  of  (j;)'s  share 


=   la    +a  \ 

z    xy        1/1 

=   a  -  la 

X      ^    xy 
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The  value  of  (yjs  share 

2>    TM       -4    a;  h/2         xz 


x\yz 


xz\y 


=   U«    +«    -«      +-'   -2«    -2flr.    +2rt     ) 

2\   XV         vz         xvz  •/  »w  wz  a;t/2'' 


ajy 


J/2 


xyz 


xy 


yz 


zyz^ 


xy 
=.    n.    —  1/7     — 


Ka    +a    -a     ) 
XV         vz         xvz^ 


yz 


xyz^ 


=   a 


y  :xz 


And  the  value  of  (^)'s  share 


=  i' 


x\yz 


yz 


+  a- 


xy\z 


xy. 


+  2«  -2a    -2a    +2a     ) 

'z  z  xz  yz  xyz' 


(a  -  a  ^  —  ^(a    —a     ) 

V    z  r.zy        ^  \    vz  XVZ' 


yz 


xyz^ 


The  sum  of  the  three  shares  makes  up  a — ,  the  whole  annuity. 


xyz' 


8.  Find  a  formula  for  the  value  of  a  reversionary  annuity 
payable  for  the  remainder  of  the  life  of  B,  after  the  death  of  A, 
the  annuity  being  reducible  by  one-half  should  such  death  not 
occur  for  7  years,  and  by  two-thirds  should  it  not  occur  for  10 
years  from  the  present  time. 

If  A  be  aged  x,  and  B  be  aged  y,  we  have  the  value  of  the 
annuity 

a  I    -  ^v^^p   a   ,_i    ,-- ■R-v^^.-.p   a   ,,.1    ,  ,. 

x\y       ^     7^  xy   z+7|t/+7        ^       10^  xy    x+lO\y+lO 

9.  An  annuity  of  £k  is  to  be  paid  to  (i:)  so  long  as  he  and 
(x)  and  (?/)  are  all  alive.  At  the  first  death  of  the  three  lives  the 
annuity  is  to  be  shared  equally  by  the  survivors ;  and,  at  the 
second  death,  it  is  to  be  continued  for  n  years  certain  to  the  last 
survivor  of  the  lives  or  to  his  heirs.  Express  the  share  of  (z)  in 
the  annuity. 


£k{a     -\-h(a\     +a\    )  +  A-    (l+«— -,)} 

I    xyz       -^  ^   ylxz  x\yz-'  xy :  z^  n-l|^» 

3 

=   £k{h(a    +a  )  +  (Ai  -  Ai    +  A^  -An(l+«-^,)} 

I  ■"  ^   xz  yz-'       V     xz  xyz  yz  xyz-'  ^  n-\\-'' 


d 


10.  There  are  two  formulas  for  a  i  ,  viz.  {a)  ^v^  p  (1  —  p  )  and 
(J))  llv*  \q^  X  p  (l+a  ).  Give  the  corresponding  formulas  for 
a—\  ,  and  prove  their  identity. 

(«)       %\x     =     -''\Px(.^-tP.)^^-tPz) 
(^^)      %\x    =     ^^VlK/^^</^x(l+V«) 


i 
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=  ^i'.^r^Ci  +  ^P.+i + ^\P,+i  +  •  •  • ) 

+  •  .  • 

11.  A  father  asred  50  wishes  to  secure  to  his  two  children 
aged  8  and  10  respectively,  an  annuity  of  £?/,  to  commence  at  his 
death  and  to  continue  until  the  younger  child,  or  the  elder  if  he 
be  the  survivor,  attains  the  age  of  21.  Find  a  formula  for  the 
value  of  the  annuity.  Would  it  be  safe  to  grant  such  an  annuity 
to  be  secured  by  annual  premiums  ? 

The  value  of  the  annuity  is 

^^^(113^018+  llAollO"  |ll^50|8:10) 

One  difficulty  in  connection  with  accepting  payment  by  annual 
premiums  is  in  determining  the  period  during  which  the  premiums 
should  be  made  payable. 

If  they  are  made  payable  throughout  the  whole  status,  the 
risk  is  run  of  the  contract  being  dropped,  and  of  a  new  one  being- 
effected  at  a  cheaper  premium  in  the  event  of  the  early  failure 
of  one  of  the  children's  lives.  In  this  case  to  obtain  the  annual 
premiuhi  we  should  divide  the  single  premium  by 

^    "^  ^50  : 8 :  12]  "^  ^^50 :  10  :  lOf  ~  ^50 : 8  :  10  :  iol>^ 
If,  on  the  other  hand,  the  premium   is  accepted  only  during 
the  joint  status,  there  is  a  risk  of  either  (8)  or  (10)  being  a  bad 
life,  the  premium  payable  being  considerably  underestimated  as  a 
consequence.     In  this  case  we  should  divide  by  (1  +  ^50  •  g  •  lo  •  loi)' 

It  is  possible,  too,  that  even  if  all  survive,  the  annual  premium 
for  a  similar  benefit  for  the  remainder  of  the  term  may  diminish, 
in  spite  of  the  increase  in  the  ages. 

A  contract  by  annual  premiums  should  therefore,  if  possible,  be 
avoided. 

1  2.  Find,  according  to  the  Text  Book  Table,  the  value,  at  3  per 
cent,  interest,  of  a  contingent  annuity  for  the  remainder  of 
30  years  certain  from  the  present  time,  the  annuity  to  commence 
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on  the  failure  of  the  joint  existence  of  two  lives  both  now  aged  30, 
but  only  in  the  event  of  such  failure  taking  place  after  the 
expiration  of  5  years  and  before  the  completion  of  10  years. 

The  formula  to  be  used  is 


^'5/^30 

:30 

^  ^35  :  85 1 25|  ~  '^^  10^30  :  80  ^  ^40  :  40  20| 

s: 

35:85/                               ^60:60             \ 

n            V     251          85:35   '    F)              60:60/ 

80 :  80  ^                                 ^85 :  86             ^ 

D        /                       D 

40:40/„           ^             ,   ^60:60 

D           I     20l       ^40:40  '   D 
80  :  80  ^                                 -^40  :  40 

N 

'^GO :  60^ 

^85:85/               ^            N       ^40:40/^ 
D            ^""^sr  "35:35)       X)            ^201 
80 :  80                                     -^30  :  30 

%:4o) 

1-807 --726 

1-081 

l«gl^85:85 

= 

9-42108 

'^.^^40:40    = 

9-31707 

l^gl^80:80 

= 

9-52032 

1^8^30:30    = 

9-52032 

^_ 

1-90076 

''201  = 

%:40     " 

1-79675 

«25l 

17-413 

=   14-877 

'*85 :  85 

= 

15-142 

=    13-718 

2-271 
•35622 

log  1-159    = 

1-159 

log  2-271 

-06408 

1-90076 

r-79675 

-25698 

1-86083 

=  log  1-807 

=   log -726 

13.  Required  the  annual  premium  for  an  annuity  payable 
the  last  survivor  of  (.r)  and  (^),  to  commence  at  the  end  of  ??  years' 
if  both  be  living,  or  at  the  first  death  if  that  occur  within  n  years. 

The  benefit  side 

=   v'^  p   a— — r— ; — H «  i    -  v™  «   a  ,    I    , 

n^xy   x+n:y+n  y\x  n'  xy   y+n\x+n 

+  a  I    -  v'^  p    a   ,    1    , 

x\y  n^xy   x+n\y+n 

=   v"^  p   (a 

I-' 

a  +  a  -2a     +  v^  p   a  , 

X         y  xy  n'  xy  x+n:y+ 


n^xy^   x+n         y+n         x+n:y+n         x+n  x+n:y+n 

-  a  ,    +  a   ,         ,")  +  «-«     +  a  -  a 

y+n  x+n-.y+ti''         x  xy         y         xy 
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This  miffht  be  written  a \  a    ,  and  in  this  form  it  means  an 

°  xy       I n    xy 

annuity  to  the  last  survivor,  not  payable,  however,  so  long  as  they 
both  survive  within  the  first  n  years  ;  which  is  the  required  annuity 
expressed  in  other  terms.     Our  reasoning  is  thus  proved  correct. 

The  payment  side    =    Pa   — , 

^    *'  xyn  I 

a  -{-  a  -  2a     +  v^  p   a  , 

Ji^^    P    =:       ^         y xy  n^xy  x+n:y+n 

xyn\ 

14.  Ascertain  the  annual  premium  for  a  reversionary  annuity 
which  (x)  desires  to  provide  for  his  wife  (y)  and  child  (s:)  after 
his  death.  The  annuity  is  to  be  £100  so  long  as  (^)  survives,  but 
to  be  reduced  to  £50  at  (^)'s  death. 

The  benefit  side  consists  of  two  parts :  (a)  an  annuity  to  (y) 
after  (.r)'s  death ;  and  (6)  an  annuity  to  (z)  after  the  death  of  the 
survivor  of  (x)  and  (j/)  ;  that  is 

100a  I   +50a-i 

x\y  xy\z 

A  difficulty  arises  in  determining  the  status  for  payment  of 
the  premium.  If  the  annuity  were  not  subject  to  reduction  on 
(^)'s  death  the  premium  might  be  made  payable  during  the  joint 
life  of  (.r)  and  the  survivor  of  (i/)  and  (z).  But  in  this  case,  should 
(^)  die  early,  the  reversionary  annuity  to  (^r)  might  be  obtained 
at  a  smaller  premium  than  that  so  found.  Again,  if  the  premium 
were  made  payable  during  the  joint  existence  of  (x)  and  (^),  and 
(^)  were  to  die  early  (she  not  being  subject  to  medical  examina- 
tion), the  contract  is  practically  a  reversionary  annuity  to  (z)  after 
Qv)  at  an  insufficient  premium.  The  best  plan  is,  if  possible,  to 
liave  separate  contracts  for  the  two  portions  of  the  benefit,  and 
have  the  premium  for  the  former  payable  during  the  joint  lives  of 
(x)  and  (y),  and  for  the  latter  during  the  joint  lives  of  (a-)  and  (2). 

15.  Under  a  deed  of  separation,  A  covenants  to  pay  an  annuity 
of  <£K  per  annum  to  his  wife  B  so  long  as  she  lives,  and  the  terms 
of  the  deed  make  his  estate  liable  for  the  annuity  after  his  death. 
He  wishes  to  free  his  estate  from  this  liability  so  long  as  his 
daughter  C  survives  him,  and  he  applies  to  an  insurance  office  for 
a  quotation  for  the  annual  premium  for  such  a  contingent  annuity. 
Find  the  net  annual  premium. 

The  company   will   have   to   pay  the   annuity   so   long   as   C 
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survives  jointly  with  B  after  the  death  of  A,  and  the  premium 
will  cease  on  the  first  death  of  A,  B,  and  C. 

Therefore  if  the  ages  of  A,  B,  and  C  are  x,  y,  and  z  respective!; 
the  value  of  the  payments  is 


«  h/z 


Kxai       =K('<2    -a    ^ 

P(l+«      ) 


and  of  the  premiums 

K(a    -fl     ) 
whence  equating  and  solving  P    =  "^^       "^^ 


l+a 

xyz 

16.  Determine  the  annual  premium  for  an  annuity  of  s  to 
continue  during  the  lifetime  of  B  aged  y,  after  the  death  of  A, 
aged  x\  with  the  proviso  that  should  A  sui-vive  the  age  of 
.r  +  w  a  sum  of  t  is  to  be  at  once  paid  to  B,  if  then  alive,  instead 
of  the  annuity. 


The  value  of  the  benefit  is 
s{(a  —  a   )-«;"•  p   frt 


y         yx-'  n^xy'^"y+n         y+n  :x+n 

The  value  of  the  premium  which  will  run    during   the  joint 
existence  for  n  years  is 


Hence     P    = 


J  (a  -a    )  -  ^JA^y+I"  (a       -a  )\+t  _^+AiJ/JJi 

l^   y         yx^  D  2/+^  y+n:x+n^)  J) 

xy  xy 


1  +a 


xy:n-l\ 

17.  Give  the  formula,  reduced  to  its  simplest  form,  for  the 
annual  premium  for  an  annuity  of  1  to  a  female  aged  tj  to  be 
entered  on  at  the  death  of  her  husband  aged  a:  if  that  occur 
within  the  next  20  years ;  but  to  be  entered  on  at  the  end  of  20 
years  if  (?/)  be  then  alive,  whether  her  husband  survive  that  time 
or  not.  The  annuity  is  to  be  parable  by  half-yearly  instalments, 
and  with  a  proportion  to  date  of  death  of  the  annuitant. 

The  value  of  the  benefit  is 


rt.2)    _„20 


20'  xy^ 


A    x+20\y+20  y+20^ 

=   v\(a(^)  _  «(2))  _  ^20    jj    IvUd^)     -  «(2)  )  -  CrtCS)     +  1 A       )] 


y  xy    ■         20^xy'-    2/+20V*       "  V   '         'x+20:y+20 

if  rt(2)    -=    a  +  ^  for  both  single  and  joint  lives. 


2/+20V 
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The  value  of  the  payments  is 

whence  P  may  be  found  by  equating  the  two  sides. 

18.  Write  down  an  expression  for  the  net  premium  payable  by 
a  husband  aged  40,  to  provide  an  annuity  of  1  to  his  wife  aged  30, 
should  she  survive  him ;  the  premium  to  be  payable  quarterly  in 
advance  for  a  period  not  exceeding  20  years^  and  the  annuity  to 
be  entered  upon  at  the  death  of  the  husband,  and  to  be  payable 
quarterly  with  proportion  to  the  death  of  the  widow. 

Using  Sprague's  formula  (17) 
1 

^(m)    =    ^,2m/'^m)_fl(m)^ 

y\x  ^   X  xy  ^ 

1  1 

=   i;2™{a  _f,   )  if  we  assume  a(™)  —.  a+      - — 

V  X      "'xy^  2711 

we  have  df^.^^   =   ^K^'so  ~  "30  •  4o)  ^^^  ^^^  value  of  the  benefit. 
And  for  the  payment  side 


P(4)  X  a^4)        - 
20  30  :  40  :  20| 


20^     1  ^^30:40:201^81^       i;v  Jf 

V  \  ••--'on  •  an'  -' 


since  •      af%   =   a(™)  -  _^+^^^±!'a("0      _^^ 

xyn\  xy  J)  x+n:y+n 

xy 


m+l        ^x+n:y+nf^  W?  +  l 

=    a     -\ — ^F^ —    ^^1 1  „  + 


^y         2m  D  V   x+n:y+n         2m 

xy 

D 


=   a   —.  -\ — - —    i  — 

xy^\        2m 


fro :  y+n\ 

xy 

^'(«30-«SO:4o) 


Hence         „^P(4)   =-.    ^  ''       ''--''^ 


a  -4-^/1  _  _i0^o\ 

30  :  40  :  20r    8  I  ]^  / 


30  :  40' 


19.  A,  aged  45,  wishes  his  son,  aged  15,  to  receive  an  annuity- 
due  of  £20  on  A's  attaining  60  years  or  previous  death.     Find  the 
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1 


yearly  premium  at  3  per  cent,  interest,  using  the  O         Table  lor 
the  father  and  the  O    ^  for  the  son. 


Benefit  side 


=    20a. 


45  :  14|  1 15 

Payment  side  =    P  ( 1  +  «i5 .  45 ;  hj) 

Hence  equating  the  two  sides 

p    ''   15         15  :  45  :  14|'' 

■^+^15: 45:11} 

An  approximation  to  a^^ .  45 .  14]  ^^y  ^^  found  as  follows : — ^ 


15 :  45 :  14| 


^15  :  45  :  15l  "•■  ^ 


1 


But  by  Lidstone's  formula  P^^ .  ^ .  ^^  =  P^^ .  ^-^  +  P45 .  ,^  -  Pj^, 


v[M] 


v[NM] 


Now  O^^^^a^,,,^,-^  =  10-899,  0--^a 


r.M  1T1  =10-192,  and  a-  =  11-296 

[45] :  14|  '  14| 


Therefore  entering  conversion  tables,  we  get 

P™:i5  ='<>5*92,  P,,,,^,^  =-06022,  and  Pj,,  ='05220 
whence  ^ri5T  r45i  -  isi  ='^^294  approximately. 

Entering  conversion  tables  inversely  with  this  value  we  obtain 

«[15]:[45]:i4i    =   9-861 

and  a„^^  =  23-223 

[16] 

Therefore  P   =    20(2^-223  -9;861) 

10-861 

=    24-605,  say  £24,  12s.  Id. 


20.  There  are  S  persons  at  present  entitled  to  an  annuity  of  £K 
per  annum  each,  their  ages  being  respectively  a,  h,  c  -  •  •  /,  ?/z,  n. 
Upon  the  death  of  an  annuitant,  the  next  on  a  waiting  list  steps 
in.  The  waiting  list  consists  of  T  persons,  aged  respectively 
p,  q,  r '  .  '  x,y,  z.  It  is  required  to  find  the  value  of  the  interest 
of  (z)  who  is  Tth  on  the  list. 


i 
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There  are  (S  +  T)  persons  involved  altogether,  and  (z)  will 
come  in  only  when  the  (S  +  T  — 1)  persons,  apart  from  him,  are 
reduced  in  number  below  S.  Therefore  his  chance  of  getting  a 
payment  in  any  year  is  the  probability  that  he  is  alive  multiplied 
by  the  probability  that  less  than  S  persons  out  of  (S  +  T  -  1 )  are 
alive. 

Now  the  latter  probability  is  equal  to  the  sum  of  the  prob- 
abilities that  none,  that  exactly  1,  that  exactly  2,  etc.,  that 
exactly  (S  -  1)  j)ersons  out  of  (S  +  T  —  1)  are  alive 

=     p [^+  p ti] 

t^abc  .  .  .  Imnpqr  .  .  .  xy      t^  aic  .  .  .  Imnpqr  .  .  .  xy 

+    p [2]        .      ,      . 

t^abc  .  .  •  Imnpqr  .  .  .  xy 

+  p f^zll 

M  dbc  .  .  .  Imnpqr  .  .  ■  xy 


1  z  z 


-  T:t^"^(r7z7^(T+z)"3'*"*  *  '  "^(i+zf 

(l+Z/ 

t'  abc  .  .  .  Imnpqr  .  .  .  xy 

where  ahc  •    •    •  Imnpqr  -    •    -  xy  represents  (S  +  T  -  1)  persons. 
The  value  of  (5:)'s  interest  will  therefore  be 
£K  2<p  (1  -  ^p-^ , -^) 

<rjj\,         t^abc  .  .  .  Imnpqr  .  .  .  xy^ 


CHAPTER   XV 


Compound  Survivorship  Annuities  and  Assurance 

1.  It  has  been  already  pointed  out  that  there  are  two  formulas 
for  the  reversionary  annuity 


y\x 


=    2v\ 


Px''\t% 


and  «  I     =   2d«  ^  -^^^  (1  +  a  ^,) 

y\z  11^  ^+^^ 

X  y 

and  these  two  are  identical  in  value. 

Similarly  we  may  express  compound  survivorship  annuities  in 
either  of  two  ways.     Thus 

yz\x  U  X       \t  iyz 

for  a  payment  will  be  made  at  the  end  of,  say,  the  tlh  year 
provided  (x)  is  then  alive,  and  (^)  has  died  before  (z)  within  the 
t  years.     But 


Therefore     a}  \ 

yz\x 


Also     a  ^  I 

yz\x 


^'^\Vx%''\t%z 


^z   yz\x 


a    I    -  a^  \ 

yz\x         yz\x 


And     «  2 .     ^   2v^^  p  X  L  (7  2 

yz\x  U  X      \t  iyz 

=    llvKp  (\,q  -  I//  ^) 

t^  x^\t  'z       \t  lyz^ 


=    a  \    —  a  i| 

z\x  yz\x 

=    a  \    -a    I    +  «!  I 

z  I X  yz \x  yz\x 

—    a   —  a    —  a  +  a      +  <7,^  I 

x         xz         X         xyz         yz\x 

T~  /"/l         I  /■/        I 


yz\x 


y\xz 
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But  again     a^  i      =    ^vt-p^-^±t^  -i^±:i  (l+«     ,) 

X  y  z 

for  if  (?/)  die  in,  say,  the  tth  year — {z)  being  still  alive  at  (y)'s 
death — {x),  if  he  survive  to  the  end  of  that  year,  will  come  into 
possession  of  an  annuity-due  for  the  remainder  of  life. 

By  this  method  a  ^  i    takes  a  similar  form,  and  can  then  be 

''  yz\x  ' 

reduced  as  before  to  «    l    -  a}  \ 

yz\x  yz\x 

yz\x  II  I  ^  a;+*^ 

X  z  y 

=    a  ]    -  fl  i|    as  before. 
z\x        yz\x 

Also    A3         =     ^V'     z-    z+t-i     y+t-l   j+t-i  A    _       x+l    ^i,^         \ 
1  z  y  X  a;4-t-i  ' 

I  —  I  , ,    I  d  ,  .   .  I   ,  .    , 

__    y.,t   z        z+t-i    y+t-l     x+t-i 

I  II 

z  y  X 

^  ,  td  ,  .   .  I  —I  , ,    . 
II  I         ^         «+'^ 

X  y  z 

=     A  2    -  rf«2    I 
xyz  yz  I X 

1 

which  is  Text  Book  formula  (6).. 

2.  To  find  the  annual  premium  for  a^  \  ,   we    must  divide  the 

'  yz\x' 

benefit  by  (l+a  ).  (^)  must  be  medically  examined;  for  it  is 
on  his  death  the  benefit  starts,  and  (x)'s  or  (2:)'s  death  earlier 
relieves  the  office  of  a  liability. 

The  annual  premium  for  a^\  is  found  by  dividing  the  benefit  by 
(1  +«   ).     Probably  (^)  and  {z)  should  both  be  medically  examined. 

The  annual  premium  for  A^      is  payable  at  least  so  long  as 

^  xyz  *    •'  ^ 

1 

both  (x)  and  (^)  are  alive,  and  also  for  the  period  of  (a:)'s  life 
after  the  death  of  (jj),  but  only  provided  (^)  died  after  (z). 
Therefore  we  must  divide  the  benefit  by 

l+«      +  Or  \       =     l+«       +«1|. 

xy  yz\x  xyz  yz\x 

Probably  {x),  (y),  and  {z)  should  all  be  examined,  but  in  this  case 
and  the  preceding  one  much  will  depend  on  the  respective  ages 
of  the  lives. 

T 
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3.  The  interpretation  of  the  following  symbols  should  be  noted — 

^n\wx (^  ^^  ^^  annuity  payable  so  long  as  at  least  r  of  thd| 

m  statuses  «j,  w,  a;,  i/,  etc.,  survive.  It  is  therefore  equivalent  to 
a  temporary  annuity  for  fi  years  on  (^—1)  lives  out  of  (jn  -  1), 
together  with  an  annuity  deferred  n  years  on  r  out  of  (in-l 


that  is  I   /z 


r-l 


\n    wxy 


\a 


(m-l)        n\    wxy  .  .  .  (m-\) 


fl-^l  is  an  annuity  to  (.r)  of  which  the  first  payment  is  to  be 
made  at  the  end  of  the  year  in  which  (y)  dies,  but  in  no  case  is 
a  payment  to  be  made  till  (w+  1)  years  from  the  present  time.        ii 

\ 

1  •  V 

«,— T  .;n[77  IS  a  reversionary  annuity  to  commence  on  the  failure' 

of  the  joint  lives  (.r)  and  (^)  if  that  event  occurs  within  n  years, 
but  in  no  case  are  payments  to  extend  beyond  t  years  from  the 
present. 


d 


(-)  2 

A— ^     is  an  assurance  payable  at  the  end  of  the  —  part  of  the 


xy  -.z 
1:3 


year  in  which  the  survivor  of  {x)  and  (j/)  dies  (that  is,  on  the 
average  —  of  a  year  after  such  death),  provided  {z)  die  either 
before  or  after  both  the  others. 

a\t).  Just  as  d"^^  is  an  annjiity  to  {x)  payable  in  instalments  of  _ 
—  at  the  end  of  each  —  of  a  year,  so  flv^)  is  an  annuity  to  (x)" 
payable  in  instalments  of  5  at  the  end  of  each  period  of  5  years. 

That  is 


^(1)    _  a:+5 a:+10  x+Vo 

D 


i 


(D 


.+s  +  D.+4  +  D.-..  +  D.^«  +  D,4^»)  +  (D,,-^«+  •••  +0,^,,) 


x+5 


a;+6 


ic+7> 


x+% 


D 


N 


x+2 


D 


if  we  assume    5D 


x+n 


x+n-'i'^      x+n-1  "^      x+n  "^      x+n  +  l  "*"      x+»+2j 
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EXAMPLES 

1.  Find  the  premium  for  an  assurance  payable  on  the  death  of 
the  longest  liver  of  A,  B,  and  C,  aged  x,  i/,  and  z  respectively  : 
should  A  die  first  the  premium  to  be  reduced  50  per  cent.,  and 
should  C  survive  A  and  B  the  premium  to  cease. 

The  benefit  side    =    A — 

xyz 

And  the  payment  side  can  be  expressed  in  either  of  the  two 
forms 

P(a la  |--i«-|   +i«2  ,  ) 

^   xyz       ^    x\yz       ^    xy\z       ^    xz\y^ 

■and  P(a  +i«  i     +la^\    +a^  \) 

V  a;       ^    x\yz       ^    xz\y         xz\y^ 

whence  P  may  be  found. 

2.  Give  a  formula  for  the  present  value  of  £>\  receivable  on 
the  death  of  a  person  aged  50,  provided  another  person  now  aged 
20  has  then  either  died  or  attained  age  40. 

This  assurance,  being  payable  on  the  death  of  (50),  provided 
either  (20)  has  previously  died  or  20  years  certain  have  elapsed, 
may  be  represented  by 

A2:8         —    =A—  Al  ^ 

60 :  20 :  20|  60  50  :  20 :  20| 

3.  Determine  A^^* 

w  :  xyz 
21 

This  is  the  value  of  an  assurance  on  the  death  of  (tv)  provided 
he  die  either  third  or  fourth  of  the  four  lives  (?<;),  {x),  {^ij),  and  {z) ; 
and  provided  (s)  and  (^)  have  died  first  and  second  of  the  four 
respectively. 
Now 


But 


H 


ence 


A3:4 

w  : 

xyz 
21 

= 

wxyz           xyz  \  w 
1               1 

= 

A    1  -  A    1  -  ^a  2 

wxy          wxyz           xyz  w 
1 
2u'  «    X  ,o  2 

t^w        t  ixyz 
1 

«2 

xyz 

] 

•■\w 

= 

= 

ti  w\\t  ixy      \t  ixyz^ 

= 

all    -«i  1 

xy  1 w         xyz  \ w 

= 

Q  ^a    1    -  0  1  a      1     approximately. 

^xy    xy  1  w       ^-xyz    xyz  \w     '■  ^                        -^ 

A3:4 

w  : 

xyz 
21 

= 

A    i-A    1  -^(Q  ^a        -Qi  «     1 

•wxy          wxyz         ^  ^xy    xy  w       ^-xyz    xyz\W' 
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4.  Find  the  value  of 


(a)     AUl 
(.0)     A 


xy  :   z 
1:3 


{d)    Ai-B^ 


2/2 


(«)  This  is  an  assurance  payable  (1)  on  the  death  of  {x)  if  he 
die  first,  (2)  on  the  death  of  {x)  if  he  die  third,  {£)  having  died 
first,  (3)  on  the  death  of  (//)  if  he  die  first,  or  (4)  on  the  death 
of  (y)  if  he  die  third,  {z)  having  died  first.     In  symbols 


Ai    +A3    +A1  +A3 

xyz  xyz  xyz  xyz 

\  1 


I 


{h)  This  is  an  assurance  payable  on  the  death  of  (x)  if  he  die 
more  than  t  years  after  (j/).     In  symbols 


X  X :  y[t\) 


4 


(c)  This  is  an  assurance  payable  (1)  on  the  death  of  (.r)  after 
(?/),  if  {£)  has  died  before  (^)  or  if  {z)  is  still  alive ;  (2)  on  the 
death  of  (?/)  after  (x),  if  {z)  has  died  before  {x),  or  if  (z)  is  still 
alive.     In  symbols 


A3    +  A2    +  A  3  +  A  2 

xyz  xyz  xyz  xyz 

1         i  11 


t 


(d)  This  is  an  assurance  payable  on  the  death  of  (x)  if  he  die 
first  or  last  of  the  three  lives.     In  symbols 


A  -A2     =  A  -Ai  -Ai  4-2A1 

X  xyz  X  xy  xz  xyz 


i 


5.  Express    A2=3:4         and    A3-4        in   formulas    for  summatioi 

1  21 


not  involving  the  use  of  the  integral  calculus. 
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A2-3-4  —     V<  =  '»j,t-A    g+^-1     w+t-^  'x+t-i    y+t-^T 

^  w.xyz  ^t  =  \  I  ill  io+<-J 

1  2  w    X    y 

A3 -4  _    v^^*^,,/;-^    g       z+t-i    y+t-1     w+t-h   x+t-hl{ 

^  w:xyz  n  =  l  /  /  II  w-]-t-h 

21  z  y  V3   X 

6.  The  present  holder  of  a  title  of  nobility  is  aged  w.  It  is 
desired  to  effect  an  assurance  payable  on  the  death  of  his  wife 
aged  X,  provided  that  during  her  lifetime,  the  heir  aged  y  having 
died,  the  next  heir  aged  z  shall  have  succeeded  to  the  title.  Give 
a  formula  for  the  single  premium. 

To  fulfil  the  conditions  both  (io)  and  (j/)  must  die  before  both 
(x)  and  {z),  but  it  is  immaterial  whether  (x)  dies  before  or  after  {z). 
The  single  premium  therefore  is 

A-  2:3        =     A     3:4  +  A     3:4 

wy  -.x'.z  w.xiy.z  V)  :x  :y:z 

-y  12  2       1 

It  may  be  most  easily  expressed  as  an  integral,  as  follows : — 

j  t^xz^^         t^y/t'  w'w+t      ^         f^  wJt^y'y+t'      x+t 

7.  Calculate  by  the  Text  Book  Mortality  Table  the  value  of 
the  following  formula,  using  4  per  cent,  interest : — 

=   500xJAj„^j„-40xJOj„^,„]5„ 
(since  by  formula  (4)  of  this  chapter  of  the   Text  Book   ^-^q.^qLo 

""  Q70: 70^70:  70 1 50     ""     2^^70:7o|5o) 

=  250A^^^^^-20(«^,-«,,^,,^J 

We  have  A^^^^^    =.  l_^(l+«^^  J 

=  1- -03846(1 +4-054) 

=  1- -19438 

=  -80562 
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And 


50 


50  :  70  :  70 


=    12-522 


where  M,. +  /*„,+ /x„„  =  3/t^ 


70 


70 


By  the  Table  of  Uniform  Seniority 

C50  4.^70  +  ^70     =     3c66-4 


66-4  :  66-4  :  66*4 


=   3-850  - -4  X -228 
=   3-759. 


Therefore     500  A  ^ 


0:70 


40 


70:70  50 


=   250  X -80562 -20(12-522 -3-759) 
-   201-405-175-260 


26-145 


CHAPTER    XVI 

Commutation  Columns,  Varying  Benefits,  and  Returns 

of  Premiums 

1.  In  addition  to  the  expressions  derived  in  Text  Book,  Articles 
9  to  1 4,  the  following  should  be  carefully  examined.  It  will  be  found 
that  these  or  similar  expressions  are  very  frequently  required  in 
Chapter  XVIII.  in  connection  with  valuation  by  the  retrospective 
method,  and  it  is  essential  that  the  principles  upon  which  they 
are  founded  should  be  thoroughly  understood. 

x-\-n  x+n 

This  represents  the  accumulations  to  the  end  of  n  years  of  an 
annuity-due  on  (.r)  for  that  period.  It  should  be  noticed  that  it 
is  greater  than  fl  -\-i)s—:  for  each  value  of  /  in  the  numerator  is 

greater  than  /  ,      in  the  denominator,  and  the  whole  expression 

is  accordingly  greater  than  (1  +«)^  +  (l +i)^"^  +  •    •    •    +  (I  +  0* 

which  is  the  value  of  CI  -\-i)s—,. 

X+n  x+n 


M  -  M  _^  dn  +  iy^-'^  +  d    (\  +  i)n-i+  ...  +d  ^   . 

X x+n    _       x^  ■^  x  +  Y^  ^  x+n-\ 

x+n  x+n 

x+t            x+n  x+t^           ^                      x+t+l^           J                                    x+n-\ 


x+n  x+n 


X  x+n  x+n  x^  J  x+V-  J  x+n-\ 


x+n  x+n     x^ ^ x+\ 

-  J— 

x+n  x+n 


X  x+i  x+t  x^  ■'  x+i<  ''  %  +  t-\^  ^ 


x+n  x+n 


R  _  u    /M  ^ 

X  x+t  x+n 


x+n  x+n 


=  -r-[''x(i+0"-'+H+.(i+0''--+  ■•• 


+'!''x+<-i(i+')"-'+ 'Wi +  ')""'"'+ •••+''.+»-il] 
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2.  The  following   is  probably  a  simpler  method  of  obtaining 
the  values  of  varying  and  increasing  annuities  and  assurances. 


(y< 


When  k  =  h  =  I 


^N±/<N,,  +  N,,  +  N,,+  .    .    .  ) 


D 


ytN  +  AS  ^, 
D 


X 

(yA')       =  a-—      V      a;+l  x+2  x+3    ^ 


kM    +hR    ., 

X  ~         x+1 

D 


When  k  =  k  =  I 


R 

X 


^  n\   ■'x 


kN  ±A(N  ^,  +  N  ^^+  .    .    .    +N  ^      \ 

X         ^     x+1  x+2  x+n-l-' 


D 


kN  ±k(S  ^,-S  ^  ) 

x         ^    x+1  x+n' 


D 


When  k  ==  h  =\ 


S  -S 


D 


Also     fv— ,A) 

^   n\     ^x 


x~    ^      a;  4-1  x+2  x+n-\' 


x+\  x+2 

D 


kU  +  A(R  ^,  -  R  ^  ) 

x~    ^     a;+l  je+H'' 


D 


When  k  =  h=\ 


R  -R  . 


^ 
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(V«)    -: 

D 

X 

^     X  x+U''  —      I    x+l  x+n      ^  ^     x+n* 

_ 

z 

When  k  =  h  =  I 

S  -  S  ^   -  wN  ^ 

a.,\  _        x         x+n x+n 

^^)xn\     ~  l3  ~ 

X 

Also  (vA)i- 

^     £ x+n^  —     ^^      x+\ x+n-'       ^      a-4-2 x+tu    '^      ■J•+n-^ %+n-  ' 

D 

X 

MU  -  M  ^  )  +  A{R  ^  -  II       -(n-l)M  ^  } 

'^      x x+n^  ~     t     g+l x+n      ^ -^       x+n' 

When  Ar  =  A  =  1 

R  -R  ^   -wM  ^ 

(lAV-   =   -^ ^^i^^ ^±^ 

X 

3.  So  long  as  the  S  and  R  columns  are  supplied,  the  working 
out  of  increasing  benefits  by  these  formulas  is  therefore  an  easy 
matter.  But  in  cases  where  these  commutation  columns  are  not 
available,  a  method  which  has  been  described  by  Mr  Lidstone 
(J.  /.  A.y  xxxi.  68)  may  be  used.  The  proof  upon  which  tlie 
method  rests  is  as  follows  : — 

Let  B  be  a  benefit  of  any  nature  dependent  on  the  life  (.r), 
and  expressed  by  vp^  +  v'^p^  +  v^p^  +  .  .  .  ,  where  p^,  p^,  p^,  etc., 
are  the  probabilities  of  a  payment  being  made  at  the  end  of  the 
first,  second,  third,  etc.,  years. 

Then      4b    =   ^B  x^ 

at     ^        dv     ^      di 

=     -{y'^p^  +  2v^p.-,  +  ^v^Pz+  •    •    •  ) 
Therefore        -(1+2)^B^=   vp^  +  'iv'^p.2  +  ^v^Pz+  -    •    • 


('«). 
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where   (IB)     is    a    benefit   dependent   on   the   same   probabilities 

as  B  ,  but  increasing  by  1   per  annum  throughout. 

d               AB  -JA2B 
But     7P  B     =    — '^ approximately. 

AB  -JA2B 
Hence  (IB)    =    —  (l+«) ^ approximately. 

This  formula  is  perfectly  general  and  ap})licable  to  any  fyp? 
of  benefit  which  increases  uniformly. 

For  example,  let   it   be   required  to  find  the  value  of  (I  A) 
by  the  Text  Book  Table  at  3J  per  cent.  4111 

(lA)^^  -     -  1  ^'^S —^^^ 

=    -  207  {(-42692  -  -46889)  -  J (-39003  -  -85384  +  -46889)} 
=  207(-04197  + -00254) 
=  9-21357 


S 


4.  The  difficulties  and  dangers  attending  the  practice  (recom- 
mended in  Text  Book,  Article  27)  of  omitting  the  denominator  in 
writing  benefit  and  payment  sides  are  such  as  to  outweigh  any 
slight  saving  of  trouble. 

Theoretically,  such  expressions  as  (M   -  M       ),  (N  _,-N  ), 

etc.,  have  no  meaning  as  they  stand  (vide  Text  Book,  Chapter  VII., 
Article  9),  and  in  practical  use  they  will  have  different  senses 
according  to  the  particular  denominator  used  with  them.  There- 
fore until  the  proper  denominator  is  fixed  the  proper  sense  cannot 
be  ascertained.  It  is  only  after  supplying  denominators  to  both 
that  benefit  and  payment  sides  can  be  examined  and  compared  to 
check  their  accuracy.  Further,  where  a  second  life  comes  into 
the  problem,  and  the  denominator  is  omitted  everywhere,  the  fact 
may  be  overlooked  that,  e.g.,  D    is  the  denominator  for  part  of  tlie 

problem  and  D     for  the  remainder,  and  thereby  serious  error  may 

be  introduced. 

5.  To  find  the  value  of  the  temporary  benefits  mentioned  in 
Text  Book,  Article  46,  we  must  stop  at  the  wth  value  of  u,  that 
is,   u      ,  which  is  equal  to 

/  -.NA  (^*-l)(W-2)    AO 
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Then  we  shall  have 

(vA)i-i   =    K   Rm   -  M  ^  K  +  |R  0.1  -  I^  ^   -(w-  1)M  ^  \  A?/ 

^       ''xfti  D    L        ^  a:+7jV   0       1      x+l  x+n      ^  J      x+n  j        0 

+  \m  ^,  -  2R  ^   -  (..  -  2)R  ^   -  (^-IX^-^)  M  ^  \ A2« 

(^        x+2  x+n      ^  J    x+%  2  x+n  i         0 

To  obtain  fv-ja)    and  fv-iA)    we  need  only  omit  from   these 

\   7i\    ■'x  ^   n\      ''X  •' 

formulas  the  terms  which  cut  off  the  whole  benefit  at  the  end  of 
n  years,  but  retain  the  terms  which  cut  off  the  increase  merely. 
Thus 


% 


(v-n)     =   ^  Tn  K„+  (S  ^,  -  S  ^  )At 

^   **l     *  D    L      *'    0       ^    *+^  x+n-' 

X 

t       x+2  x+n      ^  J    35+71'  0 

(v-rA)     =    ,!-  r  M  «,  +  (R  ^^  -  K  ^  )A//, 

^    n|     >'i;  D     L       ic    0      ^     x+\  x+n-'       0 

a; 

+  {2R  ^,  -  2R  ^   -  («  -  2)R  ^  }  A2« 

'    I        x+2  x+n      ^  ■'    x+n'  0 

6.  The  warning  contained  in  Text  Book,  Article  98,  should  be 
carefully  noted,  as  the  error  presents  itself  in  different  forms.  For 
example,  if  it  is  desired  to  have  a  table  giving  the  annual  premiums 
for  pure  endowments,  one-half  of  the  premiums  to  be  returnable  in 
the  event  of  death  before  the  expiry  of  the  term,  it  is  incorrect  to 
take  the  arithmetic  mean  of  the  premiums  for  pure  endowments 
with  and  without  return  respectively.  The  correct  office  premium 
for  the  new  benefit  is  P(l  +  k)  +  c  where 


P    = 


D  ^  +.U<R  -  R  ^   -wM  ^  ) 

x+n       ^    ^     X  x+n  x+n-' 

N     ,  -  N  ^     T  -  i(l  +  '^')(R  -  R  ^    -nWr~) 

x~l  x+n-l       *^  -'^    x  x+n  x+n-' 
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while  the 


TT 


proposed  office  premium  is  7r(l  +k)  +  c  where 
D 


x+n 


N 


N 


+ 


D  ^   +c(R  -  R  ^    -  wM  ,  ) 

x+n         ^     X x+n x+n'' 

N     ,-N^       -(1+k)(R  -  R  ^    -«M 

a;-l  x->rn-l       ^  ^^     x  x+n 


x-\  x+n-1 

and  these  two  are  not  equal. 

The  explanation  is  that  if  (x)  were  to  die  within  the  n  years, 
having  taken  out  a  policy  at  this  proposed  premium,  the  office  will 
return  only  one-half  of  the  premiums  paid ;  but  if,  on  the  other 
hand,  he  had  effected  two  policies,  one  with  and  the  other  without 
return,  each  for  one-half  of  the  sum  assured,  the  office  would  have 
to  return  the  whole  premiums  under  the  former  policy  which 
obviously  are  greater  than  the  mean  of  the  premiums  under  both 
policies.  In  accepting  the  contract  at  the  proposed  premium  the 
assured  is  therefore  allowing  himself  to  be  overcharged. 


iC+W 


7.  We   proceed   to   discuss  some  practical  problems  not  dea] 
with  in  the  Text  Book. 

It  sometimes  happens  that  (x)  for  some  reason  will  not  be 
accepted  by  an  office  at  the  normal  premium  for  his  then  age. 
He,  however,  refuses  to  pay  the  premium  for  an  older  age  which 
they  wish  to  charge  him,  but  consents  to  his  policy  at  the  normal 
premium  bearing  the  condition  that  the  sum  assured  will  be  paid 
under  deduction  of  a  certain  sum  in  the  event  of  his  dying  within 
t  years  and  in  full  on  death  thereafter,  t  being  usually  fixed  at  the 
expectation  of  life  of  (x).  It  is  required  to  obtain  a  formula  to 
determine  the  amount  of  this  "  Contingent  Debt." 

First,  let  us  assume  the  debt  to  be  constant  during  the  t  years, 
and  equal  to  X. 

Taking  the  life  at  his  assumed  or  rated-u])  age  we  see  that  th 
value  of  the  premiums  which  the  office  should  receive  is 

P^  (l+«  a-  ) 

x+tv-  x+n-' 

But  they  are  to  receive  only  P  (1  +  «  ,  ).  Therefore  they 
lose  i)remiums  to  the  value  of 

^    x+n  X''^  x+n-' 

Now  the  present  value  of  the  debt  is 

XA 


I 


1 

'x  +  n 


«l 


Therefore  equating  and  solving  for  X  we  have 

(P^    -P)(l+«  ..  ) 

^    x+n  x-'^  x+n-' 


X   = 


A_l 

x+n'.t\ 


i 
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Again,   assume  the  debt  to  commence  at  <X  and  decrease  by 
X  each  year  till  it  disappears  at  the  end  of  t  years. 

As  before,  the  value  of  the  premiums  which  the  office  forgoes  is 

(P  ^    -P)N  ^     , 

^    x+n  x-'^  x+n-' 


D 


x+n 


The  present  value  of  the  debt  is  now 


^XM  ^    -X(Il  ^ 

x+n  ^    x+n 


+1 


-  R 


x+n+t+V 


D 


x+n 


Equating  and  solving  we  have 

(^x+n-^x)^x+n-. 


X   = 


tu 


x+n 


^    x+n+l  x+n+t+l 


In  this  investigation  the  damaged  life  is  assumed  to  be  a 
normal  life  aged  (x  +  n),  and  the  extra  rates  of  mortality  for 
successive  years  are  accordingly  as  follows  : — 


Year  of 
Duration. 

Extra  rate  of  Mortality. 

1 

2 
3 

etc. 

^x+n     ^x 
^x+n+l  ~^x+l 
^x+n+2~^x+2 

etc. 

It  will  be  found  that  this  extra  mortality  is  at  first  small  and 
slowly  increasing,  but  becomes  great  in  the  later  years  of  duration  ; 
and  this  is  a  comparatively  uncommon  form  of  extra  risk.  Also 
from  the  nature  of  the  contract,  the  contingent-debt  scheme  should 
be  specially  applicable  to  the  case  where  the  extra  risk  is  at  first 
large  and  afterwards  decreasing.  Accordingly,  the  method  of  fixing 
the  amount  of  the  debt  is  open  to  criticism  in  these  respects. 

8.  We  here  give  the  methods  of  ascertaining  the  premiums 
when  they  are  loaded  for  bonuses  in  addition  to  the  sum  assured 
of  1. 

(a).  Uniform  Reversionary  Bonus. — The  problem  is  to  find 
the  annual  premium  for  an  assurance  of  1,  to  increase  by  5b  every 
5  years,  with  an  interim  bonus  of  b'  in  respect  of  each  premium 
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paid  since  the  commencement  or  since  the  last  increase,   in  thi 
event  of  death  within  any  quinquennial  period. 


M             M   , ,+  M   ,,^  + 
Benefit  side       =   — ^  +  56  -^±^^ ^^^ 

X  X 


+  h 


R  -5(M  ^,+  M  ^^,+  •    •    •  ) 

/      X  ^      x+b  ;j;4-10  ■' 


D 


Payment  side    =   tt 


N 


.T-l 


D 


whence  we  may  obtain  tt. 

If  no  interim  bonus  is  to  be  given  for  the  first  quinquennium, 
the  benefit  side  becomes 


_  +  56 j5 

X  X 

while  the  payment  side  remains 


+  b 


^      a:+10  a;+15 


/      x+b 


D 


N 


IT 


x-l 


D 


and  the  new  value  of  tt  may  be  found. 

If  6'  =  6  the  benefit  side  in  the  first  case  becomes 


M  R 

D    ^      D 

X  X 


and  the  payment  side  being 

N 


IT 


X-\ 


D 


TT      = 


M.  +  6R, 


N 


x-l 


While  if  h' =  h,  and  no  interim  bonus  be  given  for  the  first 
quinquennium,  the  benefit  side  becomes 

X     .      L  x+b x+6 

D    "*■  D 

X  X 


N 


Payment  side   =   ^— ^ 

M  +6(5M  ^  +R      ^ 

X         ^        x+b  x+S' 


x-l 

X 


and  in  this  case     tt    = 


N 


s-l 


4 


i 
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For  an  endowment  assurance  with  a  similar  bonus,  we  have 

M   -  Al       +D  ^  /M   ,    -  M   .    +D 

Benefit  side    =   — ^ '^ '-±^  +  56  f-^''- ^+^L^__^+n 

X  ^  X 

M^^-M.+D,  M^-M^+D,        M,-M       +D 

,         x+lO  x+n  x+n   ,  ,   .      x+n-5  x+n  x+n  ,        x+n  x+n  x+ii 

+ ^ +...  + ^ + p 

X  ^  X  X 

(R  -R^  )-5(M  ^  +M  '     +  ...  +M  ^  ) 

/^     X x-\-n^ >»      a:+5 a:+10 x-\-ti^ 

D 

X 

M  -M  ^   +D  ^         5(M  _,,+  M  ^,  +  ...  +M  ^  )  +  w(D  ^   -  M  ^  ) 


+  6 


+  6^ 


D  ^'-  D 

a;  x 

(R  _R      )_5(M  ^^+M  ^,  +  ...  +M  ^  ) 

/  ^    X  x+n-^  V      a;+6  x+lO    x+n^^ 

D 


Payment  side   =   ir—'"^        ^+"-^ 


D 


and  TT  may  at  once  be  obtained. 

If  no  interim  bonus  is  to  be  given  for  the  first  five  years,  the 
last  term  on  the  benefit  side  becomes 

(R  ^.-R  a.  )-5(M  ^,^+M  ^,,+  •••  +M  ^  ) 

11^    x+6  x+n^  ^      x+lO  x+15    x+n^ 

X 

If  b'  —  h,  the  benefit  side  becomes  in  the  first  case 

M   -M   ,    +D  .  R  -R  ,    -wM   ,    +wD  , 

X x-\-n  x+n    ,    7      X         x+n x+n x+n 

^  +o  ^ 

X  X 

and  in  the  second  case 

M   -  M   ,    +D  ,  5M   ,    +R  ,  -R  ^   -wM  ^   +nT>  ^ 

X  r+n  x+n    ,  i    x+b  x+b  x+n x+n x+n 

j^  +  b  ^ 

X  X 

Also,  the  form  of  the  payment  side  remaining  throughout 

x-\  x+n-\ 

'^ D 

X 

the  various  values  of  iz  may  be  deduced  by  equating  and  solving. 

(6).  Compound  Reversionary  Bonus. — To  find  the  annual 
premium  for  an  assurance  of  1,  to  increase  by  5i  per  unit  every 
5  years,  calculated  on  the  sum  assured  and  existing  increases, 
with  an  interim  bonus  of  U  per  unit  in  respect  of  each  premium 
paid   since    the    commencement    or    since     the  last  increase,  also 
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calculated    on    the    sum    assured    and    existing    increases,   in  the 
event  of  death  within  any  quinquennial  period. 

Benefit  side  =  jl-{(M^- M^^,)  +  (l +  5A)(M^^^- M^^J 

X 

+  ^  {(R.  -  R.+5  -  5  M,^,)  +  (1  +  56)(H,^,  -  R^^,„  -  5  M^^  J, 

X    ^  ■ 

'   \      '        /  V     x+10  x+15  a;+15/ 

N 


Payment  side    =   tt 


x-l 

D 


and  TT  may  be  obtained  by  equating  and  solving. 

If  no  interim  bonus  is  to  be  given  for  the  first  five  years,  the 
first  terra  of  the  second  part  of  the  benefit  side  will  be  omitted, 
and  it  will  then  read — 


i-|(M^-M^^,)  +  (l  +  56)(M 


x+5 


M 


H-IO-^ 


+ii+5bnM^-M^+ 


h' 


+  ^/(i  +  5M(R  R  ^^  -5M      ^ 

D     I  ^+^  a;+10  x-\-W 

X 

+  (1  +  56)2(R  ,,   -R  ,,,-5M  ^,J  + 

^  ^  }■     a;+10  x+15  x+W-^ 

If  h'  =  /;  the  benefit  side  in  the  first  case  becomes 

X 

and  in  the  second  case 

jL  {  M^  +  56M^^^  +  6(1  +  56)(R  ^^  -  R^^,„) 

The  form  of  the  payment  side  is  constant,  and  therefore  the 
several  values  of  tt  for  these  benefits  may  be  obtained. 

To  find  the  annual  premium  for  an  endowment  assurance  with 
a  similar  bonus,  we  have 
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Benefit  side 

13     1^^      «  x+b^      ^  -^^      x+5  a;+10>'  '  V      '        /  \      a;+10  a;+15'' 

X 

+  -^/(R  -  R  ^  -5M  ^.)  +  (l  +  5/>)(R  ^  -  R  _,,^-5M  ^,J+  ••• 


+  .  .  . 


a;    " 

%-b 


+  (1  +  5^  5  (R^     .-  It  ^   -5M  ^  )| 

^  ^        ^    x-\-n-b  x-\-n  x+n^ ) 


Payment  side    =   tt      a^-i        ^+^^-1 

X 


whence  we  may  obtain  tt. 

If  no  interim  bonus  is  to  be  given  for  the  first  five  years  the 
benefit  side  becomes 

X    ^ 

n-5  n  -v 

+  ^{(l+5*)(lU-lWio-5M,+,„)+-    •    • 

X    ^ 

+  (1  +  56WR  ^     .-R^-5M^)[ 

^  ^        ^    a;+?i,-5  x+n  x+n^  J 

If  6'  ^  6j  the  benefit  side  in  the  first  case  becomes 

-i- 1  M  +//R  -  R  ,,)  +  //! +5/;)(R       -R      J+.    •    • 

D    \       X         ^     X  x+b''   '      ^      '         y^     x+5  x+10^ 

71-5  71  . 

+  bn  +  bb)~^ni  ^    ^-n  ^)  +  n+6bym  ^  -m^\\ 

and  in  the  second  case 

^-/m  +5m  ^  +6(1  +  56)(R^  -  R^J+  .    .    . 

J)     I        «  a;+5         ^  -'^    x+b  a;+10^ 

a;   ^ 

n-5  n  "V 

^  ^        ^    x+71-5  x+Ti^'   '   V      '        y    \     x+n  x+n) ) 

Then,  the    form  of  the  payment  side  remaining  unchanged,  the 
several  vahies  of  tt  may  be  obtained. 

Where  b'  =  b  =  '01  it  may  be  shown  that  the  single  premium 
at  4  per  cent,  for  an  assurance  of  1   with  that  compound  rever- 

U 
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sionary  bonus  is  approximately  equal  to  the  single  premium  at 
3  per  cent,  for  an  assurance  of  1.  For  ease  in  working,  let  it  be 
assumed  that  the  bonus  is  compounded  yearly.  This  will  have  the 
effect  of  increasing  the  value  of  the  benefit,  which  may  then  be 
expressed 

/    1l-( 


•01  J 


1-04 


''x+l  + 


1-04^  V2  + 


% 


Now   ,— —   =    — -—    approximately,   and   if  we    substitute   this 
1-04         1-03     ^^  ^' 

value  for  it  we  shall  decrease  the  value  of  the  benefit  which  will 
now  be 

1        ,  1 


1  /-L    ^ 


+ 


+ 


(103)2     x+l       (1-03)3  "'a;+2 


+ 


J. 

D 


iT  (^^  +  ^^4-1  +  C.4-2  +  •    •    •)  at  3  per  cent. 


«+! 


x+2 


=    A 


a:(8%) 


The  two   approximations    given    effect   to   above   act   in  opposite 
directions,  and  will  to  some  extent  neutralise  each  other.  Jl 

9.  Under  a  scheme  of  Discounted-Bonus  or  Minimum-Premium 
Policies  the  annual  premiums  are  obtained  by  deducting  from  the 
full  profit  premium  the  value  of  a  certain  rate  of  bonus. 

(rt).  Cash  Bonus. — At  the  several  investigations  cash  bonuses 
are  usually  declared  as  a  percentage  of  the  premiums  received 
since  last  investigation.  On  the  assumption  that  investigations 
are  quinquennial,  and  that  it  is  desired  to  apply  a  cash  bonus  of 
100/c  per  cent,  of  the  premiums  received  in  reduction  of  the  full 
profit  premiums,  the  yearly  reduction  will  be 


kxb¥ 


D      +D        +D        + 

x+5^      a;+10^      x+lb^ 


N 


35-1 


Now,  assuming  that  5D     ,  =  D 
etc.,  we  have  the  yearly  reduction  equal  to 


.+3  +  D,^4+D,+5+D.+6  +  D.+7, 


A;P' 


I^.+3+l^.+4  + 


+  D     ,  +  D       + 

N      , 


=  kY 


N 


g+2 
«-l 
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But  again 


Therefore    /c  x  5P' 


5D  ,,  +  5D  ^,,  +  5D  ^,,+  .    .    . 

x  +  5 x  +  10 a:+15    

D 

X 

s    flCi)    =    «   —  2 

X  X 


x+b  x  +  10  x  +  \b 

x-\ 


a  -2 

=  Ap;{i-3(P^+^} 

(A).  Uniform  Reversionary  Bonus. — On  the  assumption  that 
it  is  desired  to  apply  the  value  of  a  uniform  reversionary  bonus 
of  5/>  to  be  declared  every  five  years,  the  reduction  in  the  annual 
with-profit  premium  will  be 

X-\ 

If  an  interim  bonus  at  the  same  rate  is  also  to  be  assumed  the 
reduction  will  be  increased  to 

R 


x-\ 


(c).  Compound  Reversionary  Bonus. — If  we  apply  the  value 
of  a  similar  compound  bonus,  the  yearly  reduction  will  be 

Or  including  an  interim  bonus  at  the  same  rate,  we  have 

X-1 

In  any  such  system,  if  the  bonus  declared  is  greater  than  that 
applied  in  reduction  of  the  premium  in  accordance  with  any  of  the 
above  formulas,  the  excess  is  added  to  the  sum  assured.  But  if 
the  rate  declared  be  less  than  the  assumed  rate,  the  difference 
must  be  deducted  from  the  sum  assured,  or  else  an  increase  must 
be  made  in  the  premium  payable,  care  being  taken  to  ensure  that 
no  option  is  permitted  to  the  disadvantage  of  the  office. 
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10.  To  find  the  annual  premium  for  a  pure  endowment  payable 
at  age  (x  +  ri),  the  premiums  received  to  be  returned  with  simple 
interest  at  rate  j  in  the  event  of  previous  death,  but  the  premium., 
to  be  calculated  at  rate  i.  ' 

The  difficulty  here  is  in  the  return  of  the  interest  on  the 
premiums.  In  respect  of  the  first  premium  paid,  this  return  is  of 
the  nature  of  an  increasing  assurance  commencing  at  one  year's 
interest,  and  increasing  by  the  same  amount  per  annum.  The 
value  of  this  therefore  is 


R 


TT 


R  ^   -wM  . 

x+n  x+n 


D 


In  respect  of  the  second  premium  the  return  is  of  the  nature  of 
a  similar  assurance  deferred  one  year,  and  its  value  is 


R  ^  -  R  ^    -(n-l)M  ^ 

r       x+1  X+n      ^  ^      x+1 

D 


JF 


and  so  on  for  each  premium,  the  value  of  the  return  of  interest 
respect  of  the  last  being 


TT 


R^       -R^-M^ 

x+n-l x+n  x+n 

D 


The  value  of  the  return  of  interest  in  respect  of  all  the  premiums 
is  the  summation  of  these  w.  expressions,  and  is  equal  to 

x  x+n  x+n  2  x+n 


TT 


D 


Therefore  the  benefit  side 


D  ^  R  -  R  ,    -  wM 


D 


+  j{Tr(l+K)  +  c} 


D 


X  x+n  x+n  2  x+n 


D 


Payment  side   =   ir     ^-i        ^+^-i 
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Equating  and  solving,  we  have 
,r  =  rD  ^   +c(R  -II       -JiM  ^  )+/c/2R  -2R^    -nR  ^    _n(n  +  l)  ^       .-. 

|_      x+n         ^     X  x+n  x+n-'     ^     [^        ^  x+n  x+n  2  x+n  f    I 

-^fN     n-N^       -(1+k)(R  -  R  ^    -wM  ^  ) 

I       x-l  x+n -I       ^  ^^     X  x+n  x+n-' 

^^  /  [^        X  x+n  x+n  2  3:+njJ 

and  tt'  =  TT  ( I  +  k)  +  c. 

11.  To  find  the  annual  premium  for  a  similar  benefit,  with  the 
exception  that  the  premiums  are  to  be  returned  with  compound 
interest  at  rate  j. 

Here  we  have  the  benefit  side 

1!  J  t-x 


D 


x+n 


+  {.(l  +  .)  +  4l+i(A''-^-Ai^) 


where  A'  i  -.  is  calculated  at  rate  J,  which  is  such  that 

l+J          l+i 
Payment  side   =   tt =^r — 

X 

D       +c^'  D(A'i-:-A^) 

x+n  1  a;v       xn\  xny 

Hence   tt    = 


N       _N  -H+k)  !-y  D(A'S-AS) 

a;-l  x+n-\      ^  ^      J  *        **''  *^l 

and  tt'  =  tt  ( 1  +  k)  +  c. 

Alternatively,  we  have  the  benefit  side 

D  r  M   -  M  M   . ,  -  M   , 

=   -gL^  +  ^-|(l+i)       -^3    -+-  +  (l+iy      %      ^+^4--    .    • 


a; 

X  X 
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The  payment  side  being  as  above,  we  have 
and    tt'  =  7r(l  ■\-k)-\-c. 


12.  The  annual  premium  for  a  deferred  annuity  with  a  simi 
condition  as  to  return  of  premiums  may  be  found  by  substituting 
N        for  D  .     in  the  above  formulas. 

If  in  this  last  problem  we  assume  that  the  net  premiums 
returnable,  we  shall  obtain 


PL 

milar 


-=N^+n^[N.-i-N^,.,-{(l+i)M^  +  (l+i) 


2M 


T+l 


If,  further,  we  put  j  =  i,  the  portion  of  the  denominator  within 
brackets  becomes 

(1  +  OM  4-  (1  +  ifyi  ^,  +  . . .  +  (1  +  i>M  ^     ,  -  (1  +  i)s-r^  ^ 

^  ''^  a;  a;+l  a;+2  a;+7i  / 

+  (1  +,7(t;«+2^^^^  +  ^.+3rf^^^+  .  .  .   +,x+n+l^^^^  +  .  .  .  ) 

+  •  .  .   +(1  +r)-(i;a:+«,;^^^_^  +  ^.+.+l^^^^  +  .  .  .  ) 

-  {(1  +  0  +  (1  +  0^  +  •  •  •  +  (1  +  2>}(^*+^^+^i/  .     4-  t;^+'^+2t/   ,     ,,+... 
=  v'Cd.  +  d^.  +  . . .  +  c?  )  ^ 

^   X         x+1  x+n- 1'' 

+  v^+Hd  ^^+  ...  +d  ,      ,) 

^   x+l  x+n-iy 


+  ...    +V^+^-l6/ 


a;+n-l 


V  a;        x+n^  v  a;+l        x+n^  '  V  ; 


=  N 


x+l 

N 


a;+»-l 


X+M.' 


+  (1  +  0} 


Therefore     tt  = 


N 


rr+n 


N 


N  ^       -  {N       -  N 

x+n-l       I     x-1  X 

x+n 


x-1  x+ 

N 


+n-l 


D  ^   (1+0.9-} 


\y    (1+0*-, 

x+n^  ■'   »| 


Til     «+» 
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which  is   the   annual   premium   under   a   leasehold  assurance   to 
provide  a        at  the  end  of  n  years  certain. 

This  result  is  correct ;  for,  since  the  office  has  to  return  to  those 
who  die  within  the  n  years  their  contributions  along  with  com- 
pound interest  at  the  rate  assumed  in  their  calculations,  it  will 
derive  no  benefit  from  those  who  so  die,  and  therefore  mortality 
must  be  left  out  of  account  so  far  as  these  years  are  concerned. 

13.  To  find  the  annual  premium  limited  to  t  years  and 
returnable  with  simple  interest  at  rate  J  for  a  pure  endowment 
with  return. 

Here  there  will  be  t  expressions  for  the  return  of  interest  to 
sum. 

D  ^                                 R  -R  ,-tM  ^ 
Benefit  side  =  -^  -|.{^(l +k)  +  c}  -^ ^t« J't!* 

X  X 

+^{7r(l+K)  +  c} 


D 

9 


Payment  side  =  rr— "^"^        *+*-^ 


D 

TT  may  be  found  by  equating  the  two  sides  and  solving,  and 
hence  also  tt'. 

14.  To  find  the  annual  premium  for  a  whole-life  assurance  of  1 
deferred  n  years,  premiums  to  be  returnable  in  the  event  of  death 
within  the  n  years. 

M  ,                                 R  -R  ,    -«M   . 
Benefit  side      =  -^  +  { ^  ( 1  +  k)  +  c }  -^ ^+^ ^t^ 

X  X 

N    . 
Payment  side  =  tt 


D 

X 


Whence  ir  = 


M   ,    +c(R  -R  ,    -nV.    ,    ) 


N       -(1+k)(R  -R  ^    -nM  ^) 

x-l      ^  ^^    X  x+n  x-\-n^ 

and         tt'  =  7r(l-l-/c)  +  c. 

Mr  Stirling  gives  (/.  /.  A.,  xxxi.  259)  a  simple  practical 
formula  for  obtaining  this  annual  premium  from  a  table  of  annual 
premiums  for  pure  endowments  with  return. 
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The  argument  is  as  follows  : — At  the  end  of  the  ti  years  the 
premium  for  the  assurance  at  the  then  age  would  be  P      ,  but 

the  office  is  to  continue  receiving  only  the  premium  tt  ;  therefore 
at  that  time  it  must  have  in  hand  to  meet  the  shortage  in  future 
premiums  a  sum  of 

\     r-X-n  /     .r  '  -"  ^^' 


x+n 


x+n 


TT  must  therefore  also  be  the  premium  for  a  pure  endowment,  with 
return,  of  this  amount,  or   (P   ,     —  7r)a   ,     x  RP  —,  where  RP  —,  is 

^    x+n  ^    x+n  xn\  xn\ 

the  annual  premium  for  a   pure   endowment  of   1,  with  return. 
That  is 


TT 


T=    (P 

(rpi 


^    -7r)a  ^    xRP^ 

x+n         z    x+n  xn\ 


x+n  J 


=    P  ^   a^ 

x+n    x+n 


V    = 


P       a 

x+n    x+n 


1 

~T  +  a 

RPi,       ^+* 

xn\ 


Taking  net  premiums   throughout  and   substituting  for  RP -, 
its  value  as  found  in  Text  Book  formula  (31),  we  get 

M 


TT    = 


x+n 


N       -(R  -R  ,    -?iM   , 

x~l       ^     X  x+n  x+n 


) 


which  is  the  annual  premium  for  a  deferred  assurance  with  return 
of  the  net  premium,  agreeing  with  our  first  formula  above  it  k  and 
c  are  zero. 

Again,  taking  the  loading  as  a  percentage  on  the  premium 
only,  that  is  '7r'  =  7r(l  +  K)  and  c  =  0,  and  making  the  necessary 
modifications  on  the  value  of  RP  —.  as  found  in  I'ejct  Book  formula 

xn\ 

(47),  we  have  by  Stirling's  formula 


M 


TT    = 


X+n 


N     ,-(1+k)(R  -R^   -?iM  ^  ) 

x-l       ^  ■' ^    X  x+n  x+n^ 


which  is  the  annual  premium  for  a  deferred  assurance  with  return 
of  the  office  premium  where  the  office  premium  is  loaded  with  a  per- 
centage on  the  net  premium  only,  agreeing  with  our  first  formula 
if  c  =  0. 
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Now,  taking  tt' =  7r(l +k) +  c,  and  giving  to  RP^i  its  value  as 
found  in  Text  Book  formula  (47),  we  have  by  Stirling's  formula 

A  ^ 

x+n 
IT    = 


Na;-l-N^+n-l-(l  +  '^)(I^x-R:r+u-^*M^  +  «) 


+  a. 


But  by  our  first  formula 

M  ,    +c(R  -R  ^   -wM  ^  ) 

x+n         ^     a;  x+n  x+n'' 


IT    = 


N     ,-(1+k)(R  -R^    -nU  ^  ) 

x-l      ^  ^^    x  x+n  x+n'' 

and  these  two  formulas  are  not  identical. 

Tlie  reason  for  the  divergency  will  be  found  on  examining  the 
formula 

TT  =  (P  ,     -7r)a  ^    xRPl 

^    z+n         '    x+n  xn\ 

Under  the  circumstances  now  being  considered  RP  — ,  is  loaded 

*-•  xn\ 

to  provide  for  the  return  of  RP-^(1+k)  +  c.  According  to  the 
argument  by  which  this  formula  was  derived  the  office  premium 
which  should  therefore  be  returned  is 

(P^    -7r)a_,   {RP^(1+k)  +  c} 
But  the  office  premium  which  actually  is  to  be  returned  is 

^    X+n         ^    x+n        xn\ 

and  these  are  obviously  not  equal. 

Mr  Stirling,  however,  put  forward  the  formula  merely  as  a 
useful  method  of  obtaining  the  ojice  premium  for  the  deferred 
assurance,  the  premium  P  also  having  to  be  considered  a 
premium  with  some  loading.  Its  usefulness  is  considerable,  for 
the  numerator  is  constant  for  assurances  commencing  at  age  (x  +  w). 
The  process  is  to  add  to  a        the  reciprocal  of  the  office  premium 

for  a  pure  endowment  with  return,  and  divide  ^^,J^\^n  ^J  the 
result. 

The  formula  is  easily  modified  to  apply  to  endowment  assurance 
and  limited-payment  policies. 

For  the  endowment  assurance  payable  at  age  (x  +  n  +  w),  or  at 
death  between  age  (x  +  n)  and  that  age,  with  return  of  premiums 
if  death  occurs  before  age  (x  +  ii),  we  have 

P        —  a        — 

x+n:m|    x+n:m| 

1 

■ +  a   ,      -I 

RP  i_  x+n:'in\ 


•H 
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For  a  policy  under  which  premiums  are  to  cease  to  be  payable 
after  age  Qv  +  ?i  +  7n  -  1),  i.e.  after  (//4-r«)  payments,  we  have 

m    x+n   x+n:m\ 

+    a  -; 

pp  1  x+n:m\ 


15.  To  find  the  purchase-price  of  a  life  annuity  of  1  to  (x), 
subject  to  the  condition  that  should  (x)  die  before  he  has  received 
in  annuity  payments  the  whole  of  the  purchase-price  the  balance  is 
to  be  paid  to  his  estate. 

Let  W  be  the  purchase-price.     Then  we  have 

N          WM  -(R  ^  -  R^^^O 
Benefit  side   =   jy  +    2— ^J E±w±L^ 

X  m 

Payment  side    =    W 

Equating  and  solving,  we  have 

^    ^         X  ~  ^x+1  "      g+W+1^ 

D  -  M 

X  X 

Since  W  is  still  involved  in  the  right-hand  side  of  the  equation 
it  will  be  necessary  to  make  an  approximation  to  its  value  in  the 
first  place.     The  right-hand  side  on  being  worked  out  should  then 
agree  with  the  assumed  value  of  W.     After  two  such  approxima-^ 
tions  the  true  value  might  be  found  by  interpolation.  ^ 

This  method  of  obtaining  W  is  not  quite  correc^,  inasmuch  as 
W  is  usually  an  integer  plus  a  fraction.  But  as  Mr  Manly,  the 
author  of  the  formula,  points  out,  the  correction  for  the  value  of 
the  assurance  of  this  fraction  of  the  annuity  is  so  insignificant 
that    it  might  be  ignored. 

These  remarks  apply  also  to  the  two  following  problems  : — 

To  find  the  single  premium  for  an  annuity  with  a  similar 
condition  but  deferred  n  years,  the  net  premium  also  being 
returnable  in  the  event  of  death  within  n  years. 

Let  W  be  the  purchase-price  of  the  annuity. 

Benefit  side    =    -^  +  ^_A.z±2gJ ^_±n+VH±^ 

X  X 


Payment  side    =    W 
Hence  we  have  W  = 


x+n      ^    x+n+1  x+n+W+l^ 


D  -  M 

X  X 


i 
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'J'o  find  the  annual  premium  for  a  similar  annuity  to  the  last, 
with  the  condition  tliat  all  net  premiums  paid  are  to  be  returnable 
in  the  event  of  death  within  the  n  years. 

Benefit  side    =    -^  +   -^^ .+n>'      ^  .+.+1 x+n+nr+l^^ 

X  e 

N^     -N        J 
Payment  side   =   tt — -~  *+«- 


Hence  tt  = 


D 

X 

N       —  TR  —  R  ^ 

x+n      ^    x+n+l  x+n+nir+l^ 

N       -N  ^       -(R  -  R  ,   ) 

x-l  x+n-1      V    X  x+n^ 


16.  To  find  the  annual  premium  for  a  pure  endowment  payable 
at  age  (x  +  n) ;  the  premiums  to  be  payable  only  so  long  as  another 
life  aged  y  is  alive  jointly  with  (x),  and  to  be  returnable  if  (x) 
should  die  within  the  n  years. 

The  value  of  the  return  in  question  was  discussed  on  page  129, 
and  making  use  of  the  result  there  given  we  have  here 
Benefit  side 

X  XX 

I  x+n-l x+n  \ 

"*"  D  n-lPyJ 

X 

Payment  side    =   tt     '-^-v-^        x+n-i:y+n-l 

xy 

Hence  we  may  obtain  tt.     Also  tt'  =  7r(l+ k)  +  c. 

17.  To  find  the  annual  premium  for  a  similar  benefit,  but  the 
return  of  premiums  to  be  with  simple  interest  at  rate  j. 

Following  the  method  of  the  solution  on  page  308,  we  have 

Benefit  side 

^r^.  /M  -  M  ^         M       -  M   . 

=    -^  +  {-(1 +-)  +  <- ^O-^^'^  +      ^^^D     ^^>,+  -- 

«  XX 

M^       - M .  \ 

,  x+n~l x+n  \ 

D  n-lPyJ 


/R  _  R       -„M  ^         R^  -R  ,    -w-lM  . 

+j{Tr(l+K)  +  c]{-^ ^±^ ^±^  +   ^±^^ ^±^^ ^±^p  + 

X 

—    .p) 

n-l^yj 


R^       - R^   -  M 

,         g+n-l  x+n 


D 

9 
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N  -N 

Payment  side   =    tt     ^"^^^-^     ^x+n-i:y+n-i 

xy 

Equating  and  solving,  tt,  and  hence  tt',  may  be  found. 


18.  To  find  the  annual  premium  for  a  similar  benefit,  but  the 
premiums  to  be  returnable  with  compound  interest  at  rate  j  in 
the  event  of  (a?)'s  death  within  n  years. 

Benefit  side 
=    %tii  +  {,(1  +,)  +  ,}[/(!  +j^^  +(1  +jy  ^  +  . .. 

X  XX 

X         ' 

+  {(1  +i)  V'  +  (^  +-^')'  %-'  +  •••+  (1  +Jy-'  ^r^]Py  +' 

«  X  X       ^ 


D  ^  r M'  -  M'  1     M'    ,  -  M' 


X 

M' 


M' 


where  D'  ,  M'     etc.,  are  calculated  at  rate  J,  which  is  such  that 
1        _    1+7* 

1+J  1+2 

Payment  side    -    ,r  ^^^i^-^        .+n-i:y+n-i 


D 


whence  tt  and  ir'  may  be  found. 


OSJ/ 


19.  To  find  the  annual  premium  for  an  assurance  on  the  life  of 
{x)  deferred  n  years  ;  the  premium  during  that  period  to  be  payable 
only  if  (j/)  also  is  alive,  and  thereafter  throughout  (j:)'s  life,  and 
to  be  returnable  should  (.r)  die  within  the  n  years. 

Benefit  side 

M  ,  /M  -  M   ,  M  ,    -  M  . 

»    -if^  +  {-(1  +  -)  +  c}[-^^-^  +  -Jtt^^^-^  p^^... 

X  ■  X  X 

M  ,      .  -  M 


=i ^+^         p   ] 

D  n-U  yj 
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/N  -N  N  \ 

Payment  side     =     TT  (     ""^^^^"^        ^x+n-l-.y  +  n-l    ^   _   r+n-lj 

xy  X 

Equating  these  two  sides  we  may  solve  for  tt,  and  tt'  =  7r(l  +  k)  +  c. 

20.  To  find  the  single  premium  for  an  annuity  to  the  last  survivor 
of  (ci-)  and  (j/)  deferred  n  years,  the  Jjremium  to  be  returned  in  the 
event  of  the  annuity  not  being  entered  upon. 

Let  a'  be  the  purchase-price.     Then  we  have 
Benefit  side    =      \n~-\-a'-x\   A— 

n\    jij  \n     xy 

=    C   |«  4-    |rt   -    irt    ") 

^n  I    a;       n\    y      n\    xy' 

+  {a(l  +  K)  +  c}(l   A  +1   A   -I   A   ) 
Payment  side    =    a. 

Hence  equating  and  solving  for  a,  we  have 

C   la  +    \a   -    Iff    )  +  c(l   A   +1   A    _|   A    ') 

a    =  '  '"'^    ^ Tt  I    xy-'        V 1 7t     X  '  \n     v      I  n     xy' 

1-(1  +  k)(i  a  +1  a   -I  a    ) 
and  a    —    ff(l+K)  +  c. 

To  find  the  annual  premium  for  a  similar  benefit,  all  premiums 
paid  to  be  returned  on  the  death  of  the  survivor  should  that  occur 
within  n  years. 

It  has  already  been  pointed  out  (page  151)  that  some  difficulty 
attends  the  fixing  of  the  status  during  which  the  premium  shall  be 
payable.     We  may  consider  both  cases. 

(a)  If  the  joint  lives  be  taken  as  the  status,  the  benefit  side 

r/M    -M  ^  M  ^  -M  ^ 

=    J^.-^  +  Kl+K)  +  c}|f-    -  -^-   4-  ^±i__^„   +... 


n\    xy        ^     "-  ^  M  \  J)  23  ^  y 


X 


M,-M,             \         /M-M,  M,-M. 

,          x+n-l            x+n         „   \     I      /        y            ?/+™  1           2/+1             y+n  ^,     , 

+  D n-lPy)   +    [~—l3 +   D Px+'-' 

X                         ^           ^             y  y 

,  y+n-l y+n         7,   \  _       itj/  x+n:y+)h x+n:y+n  I 

D                 n-llxj  1)                                  J 

y                       ^  xy                          •' 

Payment  side    =    "^ {}■  "^ ^  -,  .-^ri\) 
whence  we  may  obtain  tt  and  also  tt'. 


^ 
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(b)  If  the  premium  be  payable  to  the  death  of  the  last  survivor, 
we  have 

R - R   .     -nU 


Benefit  side    =      \a—  +  {7r(l  +  K)  + 


C 


X  x-i-n  x+n 


I 


n\    xy       ^     "^  ^         'V  D 

X 

R  -  R       -  wM  ,         R    -  R  -  wM 

I   y  y+n y+n  _  xy  x+n;y+n x+n:y+n 

D  D 

y  xy 

Payment  side  =  ^  ( 1  +  «^ ;  ;r:ij ) 

from  which  other  values  of  tt  and  tt'  will  be  found. 

21.  In  the  problems  connected  with  pure  endowments  with  return 
of  premiums,  the  element  of  mortality  is  in  practice  frequently 
ignored.  This  is  in  effect  taking  for  granted  that  the  life  will 
survive  the  term  ;  and  if  it  does  not,  the  office  receives  for  its  trouble 
interest  on  the  premiums  which  it  has  received  and  now  has  to  repay. 

Thus  in  the  case  of  the  annual  premium  for  a  child's  pure 
endowment  to  (.r)  payable  at  the  end  of  ti  years,  with  return  of 
premiums  in  the  event  of  previous  death,  the  net  premium  is 
simply  found  from 

TT     =     

a— 1 

71  I 

When  the  question  is  complicated  by  making  the  premium 
payable  only  so  long  as  the  father  (j/)  shall  survive  (see  page  315), 
the  net  premium  is  taken  as 

TT     =     

a  -j 

yn\ 


EXAMPLES 

1.  The  sum  of  £s  is  deposited  by  each  of  /   persons  in  a  fund, 

and  accumulated  at  compound  interest.  £a  is  paid  on  the  death 
of  each  member,  at  the  end  of  the  year  in  which  he  dies,  and  at 
the  end  of  w  years  the  amount  remaining  in  the  fund  is  applied  to 
the  purchase  of  an  annuity  upon  the  life  of  each  of  the  surviving 
members.     Find  the  amount  of  the  annuity. 

Let  the   amount  of  the  annuity  be  p.     Then  the  value  of  an 
annuity  of  j)  to  each  of  the  survivors  of  /    persons  alive  ?i  years 

ago  is  pi      a  ,   . 

o  •»    x+n    x+n 
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But  the  accumulations  of  the  fund  are 

Hence 

^  ^//i+0''-«K(i+»)''-'  +  rf,^i(i+»)"-^+---+t<,^,.,} 

^  I  ,    a 

x+n   x+n 

sD  -a(M  -  M  ^  ) 

x+n 

Alternatively,  p  being  the  amount  of  the  annuity  as  before^ 

a(M  -  M  ^  )         pN  , 
Benefit  side    =      ^    ^         ''^^^    +  ^-^ 

X  X 

Payment  side   =    s 

fl(M  -  M  .   )       pN  , 
Equating,  we  have  1^ ?±^^  +  — ff^    =   * 

pN  .  aD  -  fl(M  -  M      ) 

*         x+n      __  X ^    ^X X+TK 

X  X 

sD  -  a(U   -  M      ) 
^    _x v_x x_W  as  before. 

N  , 

2.   If  /  persons  each  secure  by  annual  premium  an  endowment, 

show  that  tlie  amount  which  will  be  payable  at  maturity  to  the 
survivors  consists  of  the  accumulated  premiums  paid  by  the 
survivors  and  by  those  who  die. 

The  annual  premium  is  P  -.    =    r^= '^^^ 

i  xn\  N      ,  -  N 

x-1  x+n-\ 

and  its  accumulations  to  the  end  of  n  years  amount  to 

p  i{/(i  +  n«  +  /    (i4.i>-i+ .  .  .  +1       ri+O} 

a;»|  t  x^           /          x+\\      '     y          '                          x+n-V*  '* 

_     p   1  /       X x+1    I x+n-l\ 

XTlA  I^X+Ji.  ) 

N       -N 

P  J.        a:-l x+tt-l 

Xn\  .yX+71 

D  _^  N       -N  ^     , 

. X+n  x-1  x+n-1 


x-1  x+n-1 

I  ^ 

x+n 


which  is  the   amount    payable    at   maturity,  being  1   for  each  of 


the  /  ,     survivors. 
«+« 
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P-j 

3.  For    what   benefit  is  —^  the    single    premium  ?      Expl 

the  formula  verbally. 

This  is  the  single  premium  for  an  endowment  assurance  of  1 
with  the  net  premium  returnable,  since  the  value  of  such  a 
benefit  is 

A  —,  +  A  X  A  -i 

xn\  xn\ 

the  payment  for  it  being  A. 

Hence    A    =   - — ^ 

1    -  A   -r 

xn\ 

xnl 


rfA-f 
for  P  ^  =  ^"' 


^«l  1  -  A  -, 

xn\ 

P-. 

Now   -^  is  the  value  of  a  perpetuity-due  of  P  — ,.     But  P  -,  will 

J  t       I  J  zn\  xn\ 

insure  the  payment  of  1  at  the  failure  of  the  joint  status  of  (.r) 
andw|;  and  after  that,  a  fresh  status  of  a  similar  kind  being  set 
up  and  the  payments  of  premium  continuing  under  the  perpetuity, 
payment  of  1  will  be  made  on  the  failure  of  the  second  status  ; 
and  so  on  indefinitely.  And  this  is  the  benefit  asked  for,  since  on 
payment  of  the  endowment  assurance  1  may  be  taken,  and  there 
remains  A  to  set  up  a  second  similar  contract,  and  so  on  indefinitely. 

4.  "  Suppose  the  annual  premiums  to  increase  or  decrease  a 
certain  sum  every  t  years,  and  at  the  end  of  v  intervals  of  /  years 
each  the  premium  to  continue  constant  during  the  remainder  of 
life,  what  annual  premium  should  be  required  during  the  first  t 
years  "  ?     Jones  gives  as  the  answer  to  this  question 


„         M^  +  9(N.+<.i+N,^„_i+-    • 

•     +^x+vt-l) 

X-1 

while  Chisholm,  correcting  him,  gives 

M 

p     _                                                                        X 

^x^l±^(^x+t-l  +  ^x+2t-l+  ' 

'     '     +^x+vt-l) 

State   the    different    conditions    under    which    both    answers    are 
correct. 
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This  problem  is  discussed  in  Text  Book,  Articles  28,  29,  and 
35  of  this  chapter,  and  from  what  is  shown  there  it  will  be 
observed  that  Jones's  solution  proceeds  on  the  assumption  that 
the  premium  increases  or  decreases  by  q  per  unit  of  the  sum 
assured,  while  Chisholm  assumes  the  increase  or  decrease  to  be 
q  per  unit  of  the  premium.  Each  answer  in  its  own  case  is  correct, 
the  question  being  stated  ambiguously. 

5.  Find  the  annual  premium  for  an  annuity  to  (.r)  after  death 
of  (y),  all  premiums  paid  except  the  first  to  be  returned  in  the 
event  of  (x)  dying  before  (^). 

^j. 

Benefit  side    =    a\    +  {7r(l +k)  +  c}  -^+^-=^+^ 


xy 


Payment  side    =    7r(l4-«   ) 

p  J 

a  -a    +c  — T^  "^ 

X         xy  J) 

AndTT   =    ^ 


R  J 

l+„    -(I+k)  _^lilH:l 

xy      ^  J  D 

xy 


6.  Deduce  a  formula  for  the  annual  premium  for  an  assurance 
on  the  life  of  {£)  against  {jj)  for  n  years,  with  return  of  all 
premiums  paid  should  (^}  predecease  (.r). 

Benefit  side 
Ml  -  M-!-  --  R  1  -  R  —  4   -  «M L. 

_  xy  a:+n:y+n     .    f^n  _|_^^   i   ^1        xy  x-\-n'.y-\-n x+n:y+n 

xy  xy 

N              -N 
Payment  side    =   ^ -J^ilUzl ^+n-i:y+n-i 

xy 

whence 

(Ml  -M^.--)  +  c(Ri-R— .4--WM----  4-) 

^      xy  x+niy+n-'         ^     xy  x+n:y+n  x+n-y+v' 

(N     ,         -N^     ,    ^      )-(! +k)(R1- R-_-  4--wM—  J-) 

^     x-l:y-l  x+7i,-l:y+n-l-'       ^  ■' ^    xy  x+n:y-\-n  x+niy+n-' 

7.  Find  the  annual  premium  required  to  secure  to  (jr)  a  pure 
endowment  of  1  payable  at  the  end  of  20  years,  with  return  of  two- 
thirds  of  the  premiums  in  the  event  of  death  within  the  second 
half  of  the  period. 

X 
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Benefit  side 

N       -N     ,^ 
Payment  side    =    tt     "^"^        '+^^  . 

whence 


TT      = 


a;-l  x+19       3^  ''>>  «+10  x+lO  a;+20  a:+20-' 


8.  Find  the  annual  premium  limited  to  t  payments  for  a  whole- 
life  assurance  to  (.r)  subject  to  the  condition  that  interest  for  each 
year  on  the  net  premiums,  up  to  and  including  the  year  of  death, 
is  to  be  allowed  by  the  office  at  rate  »,  which  is  the  rate  realised 
by  the  office  on  its  investments. 

Benefit  side      =   -^^iw^ ^+'^ ^   ^ £d±l 

X  X 

Payment  side    =    tt     «-i        x+t-i 

X 

M 

whence     tt   =  * 


(N       -iS  -  iR  )  -  (N  ^,     -  iS  ^,  -  iR     ^ 

V     X-l  X  x^       ^     x+t-l  x+t  X+U 

M 


R  -R_,, 

X  x+t 

since     N     ,  -  iS  -  zR     =    S     _  -  S  -  iS  -  vi^     ,  +  «S 
x-l  X  X  x-1         X  a  x-l  X 

=   vS      -S 

x-l         X 

=    R 

X 

and  similarly     N   , ,    ,  —iS   , ,-  iR  , .    =    R   , . 

•J  x+(-l  x+t  x+t  x+t 

A  proof  of  this  formula  by  general  reasoning  similar  to  that  oi 
Text  Book,  Article  Q^,  may  be  given. 

The  office  can  gain  nothing  from  accumulation  of  interest  on 
the  premiums,  and  therefore  the  payment  side  is  the  value  of  a 
benefit  of  it  payable  at  the  end  of  the  first  year  if  death  occur  in 
the  first  year,  27r  payable  at  the  end  of  the  second  year  if  death 
occur  in  the  second  year,  and  so  on,  increasing  up  to  the  ^th  year, 
after  which  the  increase  ceases,  and  the  benefit  remains  at  tir  till 


CHAP.  XVI.]  TEXT  BOOK— PART  II.  323 

the  year  of  death.     The  benefit  side  is  simply  the  present  value 
of  1  payable  at  the  end  of  the  year  of  death. 

9.  Find  the  annual  premium  for  an  endowment  assurance  to 
(.r)  payable  at  age  Qc  +  f)  or  previous  death,  subject  to  the  condition 
that  interest  for  each  year  on  the  net  premiums,  up  to  and 
including  the  tth  year  or  the  year  of  previous  death,  is  to  be 
allowed  by  the  office  at  rate  i,  which  is  the  rate  realised  by  the 
office  on  its  investments. 

Benefit  side 

je x+t  ■^+*_l;^  I      ^         J^+t  x+t  ^     X  x+t 


D  +""1  D  ^ 

X  ^  X 

Payment  side    =    tt     ^"^        ^+^-^ 

X 

whence 

X  x+t  x+t 


X  X+t  X+t  X+t 

since  as  before      N     ^  -iS  -iR    =    R 

X-l  XX  X 

and         N  , ,   ,  -  iS  ,  ,-iR  , ,   =    R  .  ^ 

X+t-\  X  +  t  x  +  t  X+t 

and  since     '(N,^.,  +  M^^,)   =   iN +,  +  »''N  ^..^-iN  ^, 

X+t  X+t 

A  proof  of  this  by  general  reasoning  may  also  be  given.  The 
value  of  the  payment  side  is  as  before  that  of  an  increasing 
assurance  of  tt,  27r,  etc.,  up  to  Itt  in  the  tih  year.  But  in  this 
case  the  benefit  ceases  Hhen  entirely,  tir  being  receivable  also  if 
the  life  completes  that  year.  The  benefit  side  is  simply  the 
present  value  of  1,  payable  at  the  end  of  t  years,  or  at  the  end  of 
the  year  of  previous  death. 

10.  Find  the  annual  premium  for  a  pure  endowment  payable  at 
age  Qv  + 1) ;  the  premiums  to  be  limited  to  n  payments,  and  to  be 
returnable  in  the  event  of  death  before  age  (.i-  +  f). 
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D 

Benefit  side    =    _^  +  {7r(l  +  k)  +  c} 

X 

N.   ,-N 
Payment  side    =    it 


R   -  R   ,     -  w  M   . , 

X  x+n  x-\-t 

D       ■ 


x-l 


X+71-1 


D 


D 


TT     = 


x+t 


+  c(R  -  R  ^    -nU  ^^ 

^     a;  x-\-n  x+fy 


^     «-!  a;+?i-l>'      ^      '      >'v     a;  x+n  x+t'' 


11.  Obtain  a  formula  for  the  office  annual  premium,  P,  required 
for  a  policy  on  (x)  for  a  term  of  n  years,  the  assurance  to  cover 
(1)  an  advance  of  £p  made  out  of  a  trust  fund  at  the  beginning  of 
each  year,  (2)  the  premiums  actually  paid  under  the  policy,  and 
(3)  the  legal  expenses  of  the  arrangement,  say  £a. 


Benefit  side 

R  -  R 


x+n 


wM 


x+n 


+  a 


D 

X 

M  -  M 

x  x+n 


+  {7r(l +k)  +  c} 


R  -  R 


x+n 


wM 


x+n 


D 


Payment  side    =   ir 


D 

a 

N 


x-l 


N 


x+n-\ 


D 


whence  it   = 


(«4-c)(R  -  R  ^    -nU  ^  )  +  a(M  -  M  ,   ) 

y  ^^    X  x+n  x+n-'         ^      X  x+n-f 

l^     .-N   ,     ,>-(1+k)(R  -  R       T 

^     x-l  x+n-V      >.      '      ^^    a;  x+n 


nM 


and  P   =    7r(l  +  k)  +  c. 


12.  Obtain,  in  terms  of  commutation  symbols  and  the  rate  of 
interest,  an  expression  for  the  annual  premium  for  a  deferred 
annuity  to  be  entered  on  at  age  65  on  a  life  now  aged  40,  the 
premium  to  be  returnable  in  case  of  death  before  65,  and  the 
annuity  to  be  payable  half-yearly,  and  to  be  complete. 


Benefit  side   =     ^    [n„^+ iD^^  +  ^l +0* 

40 


M 


65 


Payment  side    =    P 


+  {P(1+k)  +  c}(R,„-R,,-25MJ] 

N..-N 


4 


64 


D 


40 
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whence  P   = 


Ne5+iD^5  +  i(l+0^M^^  +  .(R^^-R^^-25M^^) 


and  P'   =    P(1+k)  +  c. 

13.  Required  the  net  single  premium  for  an  insurance  upon  the 
life  of  (x)  of  £1000,  increasing  at  compound  interest  during  the 
first  5  years  at  the  rate  of  4  per  cent,  per  annum. 

The  single  premium  =  I^ { (1 -04)0^ +  (l-04)2C^^j  +  (l  04)30.^^ 

14.  An  office  proposes  to  grant  endowment  assurances  under  a 
table  of  premiums  reduced  by  anticipation  of  future  bonus. 
Investigate  a  formula  for  the  annual  reduction  when  the  dis- 
counted bonus  is 

(a)  A  quinquennial  cash  bonus  of  1  per  cent,  per  annum  of  the 
premium. 

(/>)  A  simple  reversionary  bonus  of  £1  per  cent,  per  annum 
declared  quinquennially  and  vesting  when  declared.  It  may  be 
assumed  that  the  office  does  not  allow  interim  bonuses. 

(a)  For  a  cash  bonus  the  reduction  is 


•DIP 


*»l  N       -N  ^     , 

x~l  a;+7i-l 


(b)  And  for  a  simple  reversionary  bonus 

5(M  ,,+  M  ,,^+M^^^,+  .    .    .    +M^^,^     )_(w-5)M^   +wD  , 

i^-i  V      a;+5  x+lO a+lo x+n-5-'       ^ ■'      x+n  x-i-n 

•uix  N     ,-  N_,     ,  ■ 

x-l  x+n  - 1 

15.  Obtain  a  formula  for  the  office  annual  premium  for  an 
endowment  assurance  policy  on  (x)  to  mature  in  20  years,  the 
premium  to  be  based  on  select  tables,  and  to  provide  for  a  com- 
pound reversionary  bonus  of  p  per  cent,  per  annum  declared 
quinquennially,  with  interim  bonuses  at  the  same  rate  after  the 
first  5  years,  and  the  loading  to  provide  for  an  initial  commis- 
sion of  k  per  cent,  on  the  sum  assured  spread  over  the  whole  term, 
a  constant  of  /  per  cent,  on  the  sum  assured,  and  a  percentage  of 
911  on  the  gross  premium. 


I 
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The  problem  to  find  the  net  premium  for  such  an  assurance 
has  been  discussed  in  general  terms  on  page  305,  Here  the 
particular  case  is  treated,  and  the  office  premium  also  deduced. 

First,  to  find  the  net  premium,  we  have  benefit  side 

[x]    ^ 


100/  ^    M+10         M+15 


100/        W+20 


"^    100  V  "^  lOoj  ^^M+&      ^[^]+lO      ^^[a;]+lo) 

p    (         5o  \^ 
"^  loo  V  "'"Too/  ^^[«]+io  ~  \]+i5  ~  ^^M+15) 

+    100  (  ^  -^  TO^)  ^^[«]+16  "  ^[x]+20  -  ^  ^[x]+ 


[a;]  [a;]+20 


Payment  side   =    tt 

[si 


whence 


[a;]  [a;l+20 


N  1  ^^^^1^100     M+5^100V       100/*^   M+5"  ^V]+io>' 


+  rnnl  ^+Tnn)  (^^^^i+io"  -^m+is-^  "^  Tool    "^ToriJ  ^^^xl4-l6~  ■^fxi+20) 


100\  100/  '^     W+10  [x]+15^^100\  100/^     M+15  [x]+20- 

+  (i+ra)y(°w+2o-MM+2o)} 

Further,  the  office  premium 

\ /  It  ±\ 

m   V   ^  100a,  ,.-'^100>' 


IT       = 


1  __J:1-  ^  [a;]:20| 

100 

16.  Find  the  annual  premium  for  a  deferred  annuity-due  to 
(j:),  the  first  payment  of  which  is  to  be  made  at  age  {x  + 11)  with 
premiums  returnable  in  the  event  of  death  before  that  age.  If 
{x)  survive  the  n  years,  the  annuity  is  guaranteed  for  at  least 
t  years  whether  he  live  so  long  or  not. 
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D  ^  R  _R  „M 

Benefit  side  =  _^±"(a-  +  ^|a^^J  +  {.(l  +  k)  +  c}^— ^^g- ^" 


Payment  side    =    tte 
Equating,  tt    = 


I^  ^  (aTT  +  Ja  ^  )  +  c(R   -R  ,     -wM,) 
(N"7^N  ^      )_(1+k)('U-R^    -nU^) 

^     x-l  x+n-1-'      V.  ''^    X  x+n  x+n-' 

and  tt'    =    7r(l  +  k)-\-c. 

17.  Find  by  the  O^^^  table  at  3^  per  cent,  the  annual  premium 
at  age  at  entry  30  for  an  endowment  assurance  of  1  for  a  term  of 
30  years  with  a  uniform  reversionary  bonus  of  1  per  cent,  on  the 
sum  assured  in  respect  of  each  year  entered  upon  after  the  first. 

Benefit  side 

[30]  -^[80] 

N      -N      ' 
Payment  side    =    P -^ «? 

[30] 

whence   P  =  ^^^^bo]  -  ^.o  +  ^co  +  '^^  (^[soi^i  -  ^co  "  ^^^^co  +  ^^^00) 

N[30]-N60 

(10267-77  -  4671-51  +  7432-6)  +  •01(278665-44  -  58079-89  - 

29x4671-51  +  29x7432-6) 

614584-81650-3 

130-8-86  +  3006-5716 
532933-7 

16035-4316 


532933-7 
=    -03009 


18.  Find  by  the  O^^^  table  at  3|^  per  cent.,  for  age  at  entry 
40  with  a  term  of  15  years,  the  annual  premium  for  an  endowment 
assurance  of  1,  together  with  a  compound  reversionary  bonus  of 
1  per  cent,  per  annum,  which  is  to  compound  every  5  years,  with 
an  interim  bonus  at  the  same  rate  in  the  event  of  death  during 
the  5  years  calculated  on  the  sum  assured  and  bonuses  in  force 
at  the  beginning  of  the  quinquennium* 
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Benefit  side   =    D^[(Mf40]- ^65+ ^55)  + '^KV]- ^[401+5) 

[40]  ^ 

+  .01(1-05)(R^,,^^,-  RJ  +  -01(1-05)2(R,,-  RJ 

-M^,{  (1-05)3 -1}  +  D^^{  (1-05)- 1}] 

N 
Payment  side    =    P      ^^^^ 

whence 


55 


D 


[401 


[40] 


55 


+  -01(1-05)(R_,-  RJ  +  -01(1-05)2(R    -  RJ 


4- {(1-05)3 -1}(D^^-M^^)] 


1(8202-99  -  5689-39  +  9958-2) 


352204-126234-5  ^^ 

+  •01(191831-83 -151953-13) 

+  -01(1-05)(151953-13- 115901-12) 

+  •01(1-1025)(115901-12  -  84508-96) 

+  -157625(9958-2  -  5689-39)1 

14268-1029 
~"  225969-5 

=  -06314 

19.  Given  that  the  office  single  premiums  for  pure  endowments 
of  ^100  at  a  certain  age,  with  and  without  return  of  premium  in 
event  of  previous  death,  are  £70  and  £65  respectively,  find  the 
office  single  premium  for  the  pure  endowment  with  return  of  half 
the  premium  in  event  of  previous  death. 

As  pointed  out  on  page  299,  it  would  be  wrong  to  charge 
£67,  10s.,  as  that  would  suffice  for  the  return  of  £35  (i.e.,  half  of 
£70)  and  not  of  £33,  15s,  in  event  of  previous  death. 

Instead,  let  S  be  the  sum  assured  under  a  policy  without 
return,  and  (100  —  S)  the  sum  assured  under  a  policy  with  return, 
so  that  the  premiums  on  the  two  policies  shall  be  equal.     That  is 

(100-S)x-7    =    Sx-65 

S   =    51-852 

and  100 -S   =    48-148 


i 
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The  premium  under  each  policy  will  be  33*704,  and  the  premium 
required  under  the  joint  policy  will  therefore  be  £67,  8s.  2d. 

20.  Find,  by  the  use  of  the  following  office  rates,  viz. : — 

the  annual  premiums  for  an  assurance  on  a  male  life,  aged  40 
next  birthday,  of  £1000,  payable  in  the  event  of  death  within 
10  years,  with  a  return  of  all  the  premiums  paid  if  he  survive 
that  term  : — 

(a)  If  the  return  of  premium  is  to  be  made  at  the  end  of  10 
years,  and  (6)  if  it  is  not  to  be  made  till  death. 

Let  P  be  the  premium  required. 

Then(«)     P   =    lOOOP'i^^-^i  +  lOPxP'^^^^^ 


1-lOP'     L 

40:10| 


Now  P'^Q.^i  is  not  given,  but  may  be  taken 

=   P'«:ioi-P'i:io|  =   -09479  - -01475   =   -08004. 

Though  by  this  method  there  is  insufficient  loading  on  the  pure 
endowment  portion  of  the  premium,  yet  the  fact  that  there  is  a 
term  assurance  for  a  very  much  larger  figure  makes  up  for  this 
loss. 

1000  X  -01475 


Therefore    P   = 


1  -  10  X  -08004 
14-75 


-1996 
=   73-898 

Again  (6)  P   =    1000  P7,^ -+ lOP  x  P'^^  l^A^^ 

P  =     iQQQP7o:fo, 

l-10P'40:lT,A'5o 

14-75 


1  -  -8004  X  -55396 
14-75 


-55661 
26-5 
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If  in  these  formulas  we  assume  net  premiums  throughout,  we 


get  («)   = 


^40:10|~ -^^^40:101 


■f  and  (Z>)    = 


lOOOA^on-o, 


'40:10| 


10A,^0:io,' 


which 


are  obviously  the  net  annual  premiums  for  the  benefits,  thus  proving 
the  correctness  of  our  formulas. 

21.  Under  a  certain  ''Reversible  Premium"  scheme,  an 
office  undertakes  to  grant  whole-life  assurances,  under  which, 
after  n  years,  the  company  pays  the  premiums  to  the  assured, 
instead  of  receiving  them  from  him,  and  this  continues  until  the 
life  drops,  when  the  sum  assured  becomes  payable.  If  w  =  20,  find 
the  office  annual  premium  at  age  40  by  the  I'eo't  Book  table  at 
3  per  cent.,  allowing  for  a  loading  of  15  per  cent,  of  the  net 
premium,  and  5s.  per  cent,  on  the  sum  assured. 


Benefit  side       = 


Payment  side    = 


M 

3 

D 


-'N 


+ 


x+n-l 


D 


7r(N     ,-N^      0 
^    x-1  x+n-l'' 


whence 


TT      = 


D 


X  x+n-l 


N,.i-(2  +  k)N 


X+n-l 


Under  the  given  conditions 


TT 


M,«-f--0025N 


uo 


59 


and 


TT       = 


N39-2'15N,, 

11869-4  +  -0Q25X  112093-8 
458461- 2-15  X  112093-8 

12149-6345 
"217459-33 

•05587 

•05587x1-15  + -0025 
=    •06675 
=   £6,  13s.  6d.  per  cent. 


22.  Find  the  annual  premium  for  a  pure  endowment  payable  at 
age  (.f  +  n)  ;  the  premiums  to  be  limited  to  /,  and  to  be  returned  with 
compound  interest  at  rate/  in  the  event  of  death  before  age  Qv  +  n). 
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Benefit  side 

X  X  X 

M  ^,     -  M  _^, 

+  ...  +{i+jy    "+^-^ — ^* 

X 

X  x-^t 

=    -^+"  +  {7r(l+.)  +  c}{(l+i)      'p    '+'  +  (1+jT      %      '^' 

M  ,,  ,-  M  ^,  D  ^,  M'  ,,-M'  ^  ^ 

+  •  •  •  +  (1  +^-)'  -^±^^ — ^' + (1  +i)*'^  ^'  ^^j^,-,^^"} 

X  x  x+t 

where  *'—  is  calculated  at  rate  /,  while   M'     ,,   M'.   ,  and  D'  , , 

t\  */'  x+t'  x+n'  x+t 

are  calculated  at  rate  J,  which  is  such  that  = J. 

1+J         1+2 

N     ,  -  N  ^,   , 
Payment  side    =   ^_£zi_^d±:i 

x 

By  equating  the  two  sides  tt  may  be  found,  and  tt'  =  tt  (1  +  k)  +  c. 

23.  Find  the  annual  premium  for  a  pure  endowment  payable 
at  age  (x  +  r),  the  premiums  alone  to  be  returned  if  the  life  dies 
within  s  years,  but  the  premiums  to  be  returned  with  compound 
interest  at  rate^,  if  the  life  dies  after  s  years. 

D  ^  R  -R  ,    -.vM  . 

Benefit -•''-   -       *+^  ^'^^i  -  .^>  •  ^i    ^       ^+'         ^+» 


side   =    -^  +  {7r(l+K)  +  c; 


D 

X 


f  M.    -M 


M  ^  ^  -  M  ^ 

+  (1  +jy+^       g+s+i  x+r 

X 

M  .     ,  -  M 


x+s  x+r 


+  ...+(i+yy^±izJ__£+r| 

Payment  side    =    tt 


X 

05-1  x+r-1 


D 

a; 

whence  by  equating,  tt  may  be  found,  and  7r'==7r(l  +k:)4-c. 


332 


ACTUARIAL  THEORY 


[chap.  xn^H 


24.  Find  the  net  premium  limited  to  10  payments  for  an 
assurance  on  (a?)  under  which  the  sum  assured  is  1  until  all  the 
premiums  are  paid  up ;  thereafter  the  sum  assured  is  the  amount 
of  the  premiums  accumulated  at  compound  interest  at  rate  i  from 
the  dates  of  payment  of  the  premiums  until  the  end  of  the  year 
of  death,  should  death  happen  before  the  expiration  of  the 
twentieth  year  of  assurance.  If  the  life  survive  20  years,  the  sum 
assured  again  becomes  1,  but  the  policy-holder  is  to  be  entitled 
to  an  annuity,  until  death,  at  rate  i  per  annum  upon  the  total 
amount  of  premiums  actually  paid  without  interest. 


Benefit  side 
M   -  M 


x+9 


D 


+  {7r(l+K)  +  c}{(l+0  +  (l+02...  +(1+010} 


^{ 


c.^.  +  (i+Oc^^:o+---+(i  +  Oioc^^,,-> 

D  / 


M 


+ 


a;+20 


+   10{7r(l+K)  +  c}i 


N 


a;+20 


+  *«,.«,(! +0» 


x+20 


X  X 

the  expression  "  until  deatli "   being  taken  to   imply  a  complete 
annuity. 

N    ,  -  N 
Payment  side   =  tt     '""     — ^^ 

X 

And  TT  may  be  found  by  equating  the  two  sides. 


25.  Given  values  of  a    as  follows  :  at  3  per  cent.,  19*895;  a£t' 

3|  per  cent.,  18"441 ;  at  4  per  cent.,  17"155,  find  at  3  per  cent, 
the  annual  premium  for  an  assurance  on  (.r)  of  .£100,  the  sura 
assured  to  increase  by  £1  per  annum  for  each  year  entered  upon. 


Here  P   = 


100A^+(IA)^ 
1  +« 


To   find    (I  A)     we    may    make    use    of    the  general    formula 
established  on  page  297. 

clB 
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Rate  of 
Interest. 

ax 

A. 

A 

A'-^ 

3 

31 
4 

19-895 
18-441 
17155 

•39141 
•34258 
•30173 

-  -04883 

-  -04085 

-00798 

Then     (lA)^   =     -(l+z) 


(1+0 


X 

di 

A  A  -1A2A 

X         ^  X 


=    1-03 


04883  +  -00399 


P   = 


•005 
10-881 

39-141  +  10-881 


20-895 
=   2-394 

26.  If  the  office  premium  is  15  per  cent,  greater  than  the  net 
premium,  find  at  3J  per  cent,  the  approximate  annual  office 
premium  for  an  endowment  assurance  on  a  life  aged  40  to  be 
payable  at  age  60  or  previous  death,  all  the  office  premiums  to  be 
returned  without  interest  in  the  event  of  death  before  age  60. 
Given     A^.^-qi  at  3   per  cent.  = -20413,  at  31  per  cent.  = -19385, 

at  4  per   cent.  = -18428  ;    and    A^^.—    at    3J   per  cent.  = '55338, 

and  (1  +  L9«4q)  at  3 J  per  cent.  =  13-207. 

The  benefit  side   =    A^„^^-jj+ P(M5)(IA)^„^^,. 
By  Lidstone's  general  formula  for  any  benefit 

(IB)   =    -(1+0  § 


Hence     (lAV^-   =    -(l+i) 


dM 


40 :  20| 


=    -(1-035) 

=    -(1-035) 
=   2-054. 


dl 

AAA 


-  1A2A1 

40:20|       2        ^^40:201 

•005 
•00957  -  1  X  -00071 
•005 
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Therefore  the  benefit   =    -55338  +  P(M5)2054: 

=    -55338  + Px  2-362. 
The  payment  side   =    P(l+'^4oi9]) 

=    Px  13-207 
Equating  the  two  sides  we  get 

Px  13-207   =   •55338  +  Px  2-362 

p   _    -55338 
10-845 
=   -05103 
The  office  premium  therefore  =  05103  x  M5  =  -05868. 

27.  Use  Lidstone's  two  approximate  formulas  to  find  by  the 
O^  ^  table  at  3^  per  cent,  the  annual  premium  for  a  joint-life 
endowment  assurance  on  two  lives  aged  44  and  45  respectively, 
which  shall  increase  by  1  per  annum,  i.e.  1  to  be  payable  in  the 
event  of  the  first  death  taking  place  in  the  first  year,  2  if  it 
happen  in  the  second,  and  so  on,  20  if  it  happen  in  the  twentieth, 
also  20  if  both  survive  the  twentieth  year. 

The  two  formulas  are 


and 


(lA) 


P  _   =    P-  +  P P_ 

xyn\  xn\  '       yn\  n\ 


AA   -i 
=    -(1+i) — ^ 


2  xyn\ 


xyn\ 


Ai 


P     _ 

44 :  20| 

P       _ 

45:20| 


•04391 

-04438 
-08829 
•03613 

-05216 


•04206 
•04254 
•08460 
•03416 
-05044 


4% 
•04030 
•04078 
•08108 
•03229 

•04879 


Enter  annual-premium  conversion  tables  inversely  to  find 


11-301 


10-869 


44 :  45 :  19| 

Enter  single-premium  conversion  tables  to  find 


10-461 


44:45:201 

A 
A2 


•64172  -59864  55919 

- -04308  -  -03945 

-00363 
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Hence  approximately  the  annual  premium 

-•03945 --001 82 


-(1-035). 


•005 


11-869 
=    -720 

28.  A  father,  aged  35  next  birthday,  has  a  child,  aged  1  next 
birthday.  An  assurance  of  £150  is  to  be  paid  on  the  child  attain- 
ing the  age  of  21^  provided  the  father  be  then  alive.  In  the  event 
of  the  father's  death  an  annuity  of  £5  is  to  be  paid  annually  until 
the  child  attains  age  21,  with  a  payment  of  £100  at  that  date. 
The  premiums  are  to  cease  on  the  father's  death,  and  to  be 
returned  on  that  of  the  child  before  reaching  age  21.  Deduce 
the  formula  for  the  annual  premium. 

Benefitside   =    150  ^  +  5  x  |^«3,|,  +  100>,«',„p,(l -^pj 

35:1 

'M-M„,  M„-M„,  M„„-M. 


Payment  side      =   ir 


1  1 

N       -N 

84:0  64:20 


By  equating  the  two  sides,  tt  may  be  found,  and  tt'  =  7r(l  +  k)  +  c. 

29.  A  debt  is  to  be  discharged  by  n  equal  annual  payments 
to  include  (a)  principal,  (6)  interest,  and  (c)  the  premium  for  an 
assurance  to  provide  for  the  cessation  of  the  annual  payments  and 
the  extinction  of  the  debt,  if  the  debtor  aged  x  die  before  the 
expiration  of  the  n  years.  What  should  be  the  amount  of  the 
annual  payment  ? 

If  the  annual  payments  are  made  at  the  beginning  of  each  of  the 
?i  years,  we  have  the  annual  equal  payment  of  principal  and  interest 

to  repay  a  loan  of  K  in  that  time,  —  ;  and  the  annual  premium  to 
insure  the  balance  of  the  loan  outstanding  is 

^|(M  -  M  ,      ,)  +  v(U  -  M  ^     o)+  •  •  •  +v^-XM  -  M      ^} 

y 'V     X  x+n-l-^        ^      X  x+n-2''  ^      x  x+l-' > 

_n\ 

N     ,-N  ^     ^ 

x-l  x+n-1 

Adding  this  to  —  we  get  the  whole  annual  payment  required. 

^ i 
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Alternatively,  we  may  proceed  thus.     If  the  loan  be  repayable 

IT 
by  71  equal  instalments  of  —  the    amount    payable    under    the 


a— I 


.     K 


policy  if  (.r)  die  in  the  first  year  is  —  ^^^ryi  >    ^^    ^^    ^^^    second 

^ — i 

71  I 

—  a — -7,  and    so    on.     Therefore   the    whole    benefit   under    the 


policy  is 


K/C  a — -.  +C  ,,a — ^.  +  •    •    •    +C  ,      .R--; 
I     X   n-\\  x-\-\    n-2  a;+TO-2    1 


a -A 


D 


"') 


% 


and   the  premium   to   be  added  to  the  equal  annual   instalment 

OI     IS 


K 


z(^**irrT-|+^x+i^^r:2f+-    •    •    +^.+^.-2^n) 


a;-l  a;+n-l 


The  two  results  are  identical,  for 


^s^^JT^  ■*"^:c+l*ir:2i+  •     •     •     +^a;+n-2^r| 


=     C(l  +  t)  +  v2  + 


+  V^^-2)  +  C    .    ri+i;  +  i,2  + 


a;+l 


^.^n-3) 


+  •     •     *     +^x+«-2 


+  .     .     .     +t;n-2C 
a; 

^     05  x-^-n-V        ^      «  x+n-2-'  ^     x  x+l-' 


30.  Find  the  annual  premmm  required  at  age  x  to  secure  .£100 
per  annum  for  six  years  commencing  on  a  child's  sixteenth  birth- 
day ;  the  premiums  are  to  be  limited  to  (16  -  x),  and  in  the  event 
of  death  before  age  16,  the  whole  premiums  paid  are  to  be 
returned,  while  if  it  occur  between  ages  16  and  21  a  proportion 
of  the  premiums  paid,  decreasing  in  arithmetical  progression  from 
five-sixths  in  the  seventeenth  year  to  one-sixth  in  the  twenty-first, 
is  to  be  returned. 


CHAP.  XVI.]  TEXT  BOOK— PART  11.  337 

Benefit  side 

N,.-N  fli  -R        (16-aOM,, 

X 

N      -N 
Payment  side    =   tt  — ^  p: 

z 

whence  tt  may  be  found,  and  tt'  =  tt  (1  +  k)  +  c. 

A  better  method  of  carrying  through  the  transaction  would  be 
to  have  six  policies  each  for  £100  payable  at  ages  16,  17,  18,  19, 
20,  and  21  respectively,  with  return  of  premiums  paid  in  the  event 
of  previous  death. 

31,  Find  the  single  payment  required  to  redeem  future 
premiums  under  a  child's  endowment  with  returnable  premiums, 
effected  at  age  Xj  and  payable  at  age  (x  +  /),  which  has  been  n  years 
in  force. 

If  TV  and  tt'  are  the  net  and  office  premiums  for  the  original 
benefit,  and  if  we  write  A  and  A'  for  the  net  and  office  single 
payments  now  required,  we  may  take  it  that  A  must  be  equal  to 
the  value  of  the  future  premiums  now  to  be  forgone  less  the 
return  in  respect  of  these  premiums,  and  plus  the  return  in 
respect  of  the  single  payment.     That  is 

A  =  ^ ^  g- 

x+n  x+n 

+  {A(l+K')  +  c'}^ig ^* 

x+n 

Hence 

and  the  single  premium  required 

A'  =    A(l +k')  +  c'. 
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32.  If  you  were  furnished  with  the  office  annual  premiums 
for  temporary  assurances  of  £100  for  from  one  to  fifteen  years  at 
age  X,  and  also  with  full  tables  of  annuities,  how  would  you  arrive 
at  the  annual  premium  for  an  assurance  of  .£1000  decreasing  by 
one-fifteenth  each  year,  and  at  a  premium  also  decreasing  by 
one-fifteenth  annually  ? 

Let  the  premium  required  commence  at  15P  and  decrease  by 
P  per  annum. 


Benefit  side 

where  P'^.^j^  etc.,  are  the  office  annual  premiums  per  unit. 

Payment  side    =    P(a^  -  +  a^  _  +  a^  _+  . .  .  +a^^^_) 
and  P  may  be  obtained  therefrom. 

A  njore  practical  method  of  carrying  through  the  assurance, 
which,  however,  would  not  fulfil  the  condition  that  the  premium 
should  decrease  by  an  equal  amount  each  year,  would  be  to  get 
(jx)  to  effect  fifteen  policies,  as  follows  : — 


Term. 


15 


Sum  Assured. 


1,0  0  0 
1  5 

10  0  0 
1  5 

1000 
16 


1000 
1  5 


Premium  payable  at 
beginning  of  each 
year  during  term. 


10  0  0  pq  _ 

15  x:l\ 
J_0  0^£  P'l    _ 

15  x:2\ 
100  0  pq  _ 

15    ^  x:3\ 


1.0  0  0^  P'l     _ 

15  a;:  151 


The  sum  assured  decreases  in  the  required  manner,  but  the 
piemium  does  not,  though  it  too  decreases  in  total,  since  at  the 
end  of  each  year  there  is  always  one  premium  less  to  pay  out  of 
the  fifteen  with  which  we  started. 


CHAPTER  XVII 
Successive    Lives 

EXAMPLES 

1.  Give  an  explanation  of  the  expressions 

(a)  A  A  A 

^   -^        X     y     z 

(a)  This  represents  the  present  value  of  1  to  be  paid  at  the 
end  of  .the  year  of  death  of  (s),  who  is  to  be  nominated  at  the  end 
of  the  year  of  death  of  (y),  who  is  to  be  nominated  at  the  end  of 
the  year  of  death  of  (x). 

(b)  This  represents  the  present  value  of  1  to  be  paid  at  the 
moment  of  death  of  (z),  who  is  to  be  nominated  at  the  moment 
of  death  of  (j/),  who  is  to  be  nominated  at  the  moment  of 
death  of  (.r). 

2.  Show  that  the  single  premium  for  an  assurance,  with  return 
of  the  premium  along  with  the  sum  assured,  is  equal  to  the  value 
of  all  the  future  fines  on  successive  lives,  where  the  lives  are  to 
be  nominated  all  of  the  same  age  as  that  at  present  of  the  life  in 
possession.     Explain  verbally  why  this  should  be  so. 

The  single  premium  for  an  assurance  with  return  of  premium 
is  found  as  follows  : — 

Benefit  side       =    A  +  B  x  A 

X  X 

Payment  side    =    B 

A 

and     B    =    ,-V 

1  -  A 


aires  is 


Again,  the  value  of  all  future  fines  on  successive  lives  of  equal 


A 


1  -A 

X 
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Now,  under  the  assurance,  we  obtain  1  +  B  at  the  death  of  (.r), 
whereof  1  will  pay  the  fine  falling  due  at  his  death,  and  B  will 
set  up  a  new  policy  of  like  nature  on  a  life  then  aged  x,  which  in 
turn  will  pay  the  fine  at  the  second  death,  and  provide  B  for  a 
third  policy,  and  so  on,  ad  hifinitum. 

3.  Find  the  value  of  an  annuity  during  four  successive  lives — 
the  second,  third,  and  fourth  lives  being  nominated  on  the  deaths 
of  the  first,  second,  and  third  lives  respectively. 

g  ,  ,, ,,  ■    =   a   +A(l+rt)  +  A  A(l+«)+A   AA(l+«) 


1-A  1-A 

— ^_1  +  A    __— ^+A  A 

1-A   AAA 

w      X      y     ^  _  1 


1-A  1-A 

-^+A  A  A  — ^? 

d  w     X     y       d 


d 


4.  A  copyhold  estate  is  held  on  two  lives,  each  renewable  at 
the  end  of  the  year  in  which  it  drops,  by  a  life  aged  10,  on  payment 
of  a  fine  of  £8.  Assuming  the  two  lives  to  be  now  aged  30  and  35 
respectively,  find  the  present  value  of  all  the  fines  in  perpetuity  at 
3  per  cent,  interest. 


The   value  of  the    fines    payable    on   the  succession   of  lives 
starting  from  the  life  now  aged  30  is 

S(A3o+A3oXA^^+A3^xA^^xA^^+. 
8A30 


) 


1-A 


10 


Similarly,  on  the  succession  starting  from  the  life  aged  35  we 

have 

8A, 


35 


1-A 


10 


The  present  value  of  all  the  fines  is  therefore 

8(A3o+AJ 


1-A 


10 


Taking  the  Carlisle  table  at  3  per  cent,  we  have 
8(-40129  + -43399)   _    6-68224 
1- -28606  ~    -71394 

=   9-360 
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5.  C  and  D  have  the  perpetual  right  of  alternate  presentation 
to  a  living  of  the  annual  value  of  £k.  Assuming  that  D  has  the 
next  right  of  presentation,  that  the  present  incumbent  is  aged  y, 
and  that  his  successors  will  all  be  aged  x  on  appointment,  find  the 
sum  which  C  should  pay  D  to  purchase  his  interest. 

On  the  principles  of  Text  Book,  Article  32,  the  value  of  the 
perpetual  right  is 

Of  this  series  the  even  terms  represent  D's  share,  which  is 
therefore  equal  to 

*A/i  +  «,){l+(A.)^  +  (A,)«+-    •    •} 

kA(l-\-d) 

Modifying  this  formula  in  accordance  with  Text  Book,  Article 
35,  i.e.  assuming  a  new  presentation  to  be  made  at  the  moment  of 
death,  and  the  presentee  to  then  enter  upon  a  continuous  annuity, 
we  have 


kA  a 

y   x_ 

? 

a-' 


1  -  (A  J 


CHAI^l'ER    XVIII 

Policy-Values 

1.  The  Prospective  and  Retrospective  Values  of  policies  under 
the  various  ordinary  classes  of  assurance  should  be  written  down 
and  their  identity  proved.  We  propose  to  deduce  the  retrospec- 
tive values  for  whole-life  and  endowment  assurance  policies,  and 
prove  that  they  are  equal  to  the  corresponding  prospective  values. 

Assume  that  each  of  /  persons  has  effected  a  whole-life  policy 
at  an  annual    premium   of   P  .      Then   the    premiums  paid  at  the 

beginning  of  each  year  accumulated   at  rate  i  to    the   end  of  n 
years  amount  to 


=     P        a;  a;+l 


x+n-1 


yx+n 


p        x~l x+n-1 

X  »,a;+?i 


The  claims  paid  at  the  end  of  each  year  accumulated  at  rate  i 
to  the  end  of  n  years  amount  to 


d(i  +  iy-^+dn+i^^-^+ 


x+r 


+d 


x+n-l 


+  c 


x+n-1 


q^x+n 


M  -M  ^ 

X x+n 

q'tX+n 


The  fund  in  hand   made   up  of   the  surplus    of  accumulated 
premiums  over  accumulated  claims  is  therefore 


p     jg-i 


N 


x+n-1 


ff+n 


M  -M  ^ 

X x+n 

tix+n        ' 
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Dividing  this  by  the  number  of  survivors,  viz.  /^  ,  we  have 
the  average  sum  in  hand  in  respect  of  each  survivor,  that  is 

p  (N       -  N  ,      0  -  (M  -  M  ^  ) 

y      _        a;V     x-l  x+n-V       ^      x x+v,'' 

n     X     ~  13 

x+n 

which  is  the  policy-value  found  retrospectively. 
The  prospective  value  is 

V     =    A  ,     -P(l+«  ^  ) 

n     X  x\-n  x^  x+ri'' 

To  prove  the  values  by  the  two  methods  equal,  we  must  assume 
the  rates  of  mortality  and  interest  to  be  the  same  as  those  employed 
in  the  calculation  of  P  . 

X 

P(N     ,-N  ^      )_(M  -  M  ^  ) 

a;^     x-l  x+n-l''      ^      x  x+n-' 


Now 


D^ 

x+n 

PN       -M         M^-PN^^, 

X    x-l  *   4.         *+^         g     x+n-l 

D~         ■*■  "       ITT" 

x+ii  x+n 


x+n         x^  x+n-' 

M 


since  P     = 


*         N     , 

x~l 

For  the  endowment  assurance  payable  at  age  (x  + 1)  or  previous 
death,  the  value  by  the  prospective  method  is 

V-    =    A^    ; — f-P7i(l+«^    7 n) 

n     xt\  x+nit-n]  xt\^  x+n:t-n-l\'' 

By  the  retrospective  method  the  value  will  be  the  same  as  for 
the  whole-life  policy  with  the  substitution  of  F-   for  P  .     Thus 

p     (N       -N  ^     O-CM  -  M  ^  ) 

y         xt  I  '^     a: - 1 x+n-l-'       ^     x x+n-' 

n     xT\    ~  D 

x+n 

a;t|^     x-l  x+n-l''      ^     x x+n^' 

x+n 

X+n 


Now 


+ 


D  ^ 

x+n 


x+n:t-n\         xtA    '^%+n:t-n-iy 


c+n:t-n\         xt\^  x+ 

M  -M  ^,  +  D  ^, 

Since  P^^    =   ^^ ^-j;j 

^  x-l         x+t-l 
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Others  which  should  be  worked  out  similarly  are : — 

Pure  endowment  ^^^Bl 

V  r.    =    A  .     -^-Pj^fl+rt  ,    .; r-r)     prosDectivelv 

n    xt\  x+n:t-n\         xt\^  x+n-.t-n-iy      r        f  J 


Xt\^       X-\ X+TO-l^ 


D 


etrospectively 


«+7l 


Temporary  assurance 

V1-,   =    A^  - — i-Pi-fl+a  .     -, T\)     prospectively 


Pl- 

xi\ 


(N     ,-N  ^      )_(M  -  M  ^  ) 

\_x-\ xj^x-\}     V    X xW_  retrospectively 

x-\-n 


Limited-payment  policy 
(1)  When  n  <  t 

n:t^\   =    Vn-«P.(l+^.+n:rr^rrT|)     prospectively 

P  (N     ,  -  N  ^     ,)  -  (M  -  M  ^  ■) 
=   *_A_^zi -+^-^^     ^    ^ ^i±-- retrospectively 


D 


x+n 


(2)  When  n  =  ov  >  t 

x+n 


n:t^x   =    Ka-u     prospectively 


_    t    x^     x-1  x+t-l'^      ^     x  x+n-' 


D 


retrospectively 


x+n 


Joint-life  assurance 

n^^    =     K+n-.y+n-^^O^'^^+n-.y+n)      Pl'OSpectively 

^^    ^-^^^-^ ^+^-i:2/+n-i^     ^    ,, .4-^:,^  retrospectively 


Leasehold  assurance 

n^n    =   ^'""-PFiC^+^rr^rrn)     prospectively 
=    P-.(l+2)^-     retrospectively 


■ 


Further  problems  similar  to  these  will  occur   later,  and  will 
then  be  disposed  of. 
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2.  The   notation  for  policy-values  in    regard   to    select    tables 
follows  the  rules  already  laid  down  (see  page  140). 

If  <  <  n,  the  period  during  which  selection  is  assumed  to  have 
effect, 

V        =    A  -Pa 

*  [X]         ix]+t    "■  [xr[x]+t 


m  >  n 


t     [x]  x+t         [xf'x+t 


=  1- 


If  the  life  presently  aged  (.t  +  i)  is  assumed  to  be  still  select  the 
reserve  value  is 

A         -Pa  =1  -%+!} 

[x+t]     "-[xfix+t]         "■       a 

[X] 


8.  A  very  simple  proof  of  Text  Book  formula  (3)  is  as  follows  :— 

V  +P     =    A^    -P«^ 

n    X         X  x+n         X  x-\-n 

=    ^%+n+''Px+n{\+n+l-^x(^-^%+n+l)} 

=      K^^,^  +  P.^r,    ><  «    rn  V  J 

^'x-{-n      ^  x+n      n+\     X' 

Or,  retrospectively, 

P  (N     ,-N  ^      )_(M  -M  ^  ) 

y.p      a;^     x-\  x+n-\^       v      x  rc+n^'   ,    p 

«      X  X     ~  J)  X 

x+n 

P(N    ,-N  ^  )-(M   -M  ^  ^0       C^„ 

xV     a;-l  x+Ti''       ^      X  x+n+l''     .         x+n 


D  D  ^ 

x+n  x+n 


P  (N     .-N  ^  )-(M  -M  ^     ^ 

—     ^I\+n  J)  ^x+n 

x+n+l 

s=   v(q  .    +  p  ,     X     ,  T  V  ) 

^'x+n      ^  x+n      n+l     x-' 
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Similarly,  we  have  for  pure  endowments 


V  -  +  P  -   =    A  ^ 

n     xt\  xt\  x+n:t-n\ 


Via 


=  '^P 


x+n     x+n+l:  1-11,-1 


xt\     x+n:i.-ii-l\ 

xt\    -*  .r+'/i^  a 


x+n+l:t-n-2\'\ 
~    '^Px+n^^  x+n+l :  t-ii-l\  ~     xTl  ^     ~^  ^x+n+1 :  t -n-'2\^i 

=  vp  ,    X    , ,  V  i-. 

^x+n      n+l     xt\ 

xt  I  ^     x-1 x+n-l-'     I     p  1 

D  ^'^1 

x+n 

pi(N       -N      ) 

=    vp   ,      X 

i  x+n 


Or,  again,     V  L  +  P  ^    = 


xt\ 


xt\^     x-\ 

D 


X  +  ?l> 


z+n+l 


vp  ,    X    ,  T  V  ^, 

^x-\-n       91+1      xt\ 


4.  By  Text  Book  formula  (3), 

V  +P     =   v((i       +  p 

n     X         X  ^Jx+n      J  X 


:+n      «+l      X 


i^a;+?i^         w+l     x^      w-}-l     a;' 

Therefore     (  V  +  P  )(1 +0   =    o  ^  (1  -   ^,V)  + 


x-\-'n> 


w+1     x^      71+1      a; 


From  this  we  see  that  the  reserve  value  at  the  beginning  of  the 
year,  and  the  premium  then  paid,  both  accumulated  to  the  end  of 
the  year,  are  equal  to  the  reserve  value  at  the  end  of  the  year, 
together  with  a  contribution  towards  the  claims  payable. 

Now,  if  the  mortality  actually  experienced  agree  with  that 
assumed,  the  account  will  work  out  as  follows  for  /  .      policies, 

'  a;+n    ^  > 

each  for  1,  existing  at  the  commencement  of  the  year  : — 


Claims  payable  . 

Contribution  towards  claims  payable 

jc+n      ^a;-f  nv-         7i+l     «-' 

Reserve  released 


=   d 


=   ^^  (1-   ^.V) 

X-\-%<  71  +  1       X-' 

x+n      n+l     X 


a;+» 


« 


x+» 


Together       .... 

so  that  the  claims  payable  are  exactly  met. 

Profit  or  loss  from  mortality  in  an  Insurance  Office  therefore 
depends  on  a  comparison  of  the  claims  payable  less  the  reserve 
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released,  with  the  expected  contribution  towards  claims  payable. 
If  the  claims,  less  the  reserve,  exceed  the  contribution,  there  is  a 
loss  to  the  office,  and  vice  versa. 

Therefore  mere  comparison  of  the  claims  payable  with  the 
accumulations  of  premiums  received  is  no  test  of  profit  or  loss  from 
mortality.  It  is  impossible  to  view  the  contracts  in  this  light, 
since  at  the  date  of  the  claim  the  accumulations  of  premiums 
received  are  not  available,  having  been  applied  to  pay  current 
claims  and  to  increase  the  reserve  (apart  from  payment  of 
expenses  and  distribution  of  profit).  Further,  however  long  the 
life  live,  even  beyond  his  expectation  at  date  of  entry,  there  is  a 
loss  to  the  office  in  respect  of  his  claim  (unless  indeed  he  live 
beyond  the  limiting  age  of  the  mortality  table  used),  since    V   is 

the  average  reserve  in  hand  at  any  time  while  the  claim  to  be  paid 
is  1.  Every  life  assured  on  the  books  has  to  contribute  towards 
the  deficit,  and  the  profit  or  loss  on  mortality,  as  already  stated, 
depends  on  how  this  deficit  compares  with  the  contribution. 

In  the  case  of  an  assurance  under  which  no  further  premiums 
are  payable,  we  have 

A^  (1+0   =   a^  (1-A^  ^0  +  A  ^    ,, 

Here  the  reserve  value  accumulated  for  a  year  is  equal  to  the 
reserve  value  at  the  end  of  the  year,  together  with  a  contribution 
towards  the  claims  payable. 

In  the  case  of  an  annuity,  we  have 

a  ^  (1+z)    =    (1 +«  ,     ,J-a  .    (l+«  ,     ,0 

This  formula  was  discussed  in  the  notes  on  Chapter  VII.,  page  120 

6.  Returning  to  the  equation 

(  V  +P)(l+n    =    a  ^  (1  -    ^,V)+    ^  V 

we  see  that 

V  +P   >   =   <    ^  V 

n     X  X  «.+!     X 

according  as 

Now,  (  V  +  P  )  is  the  reserve  value  immediately  after  payment 

of  the  (w+  l)tli  premium  and  ^,,V    the  reserve  value  immediately 

before  payment  of  the  {n  +  2)th  premium.  Therefore  the  former 
is  >  =  <  the  latter,  according  as  interest  on  the  reserve  is 
<   =    >  the  current  mortality  risk. 
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It  will  be  found  that,  unless  the  policy  has  been  a  considerable 
number  of  years  in  force,  (V+P)i<q,(l-  .,V\  and  there- 
fore    V  +P  >     ,,V  .     On  the  other  hand,  where  the  policy  has 

n    X         X       n+l    X  '  r         J 

been  a  long  period  in  force  (^V^+  PJi  may  exceed  g'^^^(l  -  ^^^V^), 
and  therefore    V  +P  <    ,,V,  that   is   the  reserve  value  of  the 

n    X         X      71+1     »' 

policy  will  increase  in  the  course  of  the  year. 
In  the  case  of  a  temporary  assurance 


VI-  +  pi-  >  =  <      yi- 

n     xt\^     xt\   ^  ^  n+l     xt\ 


according  as 


And  it  will  be  found  (where  t  is  not  very  great)  that  interest  on 
the  reserve  is  insufficient  to  provide  for  the  current  mortality  risk, 


and  that    VV,  +  PV, 

n     xt\  xt\ 


is  greater  than      .,V^-. 
*='  w+l     xt\ 


Indeed     V^-:  alone 

n    xt\ 


frequently  exceeds  „ ,  jV^-  as  may  be  seen  from  Text  Book,  page 
319,  Table  C. 


In  the  case  of  a  pure  endowment 
according  as 


Vl+Pi.   >   =   <       V^ 

ft      Xt\  Xt\      ^  ^71  +  1      X«| 


7 .  X  ,y\ 

'x+n       71+1     xt\ 


But  obviously 

since  the  latter  is  negative. 

Therefore 

value  in  this  class  increases  in  the  course  of  the  year. 

For  the  endowment  assurance  (the  summation  of  the  last  two 
we  have 


X        V  ~ 

^x+n      n+l     xt\ 


Ti^ii+P^ri  <  7^+i^^ir  ^^^^^^'^g  ti^^t  *^^  ^'^s^^T 


^1 


V-  +P- 

n     xt\  xt\ 


'^  ^    n+l     xt\ 


according  as 


(7.^.^1 +P.ri)^"<  =  >  %^S^ 


x+n^ 


71  +  1       Xt\-^ 


that  is,  according  as  the  interest  on  the  reserve  is  <   =   >  the 
current  mortality  risk. 
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6.  As  an  illustration  of  how  to  ascertain  profit  or  loss  from 
mortality,  let  us  assume  in  connection  with  the  example  worked 
out  on  page  316  of  the  Text  Book  that  the  actual  mortality  experi- 
enced for  the  first  five  years  was  as  shown  below,  and  not  according 
to  the  Text  Book  table,  and  that  the  annual  premium  was  -01873. 


Age. 

h 

d. 

30 

89685 

655 

31 

89030 

740 

32 

88290 

700 

33 

87590 

720 

34 

86870 

750 

35 

86120 

765 

etc. 

etc. 

etc. 

We  have  first  to  construct  a  table,  thus  : — 


Year. 

Premiums 
received. 

3a, 
as  per  Text 

Book,  p.  316. 

Survivors 

at 

end  of  year. 

Fund  required 

at 
end  of  year. 

1 
2 
3 
4 
.') 
etc. 

1679-800 
1667-532 
1653-672 
1640-561 
1627-075 
etc. 

-01168 
-02364 
•03590 
-04847 
•06133 
etc. 

89030 
88290 
87590 
86870 
86120 
etc. 

1039-870 
2087-176 
3144-481 
4210-589 
5281-740 
etc. 

Then  we  may  find  the  profit  or  loss,  as 

follows  : 

— 

Year. 

1. 

2. 

3. 

4. 

5. 

Fund  at  beginning  of  year  . 
Premiums  received       . 

Interest         .... 

Claims 

Fund  in  hand  at  end  of  year 
Fund  required            do. 

Profit  (  +  )  or  Loss  (-). 

0 
1679-800 

1039-870 
1667-532 

2087-176 
1653-672 

3144-481 
1640-561 

4210-589 
1627-075 

1679-800 
50-394 

2707-402 
81-222 

3740-848 
112-225 

4785-042 
143-551 

5837-664 
175-130 

1730-194 
655 

2788-624 
740 

3853-073 
700 

4928-593 
720 

6012-794 
750 

1075-194 
1039-870 

2048-624 
2087-176 

3153-073 
3144-481 

4208-593 
4210-589 

5262-794 
5281-740 

+  35-324 

-38-552 

+  8-592 

-1-996 

-18-946 
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A  ^    -A 

n    X    ~         1  _  A 

X 

This  result  may  be  proved  by  general  reasoning. 

Suppose  (.r)  to  enter  into  such  a  contract  as  that  described  in 
Article  60  of  Text  Book,  Chapter  VII. ^  under  which  the  amount 
payable  after  deduction  of  the  single  premium  shall  be  1.  That 
is,  if  B  be  the  single  premium  the  total  sum  assured  is  1  +  B,  the 
loan  on  the  policy  is  B,  and  the  interest  payable  in  advance  on 
this  loan  is  dB.     Then  B    =    A^(l  +  B) 

A 

whence     B    =    :; ^ 

1  -A 

X 

The  sum  assured  is  therefore 


1-A 


The  single  premium,  which  is  also  the  amount  of 
the  loan,  is       . 

The  yearly  interest  payable  in  advance,  which  is 
also  the  annual  premium  for  the  net  amount  pay- 
able, is  .....  . 

The    net    amount    payable    at   death  is  the  sum 

1  A 


assured,  less  the   loan,  that  is 


1-A 


or 


r=A^ 

X  X 

Now,  after  n  years  the  reserve   required  under 

1       . 


the  above  single-premium  policy  for 


1-A 


IS 


from  which  deduct  the  policy  loan  which  the  office 
must  take  credit  for    ..... 


The  difference  is 


dA 

X 


1. 


x+n 

i- A 


A 

X 


x+n 


A 


1  -A 


which  is  the  reserve  required  for  an  annual-premium  policy  under 
which  the  net  amount  payable  is  1,  and  which  has  been  n  years  in 
force,      i  hat  is, 

A  ^    -A 

■y        X+n  X 

n     X    -  1  -A 
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8.  I'he  proof  of  Text  Book,    Articles   41    to   43,  seems  rather 
laboured.     The  matter  may  be  put  more  shortly. 

P'        -P' 


x+n 


v    = 

n     X  p'         j^d 

x+n 


(f,.. -?.)(!  +  '') 


X+n         X 


(p«+.-p.)(l+'') 


(P.+»+'')(i  +  '')+(''-'«0 


V 

n     X 


c  —  Kd 
1  + 


_  _  _  ,    -  .  c-  Kd 

Now,  according  as  c  >  =  <  kH,  the  expression  ,,, —       r\('\~ir\ 

is  positive,  zero,  or  negative;  and  ^^V'^  <  =  >  ^V^. 

P.    -P 

Or,  again,       V     =    — ^±^^ ^ 

P        H 

^+n       1  +K 

Therefore  V'    >   =   <     V^ 

n      X  n     X 

P         -P  P.      -P 

as  _^+Ji— _*^    >   =   <     ^+^-       " 

p         +'J:^  ^:c+.  +  '^ 

that  IS,  as        d  >   =   < 

l+K 

id                          c 
or  as    rf  - >   =   <  -j 

1+K  l+K 

or,  finally,  as      kc?  >   =    <  c 

9.  Text  Book,  Article  48,  is  very  important,  and  has  a  wide 
bearing  in  a  consideration  of  the  effect  that  an  increase  in  the 
mortality  has  on  policy-values. 

One  is  apt  to  assume  that  merely  because  one  mortality  table 
exhibits  higher  rates  ot  mortality  than  another,  the  former  requires 
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larger  reserves  than  the  latter.     But  it  is  impossible  to  argue  so 
fast ;  for  we  see  that,  if  in  the  expression 


X 

x+n 


4 


we    increase    both    P     and     P 


X  +  7l' 


we    cannot  tell    whether   the 


whole  expression  is  increased  or  diminished  without  more  minute 
examination. 

The  same  point  is  seen  on  examination  of  the  value  of  V 
found  retrospectively, 

-{''.(i+0''-^+rf,„(i+«)'*-^+  •■■  +'1,^,.,]] 

If  the  rate  of  mortality  as  a  whole  is  increased,  it  is  quite  true 

that  P   is  increased  and  /  ,      decreased,  both  tending  to  increase 

V,    but   at   the    same  time  /  .,,  I  .  „,   etc.,    are    decreased,  and 

n     x'  x+V     x-\-V  '  ' 

d^,  d^    ,   etc.,   proportionally    increased,    all    tending   to  decrease 
^^V^,  and  the  final  result  may  quite  well  be  a  lower  value  for    V  . 

Now,  as  pointed  out  in  Text  Book,  Article  48,  "  If  the  increase 
be  proportionally  greater  at  the  younger  ages,  the  policy-value 
will  be  diminished,  and  if  the  increase  be  proportionally  greater 
at  the  older  ages,  the  policy-value  will  be  augmented."  Also, 
Dr  T.  B.  Sprague,  in  his  paper,  "  How  does  an  increased  mortality 
affect  policy-values"  (/.  /.  A.,  xxi.  109),  says  :  "It  seems  that  we 
may  fairly  draw  the  following  conclusions : — 

(1)  If  two  tables  show  the  same  mortality  at  young  ages  and 
at  higher  ages  an  increasing  difference  in  the  rate  of  mortality, 
then  the  one  which  shows  the  higher  rate  of  mortality  will  require 
larger  policy- values. 

(2)  If  two  tables  show  the  same  mortality  at  high  ages,  but  an 
increasing  divergence  as  we  proceed  to  younger  ages,  then  the 
table  which  shows  the  lower  mortality  at  younger  ages  will  require 
larger  policy-values. 

(3)  If  two  tables,  A  and  B,  show  the  same  rate  of  mortality  at 
the  middle  ages,  say  about  50,  but  at  younger  ages  the  table  A 
shows  the  higher  mortality  and  at  higher  ages  the  lower  mortality, 
then  table  A  will  require  the  lower  policy-values." 

Finally,  Dr  Sprague  tells  us  that  "policy- values  do  not  at  all 
depend  upon  the  absolute  rate  of  mortality  exhibited,  but  only 
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upon  the  progression  that  the  rate  of  mortality  exhibits.  It  is  the 
table  in  which  the  mortality  increases  the  more  rapidly,  that 
requires  the  larger  policy-values." 

10.  As  shown  in  Text  Book,  Article  49. 

V    >   =   <    V 

n      X  n     X 


according  as 


l+«' 
1  +a 


1+a' 


>   =    < 


x+n 


1  +« 


x-\-n 


If,  then,  it  be  desired  to  compare  the  reserves  at  3  per  cent, 
of  the  H*^  experience  with  those  of  the  O^,  a  table  should  be 
worked  out  for  each  age  as  follows  : — 

Ratio  of  annuities-due,  ttjj*  at  3  per  cent,  for  comparison  of 


policy-values. 


Here  then 
because 

Also 

because 

But 

because 


O^ 


Age. 

Ratio  ^y 
0%, 

20 
25 
30 
35 
40 
45 
50 
55 
60 

•9720 
•9778 
•9813 
•9850 
•9881 
•9888 
•9895 
•9890 
•9870 

H^  V     < 

20     20   ^ 


H^a 


20 


O^ 


< 


O*^  V 

20     20 
40 


20 


O^a 


40 


rM 

H^a 


15     40    ^ 


kM 


40 


O^a 


< 


40 


O*"   V 

15     40 

^     ^5 
qM„ 


55 


rM 


H"    V     > 

20     40   ^ 


vM 


H^a 


40 


O™   V 

^     20     40 

HM„ 


QM, 


> 


'60 


M, 


40 


O^'a 


60 
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The  matter  becomes  rather  more  complicated  when  it  is  desired 
to  compare  the  H^  and  H^^^^  reserves  with  the  O^, 

In  this  case  when  w  <  5 


H^*  V    >   =   <  O 

n     X 


M 


V 

n     X 


according  as 


H^a 

?  >   =   < 

O^^a 


H^^ 


x+n 


M, 


O^'a 


x+n 


But  when  w  =  or  >  5, 


according  as 


H^^  and  H^^<^)  V    >  =    <  O^^  V 

n     X  n     X 

HM(5)a  O^a  ^ 

•  1    _  «+'*    ;;>  —      <-     1 a;+7l 


H^a 


O*^ 


that  is,  as 


o^ 


j^M(5), 


>     =     < 


x+n 


M, 


O^a 


Having  drawn  up  a  table  of  the  two  ratios 


x+n 

H^a 


O^. 


*  and  ^+™ 


O^a 


x+n 


we  can  tell,  by  inspection  of  the  ratios,  at  what  ages  at  entry  and 
for  what  terms  the  H^  and  H^^^^  reserves  will  be  greater  than, 
equal  to,  or  less  than  the  O^^  reserves. 

It  is  wrong  to  assume  that,  because  one  table  or  combination  of 
tables  shows  larger  reserves  than  another  for  whole-life  policies, 
the  same  relation  will  hold  for  endowment  assurances.  Comparison 
must  be  instituted  between  an  entirely  different  set  of  functions, 
viz.,  term  annuities.     For 


V  -   >   =   <     V  - 

n      xt\  n     xt\ 


according  as 


^xT\ 


xt\ 


>  =  < 


x+n:t-n\ 
x+n:  t-n\ 


n 


This  is  not  a  merely  theoretical  point ;  for  as  a  matter  of  fact, 
while  the  H*^  and  H^^^^  reserves  are  greater  on  the  whole  than 
the  O  for  whole-life  assurances,  the  reverse  is  the  case  for 
endowment  assurances. 

If   two  mortality  tables   yield  equal   policy-values,  that   is,  if 
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a 


V-r  =  »,^^j    then   the   ratio    —  will  be  constant  for  all  values  of 


n      X      n    X 


a 

X 


X,  and  we  may  write 

l+a  1 

r.  i. 


l+a  1+K 

X 

1  +a 
whence  a      = -~l 


X 


1  +  /C 


1    ,       ' 

Then  V     =    1 ^t!i 

»     *  \+a' 

X 

1  +rt  , 

x+n 


=     1- 


l+a 


x+n 


l+« 

X 

=      V     as  required. 


But  again  p'     = 


a 

x 


l  +  a 

-1 


1+K 


V  — - — ^i- 

1+K 

a  —  K 

X 

a  —  K 


a 

X 


Px 

K 


which  is  Tex/  Book  formula  (29). 

The   conclusions    of   Text  Book,  Articles   59   and  60,  may  be 
proved  directly  for  the  rate  of  mortality,  q'  . 
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^  x' 

KP 

'  1  ,       -■  a; 

<7      =    1  -p   H =: 

X 

=  %+ 


The  addition  to  be  made  to  the  rate  of  mortality  at  age  x  if 
equal  policy-values    are    to   be    produced    is    therefore  — = 

which  increases  with  an  increase  in  .r. 

Now,  if  instead  of  this  increasing  function  we  make  a  constant 
addition  of  r  to  the  rate  of  mortality,  the  increase  will  not  be  so 
rapid  as  is  required  to  give  equal  policy-values.  Therefore,  on 
the  principles  of  Text  Book,  Article  48,  the  effect  of  adding  a 
constant  to  q   is  to  diminish  policy-values. 

Again,    if  for  -— ^  we  substitute  -  r,  the  rate  of  mortality 

will  be  increasing  more  rapidly  in  proportion  than  under  the 
formula  which  produces  equal  policy-values ;  and  therefore  on  the 
principles  of  Text  Book,  Article  48,  the  effect  of  deducting  a  con- 
stant from  q^  is  to  increase  policy-values. 

11.  In  this  connection  it  will  be  useful  to  discuss  the  reserves 
required  for  policies  upon  lives  subject  to  extra  mortality.  Extra 
mortality  will  probably  occur  in  one  or  other  of  three  well-defined 
ways. 

(1)  The  extra  mortality  may  be  higher  than  the  normal 
throughout,  the  difference  being  small  and  slowly  increasing  at 
first,  but  becoming  great  in  the  later  years  of  insurance.  We 
should  expect  reserves  under  such  a  table  to  be  greater  than 
those  under  the  normal,  as  the  increase  in  the  mortality  is  pro- 
portionately greater  at  the  older  ages. 

(2)  If  the  extra  mortality  is  greater  than  the  normal,  but  by 
a  constant  difference  throughout,  we  should  expect  the  extra 
mortality  reserves  to  be  less  than  the  normal,  since  this  constant 
addition  does  not  allow  for  the  increase  in  the  rates  at  older  ages 
being  sufficiently  great  to  give  equal  policy- values. 

(3)  The  difference  between  the  extra  rates  of  mortality  and  the 
normal  may  be  great  at  first,  afterwards  diminishing,  and  finally 
disappearing,  until  the  two  tables  coincide.     Here  also  the  reserves 


« 
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under  the  table  of  extra  mortality  will  be  smaller  than  the  normal, 
as  the  increase  is  proportionately  greater  at  the  younger  ages. 

The  effect  upon  policy-values  of  an  increase  in  the  mortality 
under  a  table  graduated  by  Makeham's  formula,  /a  =  A  +  Be*,  may 
be  considered  briefly. 

If  in  this  formula  the  value  of  A  be  increased,  the  result,  as 
shown  on  page  232,  is  equivalent  to  increasing  the  rate  of  interest, 
and  that,  as  proved  in  Text  Book,  Articles  69  and  70,  results  in  a 
lower  policy-value.  A  lower  policy-value  is  therefore  the  effect  of 
a  constant  addition  to  the  force  of  mortality.  If,  on  the  other 
hand,  B  be  increased,  the  effect,  as  shown  on  page  233,  is  to 
increase  the  age,  and  therefore  a  higher  policy-value  will  be  given. 
If  A  and  B  be  both  increased,  the  ultimate  effect  cannot  be 
ascertained  without  further  investigation,  as  the  two  increases 
operate  in  opposite  directions  in  their  effect  on  policy-values. 

There  are  two  well-known  methods  of  dealing  with  extra-rated 
cases  in  valuation. 

(1)  Policies  on  such  lives  may  be  valued  at  the  increased  ages 
which  correspond  to  the  higher  rates  of  premium  charged  ;  that  is, 
they  are  treated  throughout  as  normal  policies  effected  at  such 
increased  ages. 

(2)  The  policies  may  be  valued  at  the  true  age,  precisely  like 
normal  policies  of  that  age,  each  year's  extra  premiums  being 
assumed  to  meet  that  year's  extra  claims. 

It  is  interesting  to  examine  the  extra  rates  of  mortality  which 
are  assumed  to  underlie  each  of  these  methods. 

Suppose  (x)  to  be  a  life  charged  the  premium  as  at  age  a?  +  r. 
Under  the  first  method  we  then  have 


Years 
Elapsed. 


Normal  Rate  of 
Mortality. 


ix+t 


Assumed  Rate  of 
Mortality. 


'x+r+1 
'x+r+2 


'x+r+t 


Extra  Rate  of 
Mortality. 


ix+r      "a; 
^x+r+l  ~  ^x+l 
^x+r+2  ~  ^x+2 


'x+r+t 


-9 


x+t 
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In  examining  the  second  method,  we  know  that  for  a  normal 
life 

(v+P)(i  +  0=  ^,v +7  ^  (1-  ^,v) 

while  in  the  case  of  the  extra-rated  life  under  this  method 

where  R  is  the  extra  premium,  and  q'         represents  the  actual 

rate  of  mortality.  That  is,  the  normal  reserve  plus  the  ordinary 
net  premium  and  extra  premium  accumulated  to  the  end  of  the  year 
are  assumed  to  be  sufficient  to  meet  the  normal  reserve  at  the  end 
of  the  year,  and  make  the  necessary  contribution  towards  payment 
of  the  claims  actually  experienced.     Hence 

R(l+n    =    (q'        -q  ^  )(1-    ^  V) 

_    R(l+0 


and 


(a'        -q       ^    =    -^ 

^^  x+n      ix+ri''  2  — 

R(l+e> 


71+1      X 


a 


x+n+l 


where  {q'       —  7  , , )  represents  the  extra  rate  of  mortality  whicl 
it  is  desired  to  ascertain.     Since  R  =  P  .    -  P   we  have 

x+r  x 


Years 
Elapsed. 


Extra  Rate  of  Mortality. 


a  ^,    '   ^+ 

x+l 


(F  ^   -P)(l+na 

^    x+r         x^^  ^   X 


x+2 
1 


(P  ^   -P)(l+na 
'^    x+r         a;-'^  >'   a 


a  ^    X+r       ,  x-^^  J   X 

x+Z 


—   (P^   -P)(l+na 

^    x+r  X''^  ^   a 


a 


a;+(+l 


12.  The  proof  that  a  decrease  in  the  rate  of  interest  increases 
policy-values,  and  vice  versa,  which  is  given  in  Text  Book,  Article 
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69,  is  made  to  depend  on  the  conclusions  of  Text  Book,  Article  59. 
Conversely,  the  proof  of  Text  Book,  Article  59,  may  be  shown  to 
depend  on  the  proposition  that  an  increase  in  the  rate  of  interest 
decreases  policy-values  as  proved  in  Text  Book,  Article  70. 

Thus,  let  p   be  diminished  at  each  age  by  a  constant  percentage. 

Then      «;    =   ^;p'^  +  ^;2p'^'^^^+  .    .    . 

=  ^pS^  -  0 + ^"PS}  -  Op^+i(i  -  0  +  •  •  • 

=   a"     calculated  from  the  normal  mortality  table 
at  rate  of  interest  y,  which  is  such  that 

■z :   =   -^ . ;    whence  -z :  <  -z ;  and   /  >  u 

\+a' 


V       = 


Now  V     =    1- 


1- 


x+n 


l+a' 
l+fl" 


x+n 


l+a' 


X 


=     V"      calculated   from   the   normal 

n       X 

mortality  table  at  rate  of  interest  j. 

But  since  /  >  L    V "    <    V   calculated  at  rate  i.  and  therefore 

V  '  n       X         n     X  ' 

V    <    V  . 

n      X         n    X 

Hence  it  is  seen  that  the  effect  of  diminishing  p  at  each  age 
by  a  constant  percentage  is  equivalent  to  using  a  higher  rate  of 
interest ;  that  is,  policy-values  are  diminished. 

By  a  similar  process  it  may  be  shown  that  the  effect  of 
increasing  j9   by  a  constant  percentage  is  to  increase  policy-values. 

13.  The  propositions  of  Text  Book,  Articles  71  and  72,  may  be 
proved  as  follows  : — 

^^  %  <  %+i 

then         vpa-ha..)<a 


x+V  x+1 

a 


x+\ 
x+\ 


and  vp   < 

^^       l+« 

v  —  vp    >  V  —   - 

that  is,  Pi  :n  >  P 

'  «:i|  a. 


x+1 
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Again,  if     a    <  a 


x+l 


^/^:«(l+«J<^P.(l+^.4-l) 


x^  ^  x^ 

<  ct. 


x+V 


X 


a 


a 


v-vp    >  V- 


that  is, 
Further,  if    a    <  a 


x+l 


then 
that  is 


X'.l\  X 


-d> 


-d 


x+l 


1  +«         "   1  +« 

X 

p„>  p. 

a    -a  ., 
Finally,    ,V     =    -^ ^ 

a: 

Therefore,  if    a   <  a  , ,,  ,  V   is  neffative 

'  a;  x+V  \     X  ^ 

14.  Besides  the  two  cases  mentioned  in  Text  Book,  Article  73, 
in  which  negative  policy-values  occur,  the  following  may  also  be 
noticed : — 


(1)  Reversionary  Annuity  Contracts. 

Here  we  have 

V«  I      =    a  .    I   .    -  Pa  I  a  . 

«-       2/ 1*  y+n\x+n  y\x    x-\-n:y-\-n 

/a  ,    —  a  ,        ,  a  —  a    . 

_     I     x+n         x+n:y+n   _      x         xy 

a  a         /    ^in-.y+n 

x+n:y+n  xy 


I 


It  has  already  been  pointed  out  (page  274)  that  the  annual 
premium  for  such  a  policy  may  decrease  with  an  increase  in  the 
ages.  If  this  were  to  happen,  the  above  formula  would  give  a 
negative  result. 

(2)  Contingent  Insurance,  -  (x)  against  the  survivor  of  (j/")  and 
(z),  (z)  having  died. 

Under  such  conditions 

VI  -    =    A-^  __-Pi  _a  ,        , 

»  x:yz  x+n:y+n         x:yz    x+n:y+n 


=  (P-i Pi  -)a 

^  x+n:y+n         x'.yz^    x+n:y-\-n 
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As  pointed  out  on  page  247,  if  w  be  small,  P-^^.-^  may  be  less 
than  P^.-j  in  which  case  this  value  will  be  negative. 


15.  To  prove       V(™)  =     V  (l  +  ^-ipCmA 


V(m)   =    A       -  PC^^aC'") 

«     X  x+n         X       x+n 


x-\-n         X    \     x-{-n         '2m   J 

=     A^    -/P    +^^P(m)(p    +rf)|a^    +'^p(m) 
x+n      y    X        2m      X    ^    X  *     yj    x+n        2vi      * 

7/1  1 

(since    P(™)   =    P^H--^ — P^"^>(P^  +  f/),  see  page  196) 

=    A^   -P  a^   +'!Lzlp(vi)n-rp  +d)a  ^  } 

«+»         X    x+n         2m       *  ^    a;        •'    x+n> 

^    vfi  +  !^p(-A 

Again 


V^'^   =    A p(^a(«»)    

»    zr  I  a;+n:r-n|  xr\    x+n:r-n\ 


m-lA      D 


x+n:r-n\         xr\\    x+n:r-n\         9m    \  D         If 

^  x+n'^  •' 

c  ♦» 1      ,    .  ^ 


/p_  .  ^zip(»!^rPi-  +  f£^\a         I  ^  -  ^  p(m)/i       P^«±_A 

*+«:r-n|       1      3;r|^     27n        a;r|^^»r|^"v'/"    «+n:r-nl^     2m        airjl,^        U        / 
^  ■'  ^  x+n 

(since  P<^>   =   P^-  +  !!^p(»J(p:_  +  d),  seepage  198). 

=    A P  — a L^r_   p(^/l  _       ^+^      (V'\      I- /An  \ 

*+n:r-n|         xr|    x+n:r-n|^     2m       »»'ll  D  ^    xr|  ^    -^    «+»:r-nij 

=     V  -  +  ^^~-^pW  VI- 

n     xr\         2m       '^^l^     ==''1 

Or,  better 

V^'^   =    A P<!!^a(™)    

n    xr\  x+n:r-n\         xr\    x+n:r-n\ 


=   A^    — ,     . 

x+n:r-n\         xr 


pe^^/a^    __-^?Jll(pJ ^  +  ^a        —\ 

xr\\^    x+n:T-n\         2m         x+n:r~n\  ^    J    x+n:r-n\j 
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(substituting  for  a("j)^.^^-— :  its  value  as  found  on  page  198) 

=    A_^    ^-|Pn  +  ^^P^'^(PS  +  0|a_,    r 

x+n:r-n\        \     xr\         27n       *^  1       *'^' I  J     x+n:r-n\ 


xr  \^    x+n:r-n\         '    x+n 


2m 


=   A 


-P-.a 


+7i:r-w| 


.  ^^~  ^p(w)/-p  1 Pl— Y 

r-n\         O^n       XT  \^    x+n:r-n\  xrw' 


x+n'.r-n\  xr\    x-\-n'.r-n\         '■^m       *^l^    *+ 

=    V  —  +  ^~  p("^  V^— 

n    xr\         2m       "^'^  l**    **"  I 

Similarly,         V(™)    =         V  +^^  P(m)  yi 


(;+»i:r-n) 


J 


'T«v~. 


2„i   r    X    n    xr\ 


^h^^rsLk^     ?. 


'a>Pv«.« ^-O 


16.  To  find        V   (n  being  an  integer  and  t  a  fraction). 


Now 
and 


..V  =A.     .,-Px,ja,     ,, 

n+<     X  x+n+t         «      l-i|    x-\-n-\-t 

.la  =    a   -  0 

0\    y  y 

la  =    a   -  1 

My  y 


Therefore,   interpolating  by  first   differences,  where   k   is  any 
fraction  of  a  year 


a     =    a  -  K 

K\    y  y 


Hence     ,Ja,     ,,    =    a,     ,, 

l-t\     x+n+t  x+n+t 


(1-0 


and  V     =   A  ,    ,    -  P  a  ,    , ,  +  P  (1  -  0 

n+t     X  X+n+t  X    x+n+t  x^  ' 

which  agrees  with  Text  Book  formula  (31). 

k' 


17.  To  find        ,  VC'^),  (t  -  -\ 

n+t     X    '  \^   -    ^nj 
n+t     X  x+n+t         X       x+n+t 


=    \^.^.  -  {p.  +  ^  P^'CP.  +  't)}  a,^„^,  +  F»> 


m  —  1 
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which  agrees  with   Text  Book  formula  (36),  since 

V  +<   ,,V  -   V  )   =    A   ,    -P  a  ^    +t(A  .        -Pa  ) 

n    X        ^71+1     X      n    x^  x+n  x    x+n        ^     x+n+1  x   x+n+l^ 

-t(A  ^    -Pa       \ 

^     x+n         X   x+n^ 

==    A   ,    +i(h  ,    ,,  -A  ,   ) 

x+n        ^     x+n+\  x+n^ 

~  ^x  ^\+n  +  '  (\+n+l  ~  \+n)} 

x+n+t  x   x+n+t 

if  first  differences  are  taken  to  be  constant. 

To  find       ^V("^),  (t  =  -  +  s) 

V("*)    =    A  -  P("i)  X  1      I  a(™) 

n+t     X  x+n+t         X         — -s|    x+n+t 

m 

x+n+t  X    \   x+n  it        ffi  J 

=    A  -P(m)aW       +P0»)/^ J^ 

x+n+(  X       x+n+t  X     W/^  / 

=  A  ^  ^  -  ?(^)(ti  ^  ^  -  '4^^ + p(™>r-  -  *^ 

x+7i+<        X    \  X+n+t         2in  J        ^    \7n        ) 

_    A  -  (^P   +^^~  ^   P(TO)rP   4-rf'i\a  -I-  ^  ~  ^   P(m) 

-     ^^+n+t       yx^     2in         a;     y^x^^Jj^+n+t^    2m         ^ 


1  k+-\      fk        \        ,,      .,      A      yt  +  1 

since        —  -s  =  — 


m  m 


k+-\ 
m 


Hence     ^,V("^)  =   A^^^^^ -V  si  ^  ^^  +  V  (I -t)-V  (\  - 

n+t     X  x+n+t  X    x+n+t  x^  ^  x\ 

2m       *    \         ^    a;^     ''   x+n+t  '      «v  >         a;\^  »W    /j 

>(m)(^i   _  A 

f  1  -  ^u  » -_i  pw  r  V  -  p  fi  -  *±2^1 

\  m   j         2m       «    |^«+«    ^        \  m  J) 

■a  -) 


,  7«  -  1    -^, 
+  t/-— P(^ 


V  -PI- 

?t+<      X  x\ 


+d'^  PH 
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The  third  and  fourth  terms  of  this  expression  are  very  small 
and  in  practice  are  usually  ignored,  it  being  assumed  that 

k  +  1 


y(m)    =  V    -  P     1  - 

n+t    X  n+t     X         x\  fYi 


\  m   ) 


=    A^  ^  -P  a  ^  ^,  +  Pf-  -A 


It  may  be  noted  that  where  the  mthly  premiums  are  instalment 
premiums,  the  third  term  will  not  appear  in  the  expression  for 
the  exact  value  of    .  ,Vf™],  and  therefore  the  value  used  in  practice 

will  in  that  case  be  so  much  nearer  the  true  value. 


To    obtain    ^A-iy^^x^  ~  —  +  *)^    ^^    ^^7    ^^^^    proceed    by 

interpolating  between 

PC^wX 
^  V(,»»)  +  — ^  ]  and  „  .  fc+i  V(»») 


n-\ —     X 
m 


m 


n-\ — —      X 
m 


Thus 


V(m)    = 


P(m)  / 

k  V(™)  +  -^-  +  sml     fc+1  V(«0 


kVW  - 
m 


P(viy 


1 


=        fc  V("i)  +  S7n{    ,  fc+iV('«)  -    .  k  V("^)  ]  +  P(™)  I  -  -  .V 
Now,  substituting  for      .  fcV("^)   and      .  fc-i-iVW    their  values  as 

<^  n-\ —     X  nA X 

m  '    m 

found  by  Text  Book  formula  (36),  we  have 


Vim)    =     /l  +  ^lp(mAr    V    +-(  ^  V    -     V) 
n+t     X  \  <2m        *    /L"'     *      m   '^+^     X      n     x-' 

+  sm[  V  +^-±l(V  -   V)-   V  --(  ^  V  -   V)11  +  P("0/^-  -s) 

\n     X  <fji     ^ft+1     X      %    x^      n     X      m^n+l     x      n     x-' f  J  x    W^^  / 

+  !^P(mA/  V  +(^  +  s](      V  -  V^]+Pwfi-*^ 
2m       X   J\n    X     \m      J  ^«+i    *     n    xjj  ^    X   \,n       J 


The    quantity 


m  —  1 


P("^)  is  very  small,  and  may  be  ignorerff 


2m       * 
and  P     may   be    substituted    for    P(^)   in    the    second    term.     If 

a;  •'  X 

these  alterations  be  made  the  expression  will  agree  with  Text  Book 
formula  (38) 


18.  To  find     ,  V  -5 

n+t     XT  I 


V- 
n+t    XT  I 


x+n+t'.r-n-'t\ 


xr\      l-t\    x+n+tir-n-i] 


CHAP,  xviii.]  TEXT  BOOK— PART  II.  365 

Now  «|a -.    =    a    —rrn-O 

01    ym\  2/;m+0| 

_|a  -:    =    a  . — — -j  -  1 

1|    2/m|  y:m+l\ 

Hence  interpolating  by  first  differences,  where  k  is  any  fraction 
of  a  year 

ym\  y:m+K\ 

and         ,    ja  ,    , ,  -.    =   a  ,    , ,  -.  -  (1  -  0 

l-t\    x+n+t:r-n-l\  x+n+t:r-n-t\       ^  •' 

n+t     xr\     ~        x+n+t:r-n-t\  xr\    x+n+t:r-n-t\  xr\^  f 

Or  following  the  method  of  Text  Book,  Article  78,  we  have 

v_=   v-+<r    V V -WP -ci -<) 

«+«     xr\  n     xr\        ^n+1     xr\      n     xr^  iw|^  ' 

The  two  formulas  are  identical,  since 

»    xr\        ^n+1     ir  I      n     xr  y 
~      a:+n:r-n|  ~     xr]    x-\-n:r-n\        *^     x-{-n+\'.r-n-l\         xr\    x+n+\:r-n-\Y 

~^     x-\-n:r-n\         xr\    x+n'.r-nY> 
~      «+n:f^"^^     a;+n+l:r-7i-l|~      x+nrr-n]/ 

~     xf]  I  \+n : f^  "^    V*a;+n+l : r-n-\\  ~  \+n : r-wK  * 

=  A  .    ..  .,  -P-ra 


x+7i+t:r-n-t|  «t-|    a;+n+{:r-n-t| 


19.Tofi„d„^,V<»J,((  =  i+,) 


V^"^    =    A  ^ P(^  X  1      laW  fc+i| 

n+(     xr  I  x+n+t  :?--n-t|  xr  j s\    x+n+t:r-n-—;^\ 


=    A 


x-\-n-\-t:r-n-t\ 


xr|\     x-\-n-\-t:r-n-t\       jj^  j 


A  -P^'^la  -a  rP-i ■■  tf^^'H 

ir;+n+t:r-n -t|         xT\y    x+n+t:r-»-«|        x+n+<:r-7i. -t|  v    x+n+<:r-7i -«|         ^    2/w    / 

.   p(m)(^ 5^ 

xr|\m  / 
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V^*?^  =    A /P-  +  ^ P^^'-^CPi- +  ff^ll  a 

n+t     xr\  x+n+t:r-n  -t\        y     xr\         2m       xr\^    xr\         ■' i     x 


+n-\-t:r-n  ~i\ 


0«„  XT  I  ^      'K-U'n 


+  d) 


a 


'2in       a;r|^    x+n+t'.r-n~t\         ■'    x+n+t:r-n -t\ 

m—\ 


xr\        2m 


■C-l(Pi^+'o}{(i-o-(i-*-;^^)) 


x+n+iir-'n. -i|  a;r  |    a;+7i+(:r-7i  -t\  xr  \^  ^  xr\  jfi     J 


x+n+t:r-n  -t\  xr\    x+n+t:r-n  -t\  xr 

VI-  1 


4.^ JipW  f(p      1 Pl-'ia  4-Pl-ri  -t')-  Pl-/^1  -  -ili-M 

2m       xr\\y    x+n+t:r-n-t\      ^  xry    x+n+t:r-n -t\^     xr\^  J         xr|l  ^    ^j 

=      V  _ -  P  -1^1  -  -±i^  +  ^-"^pWf      VI-  -  F- A  -  ^-i^l 

n+«     «r|         a;r|\^  m    )         1m       xr\\%^t     xr\         xr\\^  „;    yj 


2w      *^l\m       / 


The  third  and  fourth  terms  of  this  expression  are  very  small, 
and  in  practice  it  may  be  taken  that 

k-\-\ 


V(^    =         V--P-M 

TO+i     xr\  7i+<     xt\  a:r-|\  ^^^ 


=    A 


-P-^a 


■\-'^A^~-s 


x-\-n-\-t\r-'n-t\  xr\    ic+w+irr-n-^-l  ^*"  I  Vw 

As  was  the  case  for  whole-life  assurances,  the  third  term  in  the 
exact  expression  entirely  disappears  when  the  premiums  receivable 
are  instalment  premiums,  and  accordingly  the  approximate  expres- 
sion is  in  these  circumstances  so  much  nearer  exactitude. 

20.  To  find       . ,    V 

V     =    A  -  P  X       ta  

=    A  ^  ^  -   P  a  ^    . , +  P  (1  -  0 

jB+Ti+t      r    X   x+n+t:r-n-t\      r    x^  ' 
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21.  To  find     „^,^V(».),    ((  =  *+, 

V(m)    =    A  -    ?('^'){si('^^         n +  .A 

n+f.r     X  x+n+t      r    x    \    x+n-\-t:r-n-t\        jfi  I 

=    A   ,    .    -|P  4-^^  PW(Pi-r  +  rf)la   ^    , 
x+n+t        \r    X         2m    1^    X    ^    xr\         /  j     x+n+ 


t:r-n-t\ 


+  ^,n-'(Pi?^.:f^i+''> 


2j?i     ^    *    ^    x+n+t :r-n-t\         /   x+n+t :r-n-t\ 
=    A   .     _  -   P  a  .    Ti  ^1 


+  p  (1  -  0  -  P  (^1  -  ^^^ 


x+n+t      r    x   x+n+t:r-n-t\       r    x 


p(to)/cp__! p^-'ia        + pi— n  -  ^"i  -  pi-/^i  -       V, 

X     \y    x+n+t:r^n-t\         xry    x+n+t:r-n-t\  xry^  ^         xr  \  jn    Jj 


2m    ^ 


+  d-- —    PW( s 

2m    ^   '^    \m 


n+t 


V  -  p  fi  -  i±iV^  P"">(  .,vs-  psfi  -  — ^1 

:r    X      r    x\^  yi    J         2m     "^    «     \\\.+t     xt\         xt\\  ^    Jj 


+d^P(»)('i-,\ 

2m  ^   *    \m       J 

The  third  and  fourth  terms  are  again  very  small  and  may  be 
ignored,  and  we  shall  have 

V(m)     =  V    -    P  6  -  ^^^ 

n+t:r    x  n+t:r^x      r    x\  m    J 

=    A    ,     ,  ,  -    P  a    ,     ,  ,  -r.  +    P  ( s 

x+n+t       r    X    x+n+t '.r-n-t]       r    x\jfi 

22.  In  practice,  however,  these  expressions  for  limited-payment 
policies  are  inadmissible,  as  explained  in  Text  Book,  Articles  115 
to  119  ;  and  we  may  modify  Text  Book  formula  (55)  as  follows  : — 

^    U     =    A  ,    ^  -   P'  (l-c\    ja  ^    ^,  ^ 

n+t:r     x  x+n+t      r     x^  '1-(|    x+n+t:r~n-l\ 

+  {P'(l-c)-P  },      la  ^  ^, 

•      x^  ^         x^\-i\    x+n+t 

k+-V 


UCni)  =  U  -  P'(l-c)fl-— -i^ 

X  n+t:r     x      r     x^  'V  j;^    J 


and  , ,     -  , ,    - 

n+f.T     X  n+t:r     x 
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The   formulas    given    in    sections  15  to  22  were   deduced    by 
Mr  J.  J.  M'Lauchlan  {Trans.  Act.  Soc.  Edin.,  Vol.  II.,  No.  12). 


23.  To  find  the  reserve  after  n  years  of  a  pure  endowment 
payable  at  age  (x  +  t),  with  return  of  premiums  in  the  event  of 
previous  death. 


By  the  prospective  method 

D  ^,  wM  ^  +R  ^   -R      -/M  ^, 

V  =    _±hi+{,r(l  +  'c)  +  c}  ^±^      ^^'^        *+*  *+* 


D 


x+n 


D 


x+n 


—  IT 


N  _,       -  N  ^,  , 


D 


Z+tt 


By  the  retrospective  method,  the  premiums  returned  at  the 
end  of  each  year  accumulated  to  the  end  of  n  years,  for  /  policies 
taken  out,  amount  to 

C  +2C  ,,  +  3C  ,„+...  +nC 


=    {7r(l +  k)  +  c} 


x+l  x+2 


x+n- 


)X+7l 


R  -  R  ,    -  wM  . 

=    {7r(l  +  K)  +  c}^-     ^+™  *+~ 


nx+n 


Dividing  this  result  by  the  number  of  survivors  after  n  years 
we  have 

R  -  R  ,    -  wM  , 


D 


rc+n 


The  reserve  by  the  retrospective  method  is  therefore 

7r(N     ,-N^      )_/^n+K)  +  c}(R  -R^   -«M  ^  ) 

^     x~l  x+n-iy       IV  y  '     i\    X  x+n  x+n^ 


V   = 


D 


x+n 
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The  two  expressions  are  identical,  for 

ttCN       -N  ,      J-{7r(l  +  K)  +  c}(R  -R       -wM  ,   ) 

'^     x-l x+u-1/       t     V  /         <  V     jc  x+n x+n^ 

x+n 

=  FT— r^^lN    T-N^,        (1  +  k)(R  -n^,-tM     ^} 

JO  [_      I     «-!  a;+t-l       \  y^    X  x+t  x+t^* 

x+n 

-{^x+t^<K-\+t-^^K+t)} 

+  ^x+t  +  {-(l-i-  '<)  +  4  (-M^^,^  +  R^^^  -  R  ^^  -  tM^^^) 

-7r(N  ^     ,-  N  ,,     >1 
V     x+n-l  x+t-lj\ 

D  ,  ,                            7iM       +  R       -  R      -  /M 
=    ^^+J  +  {7r(l  +  k)  +  c}  ^±!^ ^'^ ^±^ ^ 

«+«  «+» 

N  -N 

_  x+n-l  x+t-1 

x+n 

D  _,,  +  c(R  -R  ,,-tM  ,,) 
since     TT   =    ,, ^'       ^   ^        ^+'  ^+'^ 


«-!  a;+t-l       V  /^     a;  x+t  x+U 

As  explained  on  page  318  the  premium  for  this  benefit  is 
usually  calculated  without  taking  any  account  of  the  element  of 
mortality.     The  premium  charged  would  therefore  be 

P  1  V' 

"t\    —   /I  .  -N —  or  — 
M  (1+^X-,  a-, 

with  a  suitable  loading  for  expenses. 

The  reserve  accordingly  might  be  taken  as  the  net  premiums 
accumulated  at  rate  i  to  the  date  of  valuation. 

P-,(l+2>-     =     5] 

t\^  ^  n\  v_ 


24.  To  find  the  reserve  under  a  similar  policy  with  the  addition 
that  simple  interest  at  rate  J  is  to  be  returned  with  the  premiums 
in  event  of  death  before  age  (x  +  <). 

2a 
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Prospectively,  the  reserve  is 

D  wM       +  R       -  R      -  /M     , 

-■+«   +{^(1  +  k)  +  c}        ^+^        ^+^        ^+*  ^+' 


[chap,  xviii 


D 


x+n 


D 


X+71 


+J{77(1+k)  +  c} 


M       +wR       +2R       -2R      -m  .,-  ^^^o       ^^.4-/ 

2  x+n^         x+n^         x+n  x+t  x+t  2  ^+^ 


7l(w+  1) 


D 


a;+n 


—  TT 


N  -N 


D 


a;+n 


1 


The  third  term  here  is  made  up  of  the  liabiUty  for  return  ot 
interest  on  past  premiums  and  that  on  future  premiums.  The 
former  is  equal  to 

2  ^      x+n  x+t^  *     x+n  x+t      ^  ^      x+t> 


ITT 


D  ^ 

x+n 

<^^  +  1)m       +n(R       -R      )-  <^^-^+1)m 

2  ^^\+n^^^^%+n       ^x+t)  2  ^+t 


=   J 


TT 


D 


x+n 


And  the  latter  is  equal  to 

a;+?i  x+t 


2E.    -2R^-(^-„)R       -('-")(1-"+1)m 


x+t 


2 


x+t 


D 


Together,  as  above, 


x+n 


<«  +  !) 


^ 


x+?i  ir+T!,  a::+7i  x+t  x+t 


jTT 


Mm   , 

2  •T+/' 


D 


x+n 


The  reserve  found  retrospectively  is 

-rT— ['^(N.    1-N  ^      ,)-{7r(l+K)  +  c}(R   -R  ^    -«M  ^  ) 
D  I       ^     x-l  x+n-V       *     ^  z         ^  ^     x  x+n  x+n^ 

x+n 

-y{7r(l  +  K)  +  c}(2R  -SR^    -;?R^    ~  '-^jD  m 

«^  t     ^  '         'I         a;  x+n  x+n  2 

The  two  formulas  may  easily  be  proved  to  be  identical  if  the 
value  of  TT  as  found  on  page  309  be  remembered. 

25.  To  find  the  reserve  under  a  similar  policy  except  that  the 
premiums  are  to  be  returned  with  compound  interest  at  rate  j  in 
the  event  of  death  before  age  (a:  + 1). 
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Prospectively,  the  reserve  is 
^  +  HI  +  «)  +  0}  ^  {(1  +i>,;r|(M,+,  -  M,^,)  +  (1  +y)»+'(M,^„  -  M^^) 

x+n  x+n 

-ir(l  +a  ,     T r.) 

And  retrospectively 


""'"  ^^^±^  -{- (1 +-<)  +  «}  U^  ..-.  A"-.  -  "..+.. 


x+n  x+n 

+  a+iWM,+i-M,^„)+.    .    .   +(l+i)«(M,+„_,-M^^„)( 

These  two  should  be  proved  equal,  given  the  value  of  tt  as 
found  on  page  310. 

26.  To  find  the  value  after  n  years  of  an  assurance  deferred  t 
years,  premiums  payable  throughout  life  but  returnable  in  the 
event  of  death  within  t  years. 

Three  cases  arise,  viz.,  n  <  =  >  t. 

(1)  ?i<i. 

Prospectively,  the  reserve  is 

M  ,,  wM   .    +R       -R       -  <M  ttN 

x+n  x+n  x+n 

Retrospectively 

7r(N       -  N^^^   J  R  -  R  ^   -  «M  , 

x-l  x+n-lJ  ^  {^ (1  +  ^^  +  c}~^ ^+^^ ^^ 

x+n  x+n 

Now  these  two  expressions  are  identical,  for 

X+n 

=   Tr—W{^     ,-(14-k)(R  -R  .    -  <M     ,)}  -  M       -c(R-R       -  tU      ) 

Y)  L  I   x-l  ^      '      y\     X  x+t  x+t^f  X+t         V  X  x+t  x+t> 

x+t  ^     /^    x+n   '  x+n  x+t  x+t^ 

+  c(w]VI       +R  ^   -R  ,    -M     ,)-7rN  1 

^        x+n         x+n         x+t  x+t''  x+n-U 

jj  L      a,+(       I     ^  y        i\        x+n  x+n  x+t  x+t^  x+n-l-i 

x+n 

M  ^,  +  c(R  -R  ,,-tM   ,,) 
since      tt   =  x+t       ^   x       x+t  x+tJ 


N     ^  -(l  +  /c)(R  -R  .    -m   ,,)     ' 

«-l       ^  J^     X  x+t  x+t^ 
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(2)  n==t. 

Prospectively 
Retrospectively 


M 


x+t 


N 


D 


TT 


X+t-1 


X+t 


D 


x+t 


N    ,-N 


TT    - 


x-1 


D 


^i±:-^  -{^(1  +  k)  +  c} 


R  -  R  ^  -  /M 


■x+t 


x+t 


D 


ac+t 


which  may  easily  be  proved  identical. 
(3)  n>  t. 
Prospectively 


M 


x+n 


N 


D 


—  TT- 


x+n~l 


D 


Retrospectively 


N 


x-l 


N 


x+n -I 


D 


-{7r(l+/f)  +  c} 


x+»  a;+7t 

R  -  R  .-tM 


x+t 


x+t 


D 


M  ^  -  M  , 

x+t x+n 

D 


x+n  x+n  x+n 

These  two  expressions  also  may  easily  be  proved  identical. 

We  have  seen  that  when  n  =  tj  the   reserve  which  the   office 
must  have  in  hand  is  A       -ira  , ,.     This  has  to  be  provided  out 

of  the  premiums  received,  and  the  mortality  up  to  age  Qc  + 1)  may 
be  ignored,  as  the  premiums  are  returned  in  the  event  of  death 
previous  to  that  age.  We  may  therefore  find  at  what  rate  of 
interest  the  premium  calculated  by  the  exact  formula  will  amount 
in  t  years  certain  to  this  amount.     That  is,  find  j  such  that 


'^(i+ihio) 


=    A    .  ^  —  Tra   , , 
x+t  x+t 


The  reserve,  when  n  <t,  may  then  be  taken  as  7r(l  -\-j)s- 


n\{3)' 


•■ 


27.  To  find  the  value  of  a  similar  deferred  assurance,  but  with 
the  condition  that  during  the  t  years  the  premiums  shall  be  paid 
only  so  long  as  another  life  (^)  survives. 

(1)  When  n<t. 

W  iv)  still  alive,  occurring  in    p  /        cases  out  of  /  .   . 

\  y    \u  /  3  e>         ^[-y  x+n  x+n 

Prospectively 


M  ^,  1 


I 


D 


x+n 


^       {(n+l)(M  ^   -M     ^+p  ^(M  ^  ^-M      ^  + 

J)    IV  •   y\  x+n  x+t''       i  y+n^      x+n+\  x+t^ 

x+n 


+  t-«-lP,+n(M 


x+t-\ 


M,+.)}--(- 


N         -N  N    \ 

x+n-\:y+n-l  x+t  -\\y+t-\   ,  x+t  - 1  \ 


D 


x+n:y+n 


x+n 
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Retrospectively 

N,  1  -  N, .  „  ,                            R  -  R  ,    -  wM 
ic      ''-^^     '^+"-^-{7r(l+K)+c}^ ^-±^ £±!? 

x+n  x+n 

(b)  If  {y)  died  after   m   payments    had  been  made,  occurring 
in  C     ,  p  -    p  )l  ,     cases  out  of  /      , 

Prospectively 

M                                    M       -  M  N 

^  +m{7r(l  +  K)  +  c}-^ ^-TT   ^+^-^ 

Retrospectively 

N,  i-N  .«.  1                           R  -R^    -mU  ^ 
IT     ^-^         ^+"^-l-.{7r(l+/c)  +  c}-^ ^^?^^ ^±5 

«+»  x+n 

(2)  When  n  =  <. 
(a)  If  (^)  lived  (<-l)  years,  occurring  in        p  I       cases  out 


of  /  ^,. 


Prospectively 


—  TT 


D,+,  D,+. 


Retrospectively 

N       -  N  ^,  ,  R  -  R  ^  -  <M  ^, 

^    _£zl^i±ll-.{;r(l+K)  +  c}^ ^^ ^ 

x+t  x+t 

(b)  If    (^)    died     after     m     (<t)     payments,    occurring     in 
(     -.P  -    p)i  .^  cases  out  of  /  .  ^. 


M,^.,     _N,+,_i 


—  TT 


x+<  «+* 


Prospectively 

Retrospectively 

N       -N  ,      ,  R  -R  ^    -mU  ^, 

x+«  x+< 

(3)  When  n  >  t. 

{a)  If  (^)  lived  (t-V)  years,  occurring  in  ^_^p  /        cases  out 


of  /^  . 


Prospectively  ^+^  -  ir    ^+^-^ 


M  .  _         N 
— 'n- 


x+n  x+» 
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Retrospectively 


TT 


x-l  x+n-1 


R  -R 


m 


M 


D 


-{7r(l+/<)-fc}-^ l+t__j+t_   __^t 


a;+n 


D 


a;+« 


D 


x+n 


(h)  If     (y)     died     after     m     (<  ^)     payments,    occurring    in 
(     ,P  -    V^l  ,     cases  out  of  /  ,    . 


Prospectively 
Retrospectively 


x+n  _  x+n-1 


D 


x+n 


D 


»+» 


/N       -N  ,      ,      N  .,     -N  ,      A 

A — DT ^ dT / 

x+n  x+n 


R  _R       _^M  ^,      M  ,   -M  , 
-{7r(l  +  K)  +  c}^- ^^'"^ ^+^-       ^+*  ^+" 


D 


«+» 


D 


a;+» 


28.  The  reserves  for  limited-payment  policies,  endowment 
assurances,  and  temporary  assurances  have  already  been  given, 
both  by  the  retrospective  and  prospective  methods,  and  the  values 
of  each  by  the  two  methods  are  equal. 

The  three  classes  may  be  looked  at  together  in  the  following 
manner : — 

y     =    A  ,    -  ,F  a  ^    -— , 

n:t     X  x+n      t    x  x+n:t-n\ 

=    A  ^    -.Pa  ^   +,P  -^p^ 

x+n      t    X   x+n      *    *     1) 

x+n 

V   -,        =       A      ,         ;; ,    -  P   -  a      , i 

n     xt\  x+n:t-n\  xt\    x+n:t-n\ 

d^  ^,   ,  N 

=    A        I        x+t-\     p  _a       +  P  -      ^+^-1 
«+»        D  ^^\   «+^       oct\     1) 

x+n  x+n 


=   A  ,    -P-a  ,    + 

X+n         xt\    x+n 


x+t-l 


D 


n     xt\  x+n'.t~n\  xt\    x+n'.t-n\ 


x+n 


M   .,  N 

=   A^   __^±i_pi   a^  +Pi-  -^t^i 

x+n       J)  xt\    x+n         xt\      r\ 

x+n  x+n 


=   A  ^   -  P^Ti  a  ^   + 

x+n         xt\    x+n 


V    xt\  x+t^     x+t-l 


D 


x+n 
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In   each   of  these   expressions  the  first  two  terms  are  of  the 
general  form  A  ,    -  Pa  ,   ,  P  alone  varying  with  the  nature  of  the 

^x^t    1 

benefit.      The  third  term  has  -=-i —     constant    with   a   varying 

x+n 

coefficient.  This  coefficient  consists  of  two  parts,  the  first  of 
which  shows  the  correction  to  be  made  on  the  second  term  for  the 
value  of  the  premium,  and  the  second  the  correction  to  be  made 
on  the  first  term  for  the  value  of  the  sum  assured.  Thus  in  the 
case  of  temporary  assurances,  no  premium  will  be  received  after 
age  x  +  t,  and  therefore  the  value  of  all  premiums  after  that  age 
must  be  added  to  the  liability ;  further,  no  claims  will  be  paid 
after  that  age,  and  therefore  the  value  of  a  premium  starting 
then  which  shall  be  sufficient  to  meet  all  these  must  be  deducted. 

29.  These  formulas  may  also  be  worked   into   the    following 
forms : — 

N 
V     =   A^   -,P  a^  +  P^^dlzi 

n:t    X  x+n      t    x    x+n      t    x  J) 

x+n 


=    A   .    -,P  a  .    + 


rP-P)N    ,-,P(N       _N,,  O  +  PN    , 

M    x         x-'     x-1      t    a;V     x-l  x+t-U  x     x-1 


x+n      t    X    x+n  J) 

x+n 

(P  -PJN     ^ 

x+n      t    X    x+n  J) 

x+n 

since     .P,(N,.,_N,+,,i)  =  M,  =  PA-i 

n     xt  I  x+n         xt  1     x+n  J) 

x+n 

=    A  .    -P-,a  , 

x+n         xt  I    x+n 

.  (P«-|  -P.)'^»-i-P«|(N.-i-N,^,-i)  +  rfN,^,-i  +  PA-i 

X+n 


(P  -  -  P  )N     , 

x+n  xt  1     x+n  ]3 

x+n 


=   M    =  PN    , 

X  X      X-l 


i 
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D 


35+71 


x+n 


xt  1     x+n 


+ 


^     xt\  X^      X-l  Xt\^      X-l  X+t-l'^  X      x-1  x+t      x+t-l 


D 


x+n 


=    A  ^   -  Pi-  a       + 

x+n  xt\     x+n 


(nn  -  P.)N,., 


D 


X+n 


since     PV,(N       -N,,0=M-M^,  =  PN       -P 

Xt\^      X-l  X+t-1''  X  x+t  X      x-l 


N 

x+t     x+t-1 


Here  each  expression  is  of  a  perfectly  general  form  indepen- 
dent of  the  value  of  tj  except  in  so  far  as  /  determines  the  value  of 


the  premium  for  the  benefit,  A  .    -  Pa  .    + 

^  '       x+n  x+n 


(P-P.)N.., 


D 


,  where 


x+n 


P  alone  varies,  being  the  premium  for  the  particular  benefit  under 
consideration. 

30.  The  reserves  for  policies  under  many  special  schemes  may 
be  simply  found  by  remembering  the  method  by  which  the 
annual  premium  was  calculated.     For  example  :  j 

(a)  To  find  the  value  after  n  years  of  a  whole-life  policy  to 
(x),  under  which  interest  at  ra,te  J  is  to  be  guaranteed  on  the  sum 
assured  for  /  years  after  the  death  of  (x),  and  thereafter  the  sum 
assured  is  to  be  payable,  the  office  assuming  rate  of  interest  i  in 
its  calculations.  It  will  be  remembered  (see  page  148)  that  the 
annual  premium  for  this  benefit  is 

Therefore  the  reserve  will  be 


«i 


(6)  To  find  the  value  after  n  years  of  a  whole-life  policy,  under 
which  the  sum  assured  is  to  be  payable  in  t  equal  annual  instal- 
ments, the  first  at  the  end  of  the  year  of  death  of  (x).  The 
annual  premium  for  this  benefit  (see  page  147)  is 


P    X  -^ 

"        t 
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and  therefore  the  reserve  will  be 


a-. 


V    X  -H 

n     X  t 

31.  To  find  the  value  after  n  years  of  a  policy  for  the  whole  of 
life  under  which  the  premium  is  P  for  the  first  t  years,  and  there- 
after is  2  P. 

(1)  When  n<  t,  the  value  is 

A.    -Pfa,    +,      la.)     Prospectively 

x+n  ^   x-\-n      t-n\    x-\-n^  ^  •' 

P(N    ,  -N  ^     ,)-(M  -M  ^  ) 

^-^^ ^+^£^'^     ^    ^ ^±^     Retrospectively 

x+n 

and  these  two  are  equal. 

(2)  When  w  =  or  >  t,  the  value  is 

A  .    -  2Pa  .        Prospectively 

x+n  x+»  ^  •^ 

,  ^-'-zL ^J±:l '^^"-^^     ^    "^ ?±!^-    Retrospectively 

x+n 

which  are  also  equal, 

32.  To  find  the  value  after  n  years  of  an  endowment  assurance 
policy  payable  at  the  end  of  t  years  or  previous  death  under  which 
the  premium  is  to  be  P  for  the  first  r  years  and  thereafter  2 P. 

(1)  n  <r. 
Prospectively 

x+n:t-n\  ^  x+n'.t-n\       r-n\    x+n :t-r\^ 

Retrospectively 

P(N       -  N  ^     •,)  -  (M  -  M  ^  ) 

^     x-\  x+n-V      ^     X x+w 

x+n 

(2)  w  =  or  >  r. 

Prospectively 

A  .     . — ^  -  2Pa 


x+n'.t-n\  x+n'.t-n\ 

Retrospectively 

>■     x-\ x+r-\ x+n-\^      >•      X x+n^ 


x+n 
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Again  in    each   case  the  reserves  by  the   two   methods  may  be 
proved  equal. 

33.  To  find  the  value  after  n  years  of  a  policy  subject  to  a 
contingent  debt  should  (x)  die  within  t  years. 

(a)  Where  the  debt  is  X  for  the  whole  period  of  t  years. 
Assuming  that  (x)  is  rated  up  r  years,  we  have 
(1)  When  n  <  t. 


M 


x+r-^-n 


(1-X)  +  XM 


x+r+t 


D 


x+r-^n 


— TT  a   ,    . 

X   x+r-{-n 


(2)  When  w  =  or  >  t. 


A  ,    ,    — TT  a  ,    . 


(6)  Where  the  debt  is  /X  for  the  first  year,  and  decreases  by 
X  per  annum  for  t  years,  we  have 


(1)  When  n<t. 

M  ^  ^  {l-(<-w.)X}  +  X(R  ^  ^  ^i-R  _,  ^,^0 


D 


m 


x+r-\-n 


X   x+r-^'% 


(2)  When  w  =  or  >  t. 
A 


x-^r-\-n         X    x+r+n 


•I 


34.  To  find  the  value  of  a  double-endowment  assurance  policy, 
2  being  payable  if  (.r)  live  t  years,  or  1  if  he  die  before  that. 


V   =     V  -  +  V  - 

n     xt\       n     xt\ 


-P 


=     V-  +A  .     „        

n    xt  I  x+n  :t-n\         xt\    x+n  :t-n\ 


_       V  -  +  A  — A  ^     x+n:t-n\ 


xt\ 


\T\ 


n    xt\  x+n:t-n\ 

=     V^+A^    ^_Al(l-  V-,) 

n    xt\  x+n:t~n\       .  xt\^         n    xt\'' 

=     V-(1  +  Ai)  +  (A  _,      1    -AM 

n    xt\^  xt\-^      ^     x+n:t-n\  xty 

Similarly,  to   find   the  value  of  a    half-endowment  assurance 
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policy,  1  being  payable  if  (x)  live  /  years,  or  2  if  he  die  before 
that. 

V   =--    2  V  -  -  V  J, 

n     xt\       n     xt\ 

=     V-(2-Af,)-(A^       1    _Al,) 

n    xt\^  xl\J       ^     x-^-n-.t-nX  xt\^ 

35.  To  find  the  value  after  n  years  of  an  annuity  deferred 
years  which  was  purchased  by  single  payment. 


(1)  n<i. 

Prospectively               i  «^ 

Retrospectively 

^.><^rx(i+0" 

\a  D 

t\      X       X 

x+n 

The  two  expressions  are  equal,  for 


Jrt  D  N  ^     D  N  ^, 

X\     X      X  X+t  X  x-\-t     . 

D  ~     "DTD  ~     D  ~    t-n\%+n 

x+n  X        x+n  x+n 


(2)  n  =  or  >  t. 

Prospectively 

Retrospectively 


Prospectively         a 


t\    X     X    _        x+f  x+n 


Again 


J«D  -(N  ^  -N  ^  )         N 

il    a;     a;      v     x+t  x+v/ 


x+n 

D  .  D  *+« 


36.  To  find  the  value  of  a  similar  annuity  with  the  condition 
that  the  premium  is  to  be  returned  if  (x)  die  within  the  t  years. 

-      (1)  n  <  t. 

Prospectively 

t-n\    x+n      i     \      '     J^    i     x+n:t-n\ 

Retrospectively 

AD^  M    -M   . 

^-{A(1  +  k)  +  c}-^^-^ 

x+n  x+n 
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x+n 


+  N,.,  +  {A(1  +  k)  +  c}(M^^  -M^^^] 


^   _^«  +  { A(l  +  k)  +  c}  -^^ ^*  since  A 


N..  +  <M  -M_) 


D 


D 


x+n  ^'x+n 

(2)  n  =  or  >  t. 

Prospectively  a 

Retrospectively 
D 


D  -(14-K)(M  -M^^^ 


X+U 


x+n 


D 


M  -  M  ^,      N  ,    -  N  , 
-{A(1+k)  +  c}     *         ^+'         ^+*        ^+^ 


x+n 

But  the  latter  is  equal  to 


D 


x+n 


D 


x+n 


^[A{D,-(l  +  K)(M^-M^^,)}-c(M^-M^^,)-(N^^,-N^J] 


X+n 

1 


-D~W  D  -  (1  +  -)(M.  -  M.^,)}  -  {N  ^,  +  <M,  -  M^^,)}  +  N  ^  J 


X+n 


N 


T+Tl 


D 


x+n 


—  a 


x+n 


37.  To  find  the  value  at  the  end  of  n  years  of  an  assurance 
with  a  uniform  reversionary  bonus  of  b  per  annum  declared  every 
five  years,  an  interim  bonus    of   b'  being  granted  in  respect  of, 
each  premium  paid  since  the  date  of  last  investigation  should  the 
life  die  within  a  quinquennium,  assuming  w  to  be  a  multiple  of  5 


Whole-Life  Policy. 

I 
) 

x+n 


D         LV  ^      x+n  V      x+n+f>  '        a;+»i+10  ' 


x+n+^  '   *'a;+»i+10 
+  ^'{^x+n-H^x+n+5  +  -x+n+lO 
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TT  having  the  value  found  for  the   premium  for  this  benefit  on 
page  302. 

When  b'  =  b,  we  have 

(\+nb)U   ,    +6R  , 

^ ^      x+n  x+n 

x+n 

TT  having  its  appropriate  value. 
Endo-wment  Assurance,  maturing  at  age  (x  +  i). 

X+n 

When  b'  =  b,  we  have 
D^[(l+«*)(M,^„-  M^^,  +  D^^,)  +  6{R^^„-R^^,  +  (<-»XD^^.-  M.^,)}] 

X+n 


—  Tra 


x+n:t-n\ 

•TT  in  these  two  formulas  will  have  different  values  as  found  for  the 
two  benefits  on  page  303. 

88.  To  find  the  value  of  an  assurance  with  a  compound  rever- 
sionary bonus  on  similar  conditions. 


Whole-Life  Policy. 

j^i  -(1  +  56)^{  (M^^„  -  M^^„^^)  +  (1  +  56)(M^^.^^  -  M,^„^,^  +  . . . 

X+n 

+  b'(R  ^  -R  ,    ,,-5M  ^     \  +  b'a+bb)(R  .        -R        ,„-5M         ,J 

V  x+n         x+n+b  x+n+b^   '   V  '   A  x+n+b         x+n+\Q  x+n+\QJ 

If  U  =  b, 
1         - 

^c-^(l  +  56)MM  ^  +ba\  ^  -R^   .J  +  6(1  +  56XR  ,    ,    -R  ,      ,^ 

J)    ^      ^  ^  x+n         V  x+n  x+n+b^   '   V   '    J\    x+n+b  x+n+\Q^ 

x+n 

T  will  have  a  value   appropriate  to  the  benefit  as  indicated  on 
page  304. 
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Endovnnent  Assurance. 


1 


D 


(1  +  56)5^,,   -M^^^^J  +  (1  +  56)(M 


x+n-\-5 


M 


x+n+lO 


)+■■ 


x+n 

t-n-b  t-n 

+  (l+5J)-^(M^^,.,-  M^^,)  +  (l+56)  ^  D^^, 

t-n-b 

If6'  =  6, 


gi-(l  +  5*)M  M,^,  +  ft(R.+,.  -  R.+.+5)  +  HI  +  5*)('i 


R 


x+n+5  x'+?i+lO 


-10)  + 


a;+7i 


<-7l-5 


t-n 


The  values  of  tt  are  indicated  on  page  305.  » 

39.  To  find  the  reserve  under  a  Discounted-Bonus  or  Minimum- 
Premium  policy. 

{a)  Gash  Bonus. 

It  was  found  on  page  306  that  the  deduction  from  the  ordinary 

premium  for  a  discounted  bonus  of  k  per  annum  of  the  premium 

N 
was  kV    ^/"^  .     Therefore  in  finding  the  reserve  of  this  class  of 

x-l 

policy,  we  must  add  to  the  ordinary  reserve  for  a  full  profit  policy, 
to  allow  for  this  decrease  in  future  premiums ;  but  we  must  also 
make  a  deduction  from  the  liability,  in  respect  of  future  bonuses 
at  this  rate  which  will  not  be  payable.     That  is 


N 
V     =     V  +k?'  ^, 

n     x  n    X  X  ^ 


x+2 


x-l 


a       -  5kP'      ^+Tt+5        ir+71+io"^ 

x+n  X  J) 


x+n 


N 


V  +.kF   ;;^2a  ^   -k?'   ^/+"-+^a  ^ 

x  ^  x+n  X  J^  x+n 

x-l  x+n -I 


n     X 


II 


=     V  +k?' 


n     X 


N  N 

_x+2  x+n+2 

N 


x-l 


N  /  "x+n 

x+n-V 


V   being  the  reserve  for  a  full  profit  policy. 


»      X 
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(6)  Uniform  Reversionary  Bonus. 

The   deduction    from    the    ordinary   premium    was    found   to 

R 

be  6~— ^.     An  addition  and  deduction  must  be  made  as  above 

x-l 

explained,  and  we  shall  have 

R  R  ^ 

V     =     V  +6,-^a^   -6^^ 


x-l  x+n 

R  .  R 

x+n 


/  R  ^  R    V 

^     x+n-1  x~V 


(c)  Compound  Reversionary  Bonus. 
The  deduction  from  the  ordinary  premium  is 
KR.  -  R.^e)  +  Kl  +  5&)(R  ^,  -  R^^,„)  +  A(l  +  56)^(11,^,0  -  R.^,,)  + 

The  reserve  accordingly  will  be 


V     =     V  + 


KR.-1W5)  +  H1  +  56)(R^^,-R^^J  + 


a 


x-l 


6(R  ^   -R  ^      )  +  6(l  +  56YR  ^  ^  -R^  ^in)  +  - 

D  ^ 

fhCR  ,    -R,    ^J  +  6(l+5mi  ^  ,,-R^  ^in)  +  - 

_      V    _    I     ^     x+>i.  x+n+5^   '       V      '         yy     a:+Tt+5  x+w+lO^ 

x+n-l 


*(".-'W  +  Hi  +  5*)(R.H-5-R.+,o)+ 


J     x+n 


x-l 

40.  The  subject  of  surrender-values  does  not  fall  to  be 
discussed,  but  it  may  be  remarked  that  a  surrender-value  is  as  a 
rule  granted  only  where  a  benefit  is  certainly  payable,  as  under 
whole-life  assurances,  endowment  assurances,  joint-life  assur- 
ances, etc.  It  is  customary  to  allow  no  surrender-value  where  the 
benefit  is  only  contingent,  e.g.,  temporary  insurances,  where  the 
sum  assured  is  payable  only  should  the  life  die  within  the  term, 
a  contingency  which  may  or  may  not  happen  ;  contingent  insurance, 
Qr)  against  (j/),  where  the  sum  assured  is  payable  only  should  (.r) 
die  before  (^),  which  may  or  may  not  happen. 
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In  the  case  of  a  pure  endowment  with  return  of  the  premiums 
in  the  event  of  previous  death,  a  surrender-value  is  given, 
since  a  benefit  is  paid  whatever  happens  ;  but  where  it  is  a  pure 
endowment  without  return,  usually  no  surrender-value  is  paid,  as 
the  benefit  is  then  contingent  on  survivance. 

In  the  case  of  the  double-endowment  assurance,  the  method 
by  which  the  surrender-value  is  calculated  requires  special  con- 
sideration, since  it  must  not  be  overlooked  that  only  half  the 
benefit  is  certainly  payable,  the  other  half  being  contingent  on 
survivance. 


41.  The  principles  of  Text  Book,  Articles  122  and  123,  on  which 
formulas  (56)  and  (57)  are  founded,  may  be  stated  generally  so  as 
to  apply  to  any  kind  of  benefit. 

First,  let  W  be  the  amount  of  paid-up-  policy  to  be  granted. 
Then  the  value  of  a  benefit  of  W  must  equal  the  value  of  the  policy. 

Second,  the  paid-up  policy  must  equal  the  sum  originally 
secured  less  that  proportion  of  it  which  the  future  premiums 
will  cover. 

In  the  case  of  a  whole-life  assurance,  we  have 


(1) 

(2) 


WA        =     V 

x-\-n  n     X 


W    =    1 


x+n 


Similarly  for  a  deferred  annuity-due,  where  P  = 


N 


x+t-l 


N 


x-l 


N 


we  have 

(1) 

(2) 


X+t-l 


W     x+t-l 


N 


x+t 


D 


x+n 

W    =    1- 


-l-n^x+n-1-^x+t-l) 

D 
P 


x+n 


N 


x+t -I 


N  -N 

x+n-l  x+t-l 


For  a  reversionary  annuity,  where  P    = 


a  -  a 
^      M    we  have 


(1)    w(«,^, 
(2) 


a 


x+n'.y+n 


)  =  («   ,     -a 

■f  ^   x+n         X 


i+n:y+n 


1  +a 

X>J 

)-p(l+« 


x+n:y+i 


W    =    1- 


x+n         x+n:y+n 


l+a 


x+n:y+n 
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42.  To  find  the  paid-up  policy  to  be  issued  after  n  years  in  lieu 
of  a  pure  endowment  policy  payable  at  the  end  of  t  years  with 
return  of  premiums  in  event  of  previous  death. 

The  value  of  the  present  contract  is 

7r(N     ,-N^     J-ttYR   -R       -wM       ) 

x+n 

Now,  the  n  premiums  paid  are  to  be  returned  in  event  of  death 
before  age  x-hi  under  the  paid-up  policy  as  under  the  original 
contract,  and  therefore  we  shall  write 

x+n  x-\-n  x+n 

« hence     W   =   "^^^-i  -  ^»+»-i)  "  "'(^»  -  ^^x+n  -  " KJ 

43.  Under  a  last-survivor  assurance  three  cases  arise  in  finding 
the  paid-up  policy. 

(1)  (x)  and  (y)  both  alive. 

W  A.    .    ,      =    A- P-a 


x+n:y+n  x+n:y+n         xy  x+n:y+n 

P- 

or    W  =   1-,, — ^-y 


x+n:y+n 


(2)  (.r)  dead. 


(3)  {rj)  dead. 


WA  ^     =    A  ,    -P-a 

y+'n  y+n         xy  y+n 

P~ 

or     W    =    1  -  p-^ 
y+n 


WA^     =A^-P-a^ 

x+n  x+n         xy   x+n 


P- 

I  or     W    =    1-w^ 

y  p 

I  x+n 

f 

[  44.  It  is  a  common  practice  for  offices  to  guarantee  paid-up 

policies  under  limited-payment  whole-life  assurances  and  endow- 
ment assurances,  the  amount  of  each  paid-up  policy  bearing  the 
same  proportion  to  the  original  sum  assured  as  the  number  of 
premiums  paid  bears  to  the  whole  number  payable. 

2b 
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It  sometimes  happens  however  that  the  value  of  the  guaranteed 
benefit  exceeds  the  value  of  the  original  policy,  and  the  conditions 
may  be  investigated. 

Under  the  whole-life  assurance  by  limited  payments,  where  t 
premiums   were    originally   payable    and    n    have    been  paid,  the 

amount  of  paid-up  policy  is  — .     Assuming  the   life  to  be   still 
select,  we  have 

~7~     [«+^]  ~  [x+n]      t    [x]    lx+n]:t-n\ 


according  as 


p     a  -> 

t    [x]    [x+n]:t-n\  "^ 


-  <  ('  -  tY 


[x+n] 


or  according  as 


.p..,  > 


{'  -  i>-« 


[x+n] 


The  following  figures  based  on  the  O       Table  at  3  per  cent, 
illustrate  the  point : — 


Age  at 
Entry. 

(a?) 

Original 
Number 

of 
Payments 

(0 

p 

(l-7)-'^P[x+n]^hcnn  = 

5 

10 

15 

30 
40 
50 
60 

20 
15 
15 
10 

2-639 
3-953 
4-963 
8-271 

2-670 
3-975 
4-920 
7-859 

2-693 
3-965 
4-781 

2-702 

Similarly,  in  the  case  of  the  endowment  assurance 
n  . 


I      [x+n]:t-n\ 
according  as 


>  =  <A 


_  p    _a  

[x+n]:t-n\  [x]t\   [x+n]:t-n\ 


P     _>    =    <  fl    _  ^    P  

[x]t\  -^  ^  I  ^  I  j'-[x+n]'.t-n\ 


In  the  endowment  assurance  of  practice  the  right-hand  side  is 
always  the  greater,   and  therefore  the    value  of  the  guaranteed 
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benefit  is  always  less  than  the  value  of  the  original  contract.     The 
following  figures  are  on  the  same  basis  as  before. 


Age  at 
Entry. 

(x) 

Endow- 
ment 
Term. 

(0 

^[x]t\ 

(^  -   JP[a;+n]U-n|  when  ,1  - 

5 

10 

15 

30 
40 
50 
60 

20 
15 

15 
10 

4-031 
5-725 
6-107 
9-783 

4-223 
5-973 
6-253 
9-743 

4-428 
6-234 
6-367 

4-651 

45.  To  convert  a  whole-life  policy,  effected  by  annual  premiums 
n  years  ago  at  age  x,  into  an  endowment  assurance  payable  at  age 
(x  +  w  + 1),  or  previous  death. 

Let  the  future  yearly  premium  be  P.  Now  the  present  value 
of  the  benefit  as  altered  less  the  value  of  the  future  premiums 
must  be  equal  to  the  reserve  held  by  the  office.     That  is, 

A^r;-Pa^^=     V 

x+n:t\  x+n:t\  n    x 

A   ,     n  -  P    —m  a   .     r,  -  P  a   .     ri  +  P    —m  a   ,      n    =      V 

x+n:t\  x:n+t\    x+n:t\  x+n:t\  x:n+t\    x+n:t\  n    x 

V Pa        -  4-  P    a        _    =     V 

n    x:n+t\  x+n:t\  ^     x:n+t\    x+n:t\  n    » 


and 


V V 

p    n     a!:n4-(|       n     x  .   p 

~  a   ,      -,  *:»+«l 

x-\-n\t\ 


Thus  the  future  premium  required  is  equal  to  the  endowment 
assurance  premium  at  the  original  age,  together  with  the  difference 
between  the  reserve  required  for  the  same  endowment  assurance  if 
effected  at  the  outset  and  the  actual  reserve  in  hand  spread  over 
the  future  duration  of  the  policy. 


P    

Now       V    -— ,    =    _£iii±il 


(N 


X-\ 


N 


x-\-n- 


,)-(M  -  M  ^  ) 


D 


x+n 


and 


V 

n    x 


P  (N     ,  -  N  ^     ,)  -  (M  -  M      ) 

x^     x-1  x+n-\y      V     X  x+tu 


D 


x-\-n 


Therefore       V    — —  -   V     = 

n    x'.n+t\      n    x 


^    x:n+t\  x-'^     x-1  x+n-ly 


D 


x+n 
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and    this   is  the  lump   sum  to  be  paid  to  the  office  if  the  future 
premium  is  to  be  P  .— rri,  the  premium  for  an  endowment  assurance 

at  the  original  age  at  entry. 

It  is  frequently  suggested  that  it  would  be  an  equitable 
arrangement  merely  to  pay  the  difference  between  the  premiums 
accumulated  at  compound  interest,  or 

N     ,-N  

But  this  is  insufficient,  since  — - — =r — ^^-^ —  >  fl  +n.9-i»  as  shown 

x+n 
on  page  295. 

The  following  case  will  illustrate  the  absurdity  of  the  sugges- 
tion.    Suppose  an  office 

(1)  Permits  its  whole-life  policy-holders  to  alter  to  endowment 
assurance  on  paying  up  merely  the  difference  in  premiums 
accumulated  at  interest,  and 

(2)  Permits  its  endowment  assurance  policy-holders  to  pay 
only  the  whole-life  premiums,  the  difference  between  the 
premiums  being  allowed  to  accumulate  as  a  debt  against  the 
policy,  which  will  be  deducted  from  the  sum  assured  on  payment 
either  at  maturity  or  at  previous  death. 

No  policies  will  be  taken  out  under  the  second  scheme,  for 
under  the  former  just  as  good  a  benefit  is  secured  for  the  same 
premium,  Mith  the  additional  advantage  that  the  accumulated 
difference  in  the  premiums  will  be  deducted  only  at  maturity  and 
not  at  previous  death.  To  put  the  two  classes  on  an  equality, 
the  amount  to  be  charged  at  the  end  of  m  years  in  the  first 
scheme  should  be  altered  to 

N     ,-N^     , 

/p p  \         x-\ x+m-l 

^    a;m|  x^  J) 

x+m 

Another  illustration  of  the  same  absurdity  may  be  given. 
Suppose  the  assumed  conditions  to  apply  to  all  classes  of  assurance. 
The  life  assured  would  then  be  well  advised  to  take  out  a 
temporary  assurance  which  will  give  hira  the  sum  assured  in  the 
event  of  death  during  the  term  at  the  lowest  premium.  Then  at 
the  end  of  the  term,  if  he  survives,  he  alters  to  endowment 
assurance,  and  pays  the  accumulated  difference 

(P-.-PS)(l+2>-n  =  P^(l  +  0*-r 

^    xm\         xmy^  J  m|  xmy^  ^  m| 

and  he  should  immediately  receive  1,  which  is  clearly  wrong. 
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The  correct  amount  to  be  paid  by  him  is 

N       -N  ^     ,  ^    N       -N 

/p pi—")       g-l  x+m-l     _     p  J_        x-1  ar+m-l 

V    xm\  7m.Y  J)  xw,\  J3 

a5+m  a;4-m 

=     1 

Thus  he  provides  the  payment  of  1,  which  has  to  be  made  to  him. 
From  the  formula  given  on  page  387,  we  have 

V V 

»    a;:n+t|       ti     x 


_     p                L^    x->rn\t\  ' 

:f| 

-  P            "^a 

-  V 

n     X 

V 

p                      n     X 

\+w :  ("l 

-       *+n:tl      a 

From  this  expression  we  observe  that  the  future  premium  to  be 
paid  is  the  endowment  assurance  premium  at  the  present  age, 
less  the  reserve  value  of  the  existing  policy  spread  over  the  future 
premiums. 

Again,  we  may  argue  as  follows  : — As  no  premiums  are  to  be 
received  after  age  {x-\-n-\-(),  and  as  the  office  will  lose  the  interest 
in  advance  after  that  age  on  the  assurance  of  1  which  will  then  be 
payable,  the  total  loss  to  the  office  is 

x-\-n 
g+TO  x-\-%\t\ 

a 

X 

Spreading  this  loss  over  the  future  premiums  and  adding  the 
result  to  the  present  premium,  we  have 


P   =    P  + 


a:+?i         x-\-n'A\ 

a   X  a   ,      -, 

X         K+n :  1 1 


Now  let  the  premium  to  be  paid  remain  at  P  ;  to  find  the 
altered  sum  assured,  S. 
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We  have 


SA  ^    n  -  P  a  ^    -   =    V 

x+n:t\  X    x+n:t\  n    x 

V  +P  a^   .- 
Cj    n    X         X    x+n:t\ 

x+n'.t  I 


V 

n     X 


x+n:t\ 


+ 


x+n'.t\ 


which  may  be  explained  by  general   reasoninpf.      A  ,,^.7:  is  the 
single  premium  at  the  present  age  for  a  sum  assured  of  1  payable 

at  age  x  +  n  +  t  or  previous  death.      Therefore     V     is  the  single 

V 

premium    for   a   sum   assured    of     ."''".     Also    P  ,     r.    is   the 

^  A    ,      -  x+n:t\ 

x+n:t\ 

annual  premium  for  a  similar  assurance  of  1,  and  therefore  P    is 

r  x 

p 

the  annual   premium  for  a   sum    assured    of   — — - — .      Together 

x-\-n:t\ 

these  two  sums  make  the  total  sum  assured  under  the  policy  as 
altered. 


46.  It  is  sometimes  desired  to  apply  the  bonus  on  a  whole-life 
policy  so  as  to  limit  the  future  premiums  or  to  alter  the  policy  into 
an  endowment  assurance. 

Mr  Manly  has  put  forward  the  following  formulas  in  answer 
to  this  problem,  and  has  also  supplied  tables  to  facilitate  their 
application  in  practice. 

If  the  future  premiums  are  to  be  limited,  let  x^,  x^,  x^,  etc.j 
be  the  ages  of  the  life  assured  at  the  successive  periods  of  division 
of  profits ;  j/j,  j/g,  ^3,  etc.,  the  ages,  at  and  after  which  the  pre- 
miums are  to  cease ;  and  B^,  Bg,  Bg,  etc.,  the  amount  of  the 
reversionary  bonuses. 

Then  at  the  first  investigation,  we  have 


B  A       = 


1      X 


PN      , 

__ 


from  which  y^  may  be  obtained. 
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At  the  succeeding  investigation,  we  have 

P(N      -N     ^ 


B„A      = 

2     x^  D 


x„ 


"2 

from  which  i/^  ^^7  ^®  obtained. 

And  we  may  proceed  similarly  at  the  following  investigations. 

If  the  policy  is  to  be  altered  into  an  endowment  assurance, 
let  ^j,  y^  ?/3,  etc.,  be  the  ages  at  which  the  sum  assured  will  be 
payable,  and  let  the  other  symbols  have  the  same  meaning  as 
before. 

We  have  at  the  first  investigation 

from  which  we  may  obtain  i/y 

At  the  next  investigation 

N        -N      , 
B  A      =   (P  +rf)_i^_J^^ 

2     lo  ^    X         -f  J) 

from  which  j/^  ™ay  be  found. 

And  we  may  proceed  similarly  at  the  succeeding  investigations. 


EXAMPLES 

1.  Given  P25  =  -01521,  F^^=='02e5i,  a^2  =  15'5Q79,  find  the 
value  of  a  whole-life  policy  for  £1500  effected  at  age  25,  which 
has  been  17  years  in  force,  and  to  which  a  reversionary  bonus  of 
£383  is  attached. 

Value  of  policy   =  1883  x  A42- 1500  x  PggCl -l-a^g) 

=  (1883  XP42- 1500  xP25)(l+«42) 

=  (1883  X  -02654  -  1500  x  •01521)(1  +  15-5679) 

=  (49-975-22-815)16-5679 

=  449-984,  say  £449,  19s.  8d. 
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2.  Give  as  many  formulas  as  you  know  for  ^V  - 
Vti    =    A  ,     - — --P-(l+«  , _) 

n    xt\  x+n:t-n\  xt\^  x+n:t-n-iy 

xt\^     x-1  x+n-1-'      ^      X  x-\-nJ 


D 


x+n 


V    jctj         -'^  x+n'.t-n-\y 

^    x+»i:t-«|  xfK^  x+n'.t-n-\Y 

=   A        (\ ^ ^ 

x+n:t-n\\  p  ) 

^  x-{-n:t-v,\^ 

1  +a 


=    1- 


x+n'.t-n-\  I 


1  +a 


x:t-l\ 


—  a 


_       x'.t-\\         x+n:t-n-\ 
l+''x:frTT 
1-A  ^    ;— r 

__     1 x-\-n'.t-'n,\ 

xt| 

a:+n:^~7t| «i{^| 


=  1- 


x+n:t-n\ 


+  d 


p p_ 

x+%:t-n\  xt\ 

x+n'.i-n\ 

^        ^^     ~1     ^rpC^  ~\^x+l'.t^\\)'  "C-^  "  \     x+n-\'.t-n+\) 

3.  Find  formulas  for     V,      V-,,    and       ,V  ,    when   the   rate 

n    x'     n     xty  oi'.t     x' 

of  interest  is  zero. 

1  +a 


V     =    1-     , 

n     X  1+^ 


x+n 


l+e. 


=   (when  interest  is  zero")  1 — ^i^ 
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V  _     —     1  —  x+n:t-n-l\ 

=   (when  interest  is  zero)  1 ^x+n:t-n-i\ 

n:t    X    ~        x+n~t    x^    "^ ^x+n:t-n-iy 

1  +e —. 

=   (when  interest  is  zero)  1 x+n.t-n-\\ 

A                       1 
since        P     =  •= =  -^ when  interest  is  zero. 

t      X  !_!_/»       I    _U  />      . 


X,t  —  1\  X.t  —  i. 


It  will  be  observed  that  the  formula  for  limited-payment  whole- 
life  assurance  is  the  same  as  for  endowment  assurance,  so  long  as 
n  <  t  in  the  limited-payment  assurance. 

4.  Under  a  policy  taken  out  at  age  x  which  has  been  n  years 
in  force,  the  sum  assured  and  bonuses  amount  to  S.     Prove  that 

the  value  of  the  policy  is  equal  to     ( S  +  P^  +  -^  j  A^      -  (  P^  +  -^ 
Value  of  policy    =   SA       -P/l  +  a      ) 


=  SA  _,   - 


xv  x-\-i\y 


=   SA  ^   _  p  (1  -  A  ^  )  f  1  +  4-^ 

P  P 

==  fs  +  p  +  -^V  ^  -(v  +    ^ 


5.  There  are  44  policies  of  1  each,  all  effected  at  age  40,  which 
have  been  in  force  1,  2,  3,  etc.,  up  to  44  years  respectively. 
The  sum  of  their  values  is  17"52789.  Find  the  values  separately 
of  the  aggregate  sums  assured,  and  of  the  future  net  premiums, 
having  given  A^^^  =  -379434. 

By  Text  Book,  formula  18,  we  have 

^K^^   =   2V(l-A)  +  rA 
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Therefore 

40+n  4Q\  40''  40 

=   (17-52789  X  -620566)  +  (44  x  -379434) 
=   10-87721 +  16-69510 
=   27-57231 

which  is  the  value  of  the  aggregate  sums  assured.     And  the  value 
of  the  future  net  premiums 


=   2A,,,     -2V,, 

40+n  40 

=   27-57231-17-52789 
=   10-04442 


« 


6.  Explain  under  what  circumstances     V    <      ,V  ,,, 

t^  n     X         n-l     x+V 


^,  and  give 

an    example  from    some    known    table    of    mortality    where    the 
anomaly  occurs. 


V 

n     X 

< 

V 

if 

1- 

x+n 

a 

X 

< 

a   , 

J  _       x+n 

^+1 

if 

a 

X 

%+n 

< 

x+n 

if 

a 

< 

(I    .  -i 

x+\ 

which  is  very  unusual,  but  does  occur  at  the  infantile  ages  of  all 
mortality  tables,  and  at  very  advanced  ages  of  some  mortality 
tables  which  have  been  badly  graduated,  e.g.  the  Carlisle  Table. 

7.  Find  the  reserve  value  after  n  years  of  a  pure  endowment 
policy  effected  at  age  x  to  be  payable  at  age  (x  +  ^),  with  premiums 
limited  to  r  and  to  be  returned  in  event  of  death  before  age  (x  +  /). 

The  net  premium  for  such  a  policy  was  found  on  page  324. 
The  reserve  value  after  n  years  is 
(1)  n  <  r. 

Prospectively 

D  ^,  wM  ^   +  R  ,    -  R  ,    -  rM  ^, 

^+«  +  {7r(l  +  K')  +  c}         ^+^'         ^+*'         ^+^  ^+* 


D 


x+n 


D 


x+n 


N 


—  IT 


x+n-\ 

D 


N 


x+r-l 


x+n 
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Retrospectively 

N-N^^-  R-R,-wM 

^      x-l         x+n-l  _  l^^i  +  ^,)  +  c]  -^ '-^ ±t!i 

x+n  x+n 

(2)  n  =  or  >  r. 

Prospectively 

D  ^,  M  ^   -  M  ^, 

x+n  x+n 

Retrospectively 

N       -N  ^     ,  R  -R  .    -rM  ^ 

TT  _izi__£±!:zl_{;r(l+K)  +  c}-^ ^ ^^ 

In  each  case  the  values  found  by  the  two  metliods  may  be 
proved  equal,  and  it  will  form  a  useful  exercise  to  do  this  as  shown 
for  other  similar  problems. 

8.  Find  the  annual  premium  to  secure  an  endowment  assurance 
to  (a'),  maturing  at  the  end  of  t  years,  with  a  guaranteed  bonus  of 
£2  per  cent,  for  each  year  completed ;  and  also  the  reserve  value 
at  the  end  of  w  years. 

Benefit  side 
D "^"^ D 

X  X 

Payment  side 

p        x-l x+t  -1 

D 

X 

whence  equating  and  solving 

M  -  M  ^, +  D  ^,4-'02{R^, -R  ^  -(/-1)M  _,,  +  /D     \ 

p  _    X x+t  x+t    t  x+1  x+t      ^ -^   x+t     x+t> 

x-l  x+t-l 

The  reserve  value  after  7i  years  is 
Prospectively 

x+n x+t  x+t   ,   .Q9    x+n  a;-f-7t+l x+t      ^ -^  x+t x+t 

D  "  D 

x+n  x+n 

—  P         X+n-l  x+t-l 

x+n 
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Retrospectively 

p        ic-l x+n-1  _   X  x+n  _  .rvn      x+1  x+n      ^  J      a;+«. 


XV I  If  I 


D 


x+n 


D 


x+n 


D 


x+n 


9.  Find  in  terms  of  commutation  columns  the  value  after  n 
years  of  a  policy  for  a  deferred  annuity,  payable  half-yearly, 
maintained  by  annual  premiums,  to  be  entered  on  at  age  (a'  +  ^r). 
Examine  the  three  cases,    n  <,    =,    >  2. 


Here        tt   =       '^   " 


_      ^x+.  +  i^x+. 


x:z-l\  x-1  x+z-l 

and  reserve  value  of  policy 
(1)  n  <2. 

N      +4-D  N  -N 

(«)  Prospectively  ''+'     ^    ^+^    _  ^  _^^-i      _*+i:d 

x+n  x+n 

(^>)  Retrospectively     tt-*"^        ''+'^-^ 


D 


x+n 


(2)  n  =  s. 
(a)  Prospectively 


N.,,  +  P 


(b)  Retrospectively     tt 


X+Z        4:       x+2 

x+z  . 

x-\  x+z-\ 


D 


x+z 


(3)  w  >  ^. 
(«)  Prospectively 


N  ^  +JD 


+» 


D 


a;+?i 


(6)  Retrospectively  tt  -^^    ^+^-^  -   ^    ^+^        *+'^^     ^^    ^+^        ^+»^ 


x+n 


D 


a;+7i 


10.  What  annual  premium  should  be  charged  for  an  assurance 
of  £1000  to  (x),  the  premium  being  successively  reduced  by  y^  of 
the  first  premium  and  ceasing  altogether  after  the  tenth  payment } 
What  is  the  reserve  value  of  the  policy  at  the  end  of  6  years  ? 
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1000  M 
Benefit  side  =    —    — - 

X 

Payment  side  =   f^lzlZA^jCS±}l 

X 

lOOOM 
The  reserve  value  at  the  end  of  6  years 

=     1000 A         -  P  l^^+5       1^^    a:+6  x+W 

11.  Find  the  single  and  annual  premiums  for  an  assurance 
upon  a  life  aged  x,  the  sum  assured  increasing  in  amount  at 
compound  interest  at  rate  j.  What  would  be  the  policy- value 
after  t  years.'* 

The  single  premium  is 

(1  +i)M^+y(i  +j)u^^,  +i(i  +i)^v.,+  . . . 


X 


And  the  value  of  this  policy  after  t  years  is 

(1  ^jy  (1  +i)M,^,  +i(l  +y)M,^,^,  +i(l  +iPM,^.,^,  +  •  •  • 


J5.+. 


To  find  the  annual   premium,   we    have  the  benefit  side  the 
same  as  the  single  premium  above,  and 

N 


Payment  side  =    P 


x-\ 

D 

X 


Hence     r    =    ^rj^ 

a;-l 

The  value  of  this  policy  after  t  years  is 

,.  ^  ..,  (1  +i)M,^,+i(l  +i)M^^^^^+i(l  +i)^M^.^,^,+  . . . 

x+t 

N 
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Or  again,  the  single  premium  is 
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Find  J,  such  that 


1 


/ 


1+i 


Then  the   single  premium 


1+J      1+r 

=  A'    calculated  at   rate    J,    and  the  value  of  the  policy  after 

years  is  (1  +i)*A'^^^. 

A'^ 
In  the  case  of  the  annual-premium  policy  we  have  P  =  ^j 

The  value  of  this  policy  after  /  years  is     (1  +J)'A'       —  Pa 


*+*' 


12.  A  policy  by  annual  premium  was  issued  n  years  ago  for 
a  reversionary  annuity  to  {x)  after  (^).  Find  the  reserve  value  at 
the  present  time. 

(1)  ( 7/)  still  alive      Ya  \     =   «       i    ,    -P^  .  (1+^  ) 

\    y    ^^ ■'  n       y\x  y-\-n\x+n  y\x^  x+n\y-\-n^ 

(2)  (;y)dead  .  Va  i      =    a 


I 


ji 


n       y\x 


x+n 


13.  Find  an  expression  for  the  value  at  the  end  of  n  years  of  a 
contingent  insurance  payable  if  the  survivor  of  (x)  and  (^)  die 
before  {z). 

It  must  be  ascertained  whether  {x)  and  (^)  are  both  alive. 
Then  if  both  are  alive 


Vl      =  A 


x+n  :y+n:z+ 


-— -Pl    (l+a 

'.z+n         xy'.z^  ; 


x+n  '.y+n 


n     xy'.z 

If  (x)  is  dead, 

V^  =  A-i pl    (l+fl  ) 

n    xy'.z  y+n:z-\-n         xy.z^  vA-n:zA-n^ 

And,  similarly,  if  (j/)  is  dead, 

Vl.  =  A-1-  — --pl    a+a 

n    xy:z  x+n:z+n         xv'.z^ 


y+n:z+n> 


"T 


x+n:z+n 


) 


14.  Obtain  by  the  retrospective  method  a  formula  in  terms  of 
annual  premiums  for  ^V^- ,  and  prove  by  general  reasoning  and 
algebraically  that 


P  -Pi^ 

-y       _x xn\ 

n    a    ~  P  1 
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PV,(N       -N  ^     0-(M  -  M  ^  ) 

TT-j        xt\^     x-1 x+n-1''      ^      X x+v,'' 

n    xt\     ~  D 

x-\-n 

M  -M 

pi_    _  X  ar+n 


x  —  \ ar+n  — 1 

X-\-th        

%-\  x+n-1 


xt\ xn\ 


pi 

xn 

Similarly,       „V^   =   -^^^^ i±^ 


P  (N    ,  -N  ^     ,)-(M  -  M  ,  ) 


x+n 

p  -PS 

""  PA 

xn| 

These  results  are  correct,  for  the  risk  ah*eady  undergone  is 
that  of  a  temporary  assurance  for  n  years,  which  would  be  covered 
by  an  annual  premium  of  P^^ ;  the  surplus  premiums  paid  are 
therefore  (P^t-,  -  P^-r)  and  (P^  -  P^^)  respectively,  which  obviously 
must  have  sufficed  to  purchase  certain  amounts  of  endowment  at 
affe  (x  +  7i).     Now,  P  —,  will  secure  an  endowment  of  1 ;  therefore 

o     v.  /  '      a;n|  ' 

CPi-,  -  P^-i)  and  fP  -  P^-;^  will  secure  endowments  of 

^    «i|  xny  ^    x         xny 

Pl_  _  pi_  p    _  pi_ 

'''^     ,  '^^l  and    -^— -^  respectively. 
P^  pi  ^  -^ 

xn\  xn\ 

These,  then,  must  be  the  accumulated   reserves    under   the   two 
policies. 

Likewise,  in  the  case  of  the  endowment  assurance  we  should  have 

P  ^  -  Pi^ 


xti 


and  when  n  =  /, 


n    xt\  P  JL 

xn\ 


P  n  -  P^n 

y  xtj xt\^ 

t     xf\     ~  p  _1 

xt\ 

=  1 


showing   that    the    accumulation    of    overpayments    will  exactly 
amount  to  the  sum  required  at  maturity. 
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15.  Given  at  3i  per  cent.     V    =  -50084,  and   P  ,     =  -0591^ 

4    *  n     X  '  x+n  ' 

find  the  premium  for  the   age  at  entry  (P  ),  the  value  of  the  sum 
assured   (A      ),   and   the   amount   of    paid-up    policy   equivalent 


to  .^' • 

n     X 

Since 

V 

n    X 

= 

p^  -P 

x+n         X 

x+n                                                                I 

therefore 

P 

X 

= 

p      (1_   V)-^  V 

x+n^         n     X-'         n     x 

= 

•05917  X  -49916  -  -03148  x  -50084 

= 

•01377 

A  ^ 

x+n 

= 

P^ 

x+n 
x+n 

= 

-05917 

-05917  + -03148 

' 

= 

•65273 

w 

= 

V 

n    X 
^x+n                                                            . 

•50084                                          ] 

•65273 

_ 

•76730 

16.  Having  given  that  at  4  per  cent,  interest,  1*20 -401 
»"d  A,„^^  =  -51078,  find  ^V^^^^,  and  ,„(FP),„^,-^| 

V_=A P_a      — 

20     20:40|  40:201  20:40140:201 

KiA^o      Ai^i^     1- -51078    .  1- 

=    -51078- -01615  X — rrrrrr—  Since  a  = 


5. 


-03846 


=   -51078 --20543 
=   -30535 


20 


(FP).; 


20 :  401 


V     - 

_     20     20:40| 
40 : 2'01 

-30535 
•51078 

=   -59781 
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17.  A  whole-life  policy  was  effected  n  years  ago  at  age  Xy  and 
the  sum  assured  is  now  to  be  reduced  by  half,  the  value  of  the 
rest  of  the  policy  being  applied  in  reduction  of  the  annual  premium. 
Find  the  future  annual  premium. 

(a)  We  may  take  half  the  premium  formerly  payable  and 
deduct  therefrom  the  value  of  half  the  policy  divided  by  the 
annuity-due  for  the  rest  of  life. 

Thus,       iP  -^^^  =   F  -i(P^   -P) 

x-^n 

X      ^     x+n 

(b)  Or  we  may  take  the  premium  at  the  present  age  for  a 
policy  of  ^,  and  deduct  therefrom  the  whole  value  of  the  old  policy 
divided  by  the  annuity-due  at  the  present  age. 

V 

Thus,       JP^   -^!1-^    =    JP^    -(P  ^    -P) 

'         ^    x+n       jj  iS     x+n      V    x+n         x^ 

x+n 

X      ^     a;+7i 

(c)  Or  we  may  reason  that  the  value  of  the  present  policy 
must  equal  the  value  of  a  sum  assured  of  \  less  the  value  of  the 
future  premiums.     Thus,  if  P  be  the  future  annual  premium, 

V     =    iA  ^   -  Pa  ^ 
and  Pa  ,      =    lA  ^   -   V 

I  ^    x+71      ^    X+n         X' '    a;+n 

hence  P   =    P  -iP  , 

18.  {x)  and  (y),  who  are  insured  under  a  joint-life  policy  for 
£1000,  desire  at  the  end  of  n  years  to  have  it  converted  into  two 
single-life  assurances  for  £500  each.  What  premiums  will  be 
payable  by  (x)  and  (^)  respectively  "^ 

The  joint-life  policy  has  acquired  a  value  of  V  of  which 
fa'Ys  share   is      V  i    and    fjy^'s      V^  ,    these   two   parts   together 

v.   /  n     xy  ^'^  ■'         n    xy'  ^  ^ 

making  up  the  whole  value  of  the  policy.  Now,  if  from  the 
premium  payable  by  (x)  at  his  present  age  for  a  £500  policy  we 
deduct  his  interest  in  the  old  policy-value  spread  over  the  whole 

2c 


4 
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of  his  life,  we  shall  arrive  at  an  equitable  premium  to  be  paid  by 
him.     Thus  we  have  for  (a;)'s  new  policy  for  £500  a  premium  of 

1000  V  1 
500P ^    '^ 

x+n 

And  similarly  for  (j/)'s  new  policy  the  premium  is 

1000  VI 


500P 


n    xy 


y+n 

19.  A  whole-life  policy  for  £1000,  effected  at  age  20,  has  been 
thirty  years  in  force,  and  has  accumulated  bonus  additions  of  £450. 
It  is  proposed  to  devote  part  of  the  bonus  to  convert  the  policy 
(including  the  remainder  of  the  declared  bonus)  into  an  endowment 
assurance  maturing  at  age  65.  Using  the  H  table  at  3  per  cent., 
and  ignoring  the  question  of  loading,  find  how  much  bonus  will 
remain  attached  to  the  policy  after  the  alteration  has  been  made. 

The  office  has  in  hand  at  present  1000   V„  +450A,^.     If  X  be 

*■  30     20  50 

the  amount  of  bonus  to  be  surrendered  this  will  be  reduced  to 
1000   V    +(450-X)A^  and  it  will  require  to  have  in  hand  for 

the  new  contract 

The  difference  between  these  two  reserves  must  be  the  present 
value  of  the  bonus  to  be  surrendered.     That  is 

XA^  =   1000(A,„,,-^,-P^a^^i^)-1000,„V^„  +  (450-X)(A,„^^-^-AJ 

A      — 

50:16| 

685-47  -  154-10  -  353-53  +  53-70 

•68547 

=   337-783 

=   £337,  15s.  8d.  approximately. 

Bonus  amounting  to  £112,  4s.  4d.  will  therefore  remain  attached 
to  the  policy. 

At  future  divisions  of  surplus  the  whole-life  bonus  only  will  be 
applicable  to  the  policy,  and  it  will  have  to  be  converted  into 
endowment  assurance  bonus  by  simple  proportion. 
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20.  Give  the  prospective  and  retrospective  values  after  n  years 
of  a  child's  endowment  policy  effected  at  age  x^  payable  at  age 
(.r  + 1^,  with  premiums  to  be  payable  only  so  long  as  the  father  (^) 
lived  along  with  (x)  and  to  be  returnable  in  event  of  death  of  {x) 
before  age  {x  + 1).     Prove  the  formulas  identical. 

Prospectively — 

If  the  father  is  alive  to-day,  which  will  happen  in  /  .    x    « 

J '  trtr  x+n      n'-  y 

cases  of  the  survivors, 

x+l       {^(1+K)  +  C}f  .^^  _^  M^,)+... 

^  N 

^  t-n-\ry^n\     x+i-\  x-\-U  [  ]) 


x+t-\:y+t-l 
x+n:y+n 

If  the  father  died  after  n  payments  :  I  ,   (     ^P  -   P  )  cases. 


X+n  x+n 

If  the  father  died  after  («- 1)  payments  :  l^^Sn-2Py- n-iPy) 


cases. 


D  ,,                             (n-l)(M  ,    -M  ^,) 
^i  +  {^(l  +  K)  +  c}^ ^-^-^ '-±y 

x+n  x+n 

etc.  etc. 

If  the  father  died  after  1  payment :  l^.^Ji^  ~P,)  cases, 
D  ^,  M  ^   -  ]VI     , 

x+n  x+n 

The  sum  of  all  these  cases  is 

r^  ^f                             /M,^„  -  M^^,         M  ^   -  M  , ,          M  ,    -  M  ^, 
W^Ld  ^  +i^C^  +  '^;  +  ^)i^       D  ^  ^Py       D ■^s/'y D ■ 

x+n  ^  x+n  x+n  x+n 

M-M  M-M  M-M> 


x+n  x+n  x+n 


~ir  p 
n*  y 


N  -N  -I 

x+n-l:y+n-l  x+t-l:y+t-l 

D  .       .  J 


ic+w.'y+w 


404 


ACTUARIAL  THEORY  [chap,  xviii. 


Retrospectively — 

M  -M 


I 


M  .    -M 


Un-^-n-^Py(^+^)}-{<^^^)^^}{      \.^n''-''^Py      '"-Un    ''' 


M  .    --  M 


M  .        -  M 


4.    o       ^a;+2       ^-'x+n  ,     ^  ^  ^     ,  -^x+n-1       -^x+n\ 


2^3/  ff+n 


a;+« 


+  .P 


a;4-2  a;+n. 


S'^J/  ^+» 


+ 


71-1'  y 


M  ^       -M  ^ 

n,x+n 


To  prove  the  two  final  expressions  identical,  we  must  first 
recall  the  expression  from  which  the  value  of  the  premium  was 
obtained,  page  315.  Adapting  that  expression  to  the  present  case^ 
we  have 


D  ^,  /M  -  M  ^,  M  ^  -  M  ^, 


_x+2____£-H 
2' 2/  D 


• 


+.-iP» D } 


N  -N 

x-l:y-\ a:+(-l:i/+t-l 

D 


Therefore 

■^t-,Py^^x^t-i-^x+^} 


D 


=  ttCN  -N  ^ ? 

^     x-l:3/-l  x-\-t-\:y-\-t-\J  Yy 

xy 


Also  it  is  to  be  noted  that  D     is  of  the  form  W  /  . 

xy  X   y 
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Now  the  reserve  by  the  prospective  method 
pD  .,  /M  ^   -  M  ^,  M   ,    -  M  ., 

_     7  x+t  ,    f_r^    .    .A    ,    „\  f       x+n  a;+t   ,    ^^        x+n  x+t 

x+n  ^  x+n  x+n 

M       -  M     ,  M  ^   -  M  ^,  M  .    .    -  M     , 

+  x+n  x+t        ..  x+n x+l  x+n+^ x+t        ..  . 

a;+74  «+»  «+n 

J.        ^    ^^x+t-l"       x+t\  _^    ^       x+n-l:y+n-l  "      x+t-l:y+t-l~] 

+t-iPy       D  J      ""^y  D  :      J 

x+n  x+n:y+n 

=  -J-Td  ^  +{7r(l  +  K)  +  c}{(M  ^   -  M      ^  +  «(M  ^   -  M      ^+  -. 

D  ; 

^«-l^i/V      x+t-l  x+Ui  \^  x+n-l:y+n-l  x+t-l:y+t-lJ  D  / 

a:+n:2/+»        y    -^ 

— I-Fd  ^ +{7rri  +  K)+c}{(M  -  M  ^,)+;KM  ^1-M  _,,) 

yx+n\_     x+t  '    i     \  /  '     J  iv      X  x+t''      J  y^      x+1  x+t' 

+  2/V^x+2-  M,^t)+   •••  +t-lP/Mx+t-l-  M,+,)} 

D^  1 

""^^     x-l:j/-l  ~  ^x+t-l:y+t-l^  ^^  "^'^^     x-lty-l  ~      x+n-l  :y+n-l)  T" 

/M  -  M  ,  M  ,    -  N 

-{ir(l  +  K)  +  c}(      '    ^    '+"  +  «      '+'   ^ 


_    ^        x-l:y-l  x+n-l:y+n-l       f^^i    i    ..\  i   ^W        «  ^+^  _l  *,        ^+1  a;+« 


y 


M   .      ,-  M 


+   .  .  .  +  ,;  x+71-1  x+n\ 

n-lf  y  yx+n  y 

which  is  the  reserve  by  the  retrospective  method. 

21.  Mr  G.  H.  Ryan  formed  for  a  particular  pm*pose  a  hypo- 
thetical mortality  table  by  adding  '01  to  the  H  3  per  cent. 
P    at  all  ages.     Show  that  the  policy-values  by  such  a  mortality 

M 

table  are  necessarily  less  than  the  H     3  per  cent,  values. 
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By  this  hypothetical  table 

V  ,    -V 

p  ,  -p 

x+n  X 

But  the  true  value  by  H     table  at  3  per  cent, 

TT      x-^n         X 

»    *   ~     P  .    +d 

x+n 
Therefore       V    <    V    for  every  value  of  x  and  n. 

n      X         n     X  •' 


[chap,  xviu 

4 


22.  Each  of  L     persons  effected  n  years  ago  at  age  x  a  whole- 
life  policy  for  1  at  an  annual  premium  of  P    .     Find  the  reserve 

required  to  be  held  to-day  in  respect  of  the  survivors.  How  much 
of  this  is  required  for  the  lives  that  are  still  "  select,"  and  how 
much  for  the  now  "  damaged  "  lives  ? 

The  total  reserve  required  is 


I        (j^         —Pa        "^ 

[x]+'n\     [x]+n         [x]    [a;]+n> 


Now  of  these  /,  , ,     survivors,  L  ,   ,  are  still  select.     The  reserve 

[a;j+n  '    [ic+w] 


required  for  them  will  accordingly  be 


[x+ny<     [x+n]         [x]    [x+n] 


•1 


The    remainder  of  the    lives    are  the    "damaged,"   and   they 
number  ^r^. ,  ^  -  ^rx+nV     ^^^  reserve  required  for  them  will  be 


{vU 


d   .   ,)  +  v%d, -d 


[x]+n      '^[x+n]^  '   "  V"'[a:]+«,+l       "'[x+n]+l}'^  '     '     '    i 
~  ^[x]  i  \{x]+n  ~  {x+n])  ■•"  K\x]+n+l  ~  \x+n]+l)  "^  * 
V      \x]+n  [x+n]y  [x]^     [x]+n  [x+n]y 


^[x]+n        [x+n]-^ 


[x]+n  [x+n] 


CHAP.  XVIII.]  TEXT  BOOK— PART  II.  407 

The  reserve  for  the  "select"  lives,  together  with  the  reserve 
for  the  "damaged/'  will  equal  the  total  reserve  reqmred 

[a;+w]V-^[a:+n]  [x]    {x+nV '^  ^[x]-\-n        [x-\-ny  D-D 

[x]-\-n  [x-\-n] 

M         -PN  CM        -M        VPTN        -N        ") 

[x+n]         [xT  [x+n]     ,     \      [x]+n            [x+nV          [xf     [xl+n      ^[x-\-n]J 
~  + 


M        -P    N 

_  [x]+n         [X]     [x]+n 

~     M+'S-     [x]+n  ~     [x]\]+n) 

23.  A  policy  for  a  term  of  n  years  is  granted  at  an  annual 
premium  to  a  life  aged  .r,  with  the  option  of  continuance  at  the 
end  of  the  term  as  an  endowment  assurance,  maturing  at  age 
(x  +  n-h  t),  on  payment  of  the  normal  yearly  premium  at  age  (.r  +  n). 
Find  expressions  for  the  value  of  the  policy  on  a  select  basis, 
(1)  at  the  end  of  the  (ji  -  l)th  year,  and  (2)  at  the  end  of  the 
(n  +  l)th  year,  assuming  the  option  to  have  been  exercised. 

The  premium  payable  during  the  first  n  years  is 

M     -M  fP         P         -VN         -N  ^ 

P    =  W  W+n^^'-W+n-.tl       '■[x+n]:t\Jy     [x]+n      "-  [x]+n+tJ 


[x]  [x]+n  [x]  [x]+n 

while  the  premium  thereafter  for  t  years  if  the  option  be  exercised 
i<?  P 

[x+n]:t\ 

(1)  The  reserve  at  the  end  of  the  (w  -  l)th  year  is 

^     [x]  [x]+n-l^       V      [a:] [x]+7i-l/ 

[x]+n-l 

(2)  The  reserve  at  the  end  of  the  (n  +  l)th  year,  the  option 
having  been  exercised,  is 

A  P  _  1  

[x]+n+l  :t-l\  [x+n] : t  \  "[a;]+7i+l  :t-l\ 

24.  If  in  the   formula  [x    =  A  +  Be*  the  value  of  c  be   1,  what 
effect  is  produced  upon  (1)  /x^,  (2)  C-")?^,  and  (3)  ^^^VJ 
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(1)  If  c  =  1,  then  /A    =  A +  B,  which  is  constant  for  all  values 
of  .r. 

(2)  It  has  already  been  proved  that  under  such  conditions  as  to 

mortality 

1 

(see  page  ]  14) 

(see  page  218) 


Therefore 


a    = 

1 
11  +  ^ 

and    A   = 

ja  +  S 

/^ 

(«)P    = 

At  +  S 
1 

(3) 


/A  +  (/ 
=      IX 

(«>)V     =   A  ^ 


(«)P  a  , 
X  x-\-n 


/* 


1 


fl  +  8 


fi  +  8 

=   0 

which  is  obviously  correct,   as  the  premium    for    each   year   will 
meet  the  year's  risk,  and  there  will  be  no  reserve  to  accumulate. 

25.  Prove  that  the  expected  death-strain  under  a  whole-life 
policy,  subject  to  an  annual  premium  payable  throughout  life, 
increases  with  the  duration  of  the  assurance  if,  at  all  ages  on  the 
basis  of  the  valuation  mortality  table  and  rate  of  interest,  A%  is 
algebraically  >  iAa. 

The  expected  death-strain  in  the  («  +  l)th  year  of  a  policy 
effected  at  age  x  is  ^^..^(l -^,  ,V  ),   and  in    the    following  year 

<7       n(l  ~   j^o^  )•     T^^  strain  will  therefore  be  increasing,  if 

^x+rS-     ~  n+1     x)  "^   ^x+n-\-l\         n+i    xJ 


x+n       Q  ^x 


a 


X 


aj+n-f-l 


that  is,  if  q 

if 

or  if 

if     -(« 

that  is,  if 

which  is  the  condition  desired. 


a 


x+n-\-2 


+71+1     a 


a;+n+l 

-2a 


x+TO    x+n+\ 
x+n 


a:+?i+2 


P 


a 


a  .     . ,  -(I  +i)a   ,      <  a   ,     ,.-(l+i)a 

\  J     3:4-71  rr4-7l4-2        V  -^     : 


x+n+2 

A2«  ,     >  iAa  ^ 

x+n  a+» 


x+n+1    a;+n+2 
x+n+l 


—  a 


x+n^ 
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26.  At  the  commencement  of  a  certain  year  a  company  has  on 
its  books  I  persons  who  have  been  assured  for  1  each  for  n  years, 

and  who  will  be  subject  throughout  the  year  to  a  special  rate  of 
mortality  q  +  w^  and  in  respect  of  the  claims  which  occur  amongst 

them,  the  company  undertakes  to  pay  only  the  reserve  values  at 
the  end  of  the  year.  On  the  assumption  that  the  extra  mortality 
will  cease  at  the  end  of  the  year,  and  that  it  will  not  prejudicially 
affect  the  lives  remaining  assured,  state  under  what  conditions  the 
company  will  make  a  profit  from  the  arrangement,  and  find  an 
expression  for  the  amount  of  such  profit.  (Assume  the  premiums 
due  at  the  beginning  of  the  year.) 

The  office  will  have  in  hand  at  the  end  of  the  year 

x\n     x  —  n         x-U'^  ^  a;-f-l      7i+l     x-n         x 

which  under  normal  conditions  is  sufficient  to  meet  its  claims  and 
the  reserve  values  required  for  the  survivors. 

Under  the  conditions  stated  the  number  of  deaths  is  increased 
to    I  (a  +w  )  =d  +w  I.   but   the    amount   paid   to   each    is   only 

V      .     Further,  the  survivors  will  be/  —(d  +w  l)  =  l  ,,-w  I 

n+l     x-n  '  X      ^   X         X  jy        x+l  x  x' 

Therefore  to  meet  its  actual  claims  and  the  reserves  for  the  sur- 
vivors the  office  should  have  in  hand  at  the  end  of  the  year 

(/    .^-'^l^    .y         +(d   ->rWl\    ,,V 

^  x+1  X  xJ'n-\-\     x-n      ^   x         x  xjn+l     x-n 

=    /^,  X    ^  V       -\-d  X    ^,V 

x+l      n+l     x-n         X      71+1     x-n 

The  office  will  therefore  make  a  profit,  if 

i  ^.  X    ^-.V       +^    >  /  ^,  X    ^  V       +d  X   ^  V 

a;+l      n+l     x-n         x  x+l      n+l     x-n         x      n+l     x-n 

that  is,  if  d(l-   ^,Y      )  >  0 

'  x^         n+l     x-n'' 

which  must  always  happen,  as         V  _^  is  fractional. 

Further,  the  amount  of  the  profit  must  he  d  (I  -    ,  V      \ 

'  Mr  x^         n+l     x-n^ 

27.  The  actual  claims  for  the  year  in  an  office  exceed  the 
expected  amount.  Does  the  difference  represent  the  loss  from 
mortality  during  the  year  ?     Give  the  reasons  for  your  answer. 

This  difference  does  not  represent  loss  from  mortality.  The 
office  has  in  hand  for  each  policy  on  its  books  a  reserve  value  of 
certain  amount,  greater  or  smaller.     A  comparison  merely  between 


410 


ACTUARIAL  THEORY 


[chap.  XVII 


I 


actual  and  expected  claims  cannot  therefore  indicate  the  profit  or 
loss  from  mortality.  The  loss  to  the  office  through  the  death  of 
any  single  life  assured  is  not  the  sum  assured,  as  would  be  implied 
in  such  a  comparison  as  that  suggested,  but  the  difference 
between  the  sum  assured  and  the  above-mentioned  reserve.  It 
is  this  difference,  then,  that  must  be  taken  account  of,  if  we  are  to 
make  a  true  investigation  into  the  profit  or  loss  from  mortality. 

The  reserve  held  by  the  office  at  the  beginning  of  the  year  and 
the  net  premium  then  paid,  both  accumulated  to  the  end  of  the 
year,  provide  two  things : — 

(1)  The  reserve  value  required  at  the  end  of  the  year ;  and 

(2)  A  contribution  towards  mortality  risk. 

The  total  of  the  contributions  to  mortality  during  the  yeaF 
would  require  to  be  compared  with  the  net  loss  to  the  office  in 
respect  of  the  claims,  i.e.,  the  difference  between  the  sums  assured 
and  the  reserve  values  as  described  above,  the  balance  between 
these  totals  representing  profit  or  loss  from  mortality. 

It  is  indeed  conceivable  that  the  actual  claims  in  an  office 
might  exceed  the  expected,  and  nevertheless  a  profit  from 
mortality  result.  For  the  claims  might  have  occurred  chiefly 
among  old  assured  lives  where  the  reserve  values  were  con- 
siderable, and  the  actual  loss  to  the  office  consequently  small. 

On  the  other  hand,  the  actual  claims  might  be  well  within  the 
expected,  and  yet  there  might  be  a  loss  from  mortality,  due  to  the 
fact  that  the  claims  occurred  chiefly  amongst  recently  assured 
lives  where  the  reserves  in  hand  were  small. 

In  this  connection  it  may  be  pointed  out  that  in  the  annual 
reports  issued  by  insurance  companies,  one  may  sometimes  observe 
a  table  giving  the  distribution  of  the  claims  experienced  according 
to  the  age  attained  at  death.  Such  a  table,  however,  conveys  but 
little  information  regarding  the  mortality  experience  of  the  com- 
pany. It  is  obvious  that  much  would  depend  on  a  variety  of 
considerations,  such  as  the  average  age  at  entry  and  the  class  of 
insurance  effected.  A  company  transacting  little  whole -life 
business,  and  that  chiefly  at  the  younger  ages  at  entry,  but  doing 
a  large  endowment  assurance  business,  would  tend  to  compare 
unfavourably  in  such  a  comparison  with  another  office  doing  very 
little  endowment  assurance  business,  and  a  considerable  amount 
of  whole-life  business  chiefly  at  the  older  ages  at  entry.  We 
could  not  conclude  merely  for  this  reason  that  the  profit  from 
mortality  in  the  first  company  is  less  than  in  the  second. 


i 
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28.  Assuming  that  an  office  had  on  its  books  at  the  commence- 
ment of  a  year  a  group  of  1000  lives  aged  40,  each  of  whom  was 
insured  under  a  policy  for  £100  (without  profits)  payable  at  age  55 
or  death,  and  effected  exactly  10  years  previously  at  an  annual 
premium  of  £S,  14s. ;  also  assuming  that  10  of  these  become  claims 
(payable  at  the  end  of  the  year  of  death)  during  the  year,  the 
remainder  being  still  in  force  at  the  end  of  the  year ;  that  the 
office  earns  4  per  cent,  interest  on  its  funds,  spends  10  per  cent,  of 
its  premiums,  and  makes  an  H  3  per  cent  net  valuation ;  find 
the  total  profit  to  the  office  earned  by  the  group  during  the  year. 
How  much  of  this  is  (1)  profit  from  mortality ;  (2)  profit  from 
interest ;  (3)  profit  from  loading  ? 

From  Hardy's  "  Valuation  Tables  "  we  find 

10^0^80:25]    =     100^0:1^- 100P3^:2^^40:i5f 

=   66-847- 3-244  X  11-383 
=   29-921 

=   68-528 -3-244x10-805 
=   33-477 
The  accumulation  of  the  fund  is  as  follows  : — 

Fund  at  beginning  of  year,  1000x29-921      .         .         .       29921 
Add— O^ce  premiums  paid,  1000  x  3-7  .         .  3700 

Less — 10  per  cent,  for  expenses      ,         .370 

3330 


33251 
Add  also  one  year's  interest  thereon  at  4  per  cent.,  the 

rate  realised      •..,...,         1330 


34581 
Deduct  the  claims  payable     ......  1000 


Actual  fund  at  end  of  year    ......  33581 

From  which  deduct  the  office's  liability,  990  x  33-477    .  33142 

Difference,   being   total   profit   earned    by   the   group 

during  the  year 439 


412 


ACTUARIAL  THEORY 


[chap. 


Total  profit,  as  before      ,  ,  , 

Made  up  thus  : — 

(1)  The  liability  at  beginning  of  year  was 

H^  3  per  cent,  net  premiums,  1000  x  3-244 


Interest  for  year  at  3  per  cent.,  the  valua- 
tion rate         ...... 


Less — Claims  payable  as  before  ,         .         , 

Deduct — Liability  at  end  of  year  as  before  . 

Difference,  being  profit  from  mortality 

(2)  The  office  premiums  were  as  before  .     3700 
The  net  premiums   ....     3244 


29921 
3244 

33165 

995 

34160 
1000 

33160 
33142 

18 


Difference,  being  loading 
Less — Expenses  as  before 


456 
370 


86 
Add — Interest  for  year  at  valuation  rate       3 

Profit  from  loading     ..... 

(3)  The  interest  realised  was  as  before  .     1330 
Deduct — Interest  already  taken  credit 
for  in  heading  (1)        .         .     995 
Do.    heading  (2)        .         .         3 

998 


89 


Difference,  being  profit  from  interest 


332 


xviir 
439 


439 


29.  What  is  meant  by  an  H  and  H  valuation  ?  How  do 
the  reserves  by  this  basis  compare  with  those  required  by  Dr 
Sprague's  Select  Tables  } 

For   the    purposes    of   an    H       and    H  valuation,    in    the 

fundamental  formula 

V     =    A  ^   _?(!+«      ) 

n     X  x+n  x^  x+n,'' 


d 
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we  insert  values  for  the  functions  on  the  right-hand  side  of  the 
equation^  as  follows :  P  , — the  H  net  premiums  are  used 
throughout;    A        and  a      , — when   the    policy    is    of  less   than 

five  years'  duration,  the  values  from  the  H  table  are  used, 
but  when  five  or  more  years  have  elapsed,  the  H  ^  values  are 
taken. 

In  the  case  of  policies,  which  have  been  less  than  five  years 
in  force,  the  H  reserve  is  less  than  that  required  by  Dr  Sprague's 
Select  Tables  at  all  ages  at  entry.  For  those  policies  of  five  or 
more  than  five  years'  duration  we  may  compare  the  formulas, 
as  follows  : — 

y(H»»  and   HM(5))     ^     ^(n«(5))  _  p(H«)    (H«(5)) 
n     X  x+n  X        ^x+n 

and       V,,  ^    A<f'''>-P/f''') 

n     [x]  x+n  [x]   x+n 

It  will  be  seen  that  the  only  difference  between  them  is  that 
the    H     and  H        valuation  employs  the  H     net  premium,  while  . 

under  the  other  the  select  premium  is  used.     Now  P  is  less 

than  P.  ,  of  Dr  Sprague's  Tables  for  all  ages  at  entry  up  to  43, 

and  thereafter  is  greater.  Hence  the  H  and  H  reserve  is 
greater  than  the  select  reserve  for  ages  at  entry  up  to  43,  and 
thereafter  is  less. 

It  may  be  mentioned  that  for  an  average  office  an  H     and  H   ^ 
valuation  gives  a  close  approximation  over  the  whole  business  to 
the  reserve  required  by  Dr  Sprague's  Select  Tables. 
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Life  Interests  and  Reversions 


1.  In  practice  it  will  be  found  that  Life  Interests  are  usually 
payable  with  a  proportion  to  date  of  death,  and  therefore  in  such 
a  case,  though  Text  Book  formula  (1)  is  commonly  used,  a  more 
exact  formula  would  be 


d\   =   «'„  +  ^A'. 


X  ■   2- 

v-F' 


*  +  i 


F 


F  +d     ^P'  +d 

X  * 


V  - 


2 


F  -{-d 


1-A 
2 
A  policy  must  then  be  taken  out  for  -^ ^,  and  we  have 

X 

F 

f  -  -^ 
Amount  paid  to  vendor  .         i         .         «         . 


First  premium  on  policy 


Total  outlay 


F  +d 


F    1 

x\ 


4)- 


P'   +d 


F 


<^  ^  -r) 

F  +d 
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The  annual  income  is    . 

to  be  applied  in  payment  of 

One  year's  interest  on  total  outlay  . 
Annual  premium  on  policy     . 

At  death  there  is  received — 

Sum  assured  under  policy     .         , 
Proportionate  payment  of  life  interest . 

Together    . 
which  is  to  be  applied  in  payment  of 

Total  outlay  ...... 

One  year's  interest  thereon   , 


^   1  + 


F 

X 

,+d 

F  (l 

-i) 

F 

X 

+  d 

1 

'-i 

i-^+d 

• 

m 

i 

• 

F 

K  +rf 

('  -^  t) 


F  +d 

X 

F  +d 

X 


F 

1  +  — 

F  +d 

X 


2.  Where  the  life  interest  to  (jr)  is  limited  to  n  years,  the  formula 
is  on  the  same  lines  as  Text  Book  formula  (1).  The  policy  to  be 
eifected  is  an  endowment  assurance  which  will  return  the  total 
outlay  with  a  year's  interest  at  the  end  of  the  first  year  in  which 
no  payment  of  life  interest  is  made,  that  is,  at  the  end  of  the 
(n  +  l)th  year  or  the  year  of  previous  death  ;  and  we  shall  have 

1 


F 


»:n+l  I 


+  d 


-1 
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3.  The  problem  as  stated  in  Text  Book,  Article  13,  is  much  more 
frequent  in  practice  than  the  problem  to  find  the  value  of  the 
life  interest,  and  therefore  it  will  be  well  to  state  the  matter  from 
that  point  of  view. 

—  1  purchases  a  life  interest  of  1,  a  sum  of  1  will 


Since 

X 

purchase   a   life    interest   of    y 
1 


^  ,   and   the    policy  to   be 


effected  is  for  = — j^, ^. 

Amount  paid  to  vendor 
First  premium  on  policy 


Then  we  have 


Total  outlay 


The  annual  income  is     ,         •         • 

which  provides  for 
One  year's  interest  on  total  outlay 

Annual  premium  on  policy     ,  . 


At  death  the  sum  assured  is  received 

which  repays 
The  total  outlav 

And  one  year's  interest  thereon     . 


m 


p 


!-(!''+'') 


1 -(?'.+  '') 


F  +d 

X 


l-(P'.  +  <') 


d 


^-ir.+d) 


d 

i-CP'.+  'O 


1 -(!".+ <') 
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4.  In  connection  with  the  Reversionary  Life  Interest,  formula 
(2),  as  mentioned  in  Text  Book,  Article  51,  was  given  by  Mr  Charles 
Jellicoe.  It  is  assumed  under  it  that  an  annuity  for  the  joint 
lives  is  actually  purchased  or  set  up  in  the  books  of  the  office. 
Dr  Sprague,  arguing  that  if  the  number  of  contracts  entered  into 
is  sufficiently  large,  no  such  procedure  is  required,  or,  as  a  matter  of 
fact,  carried  out,  suggested  formula  (5),  where  one  rate  of  interest 
is  assumed  throughout,  and  which,  without  the  correction  for  ^ 
payable  if  (^)  die  first,  reads 

1-(P'  +d.Xl+a   ,J 

,  ^  V     X         (ty^  xy(iy 

X  (t) 

Or,  if  we  are  to  assume  a  higher  rate  of  interest  till  the  life 
interest  comes  into  possession 


a 


X       (0 


For  a  complete   reversionary   life   interest  we  might  use  the 
formula 

A 

d'  \      =   a    —  a 

y  I X  X        xy 

F 

""   F  +  rf     ""^ 


=     1  -  ^ 


Ai-(p;+^)(i+«j 


2  J  F_  +  d 

1- 


l-(F,  +  rf)(l+«J 


P'+d 

X 

which  agi-ee  with  formulas  (16)  and  (17)  of  Text  Book,  Chapter  XIV. 
If  now  we  give  ^, -7  —(1+a   )  for  an  annual  reversionary 

X 

charge     of     1,    we     shall     give     1     for     a     similar    charge    of 

F  +d 
-— ^-— ^ ^.     In    this    case    a   policy   must   be    effected 

for  -= — 7=r; jr-T^ r-.     Proceeding  as  before,  we  have 

2d 
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Amount  paid  to  vendor  .         t  ,         ,         . 

First  premium  on  policy  * 

Price  of  joint-life  annuity        ,         , 
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Total  outlay    .         •         t         .         •         . 

The  annual  income,  from  the  annuity 
during  the  joint  lives  and  from  the 
life  interest  after  (^)'s  death,  is 

which  provides  for 
One  year's  interest  » 

on  total  outlay    .     i_(p'  +rf)(l+«   ) 


1 
F 


P'^  +  rf 


l-(.r^  +  d)(l+a^) 


P  +d 

X 


i-(P;+d)(i+0 


li 

i 


ay> 


Annual  premium  on 
policy  . 


•  i-(p>'i)(i+''^) 


F  +d 

X 


i-(iVrf)(i+%) 


At  (a:)'s  death  the  sum  assured  is  received 

which  repays 

•I 
The  total  outlay 


l_(F^  +  rf)(l+„^) 


And  one  year's  in- 
terest thereon 


d 

l-iP^  +  dXl+aJ 


5.  For  the  Absolute  Reversion,  Jellicoe's  formula  (8)  assumes 
as  before  that  an  annuity  is  actually  or  constructively  purchased, 
while  Sprague's  formula  (9)  rejects  this  as  not  in  accordance  with 
customary  practice,  and  adopts  one  rate  of  interest  throughout, 
assuming  that  reversions  will  be  purchased  in  sufficient  numbers  to 
warrant  this  procedure.     It  is  true  that  a  specially  large  reversion 
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might  throw  out  the  average  on  which  the  latter  argument  rests, 
but  this  merely  indicates  that  the  office  must  avoid  contracts 
of  such  size,  just  as  they  have  a  limit  for  the  amount  of  assurance 
on  any  one  life. 

As  before,  let  us  consider  the  reversion  which  can  be  purchased 
for  a  given  sum,  as  that  is  the  more  usual  problem.  A  reversion 
of  1  is  purchased  for   I  -(1(1  +a);  therefore  1    will   purchase  a 

1                                                                 J 
reversion  of  -= yy^ c^.     And  an  annuity  of  , ,- r  must 

be  purchased.     Then 

Amount  paid  to  vendor  .....  1 

Price  of  annuity     .......     = yy^ .  n^ 

^  l-d{l+a^)   ^ 

V 

Total  outlay  .#«••..,     , — j7t~. — v 
•'  l-d(l+aj 


1 

The  annual  income  from  the  annuity  is  .         .     ^i r/^ r 

^  1-^(1 +a) 


which  is  interest  on  the  total  outlay. 

The  amount  received  at  (x)\  death  is     .         ,         .     = 77-; r 

l-f/(l+«J 

which  repays 
Total  outlay  ..... 

One  year's  interest  thereon    .         •        r ^-^ ^r 


6.  In  the  case  of  the  Contingent  Reversion,  Jellicoe's  formula 
(10)  proceeds  on  the  same  principle  as  his  others,  viz.,  of  purchasing 
an  annuity  during  the  joint  lives  ;  while  Sprague's,  formula  (12),  has 
one  rate  throughout.  Sprague's  formula  cannot,  however,  be  further 
reduced  to    A  ^^ ,    for   it  is   necessary,  as  in  the  immediate  and 

reversionary  life  interests,  to  set  up  a  policy  to  cover  possible  loss 
of  capital  which  will  happen  here  if  (a)  dies  before  (3/).  In  the 
absolute  reversion  the  only  possible  loss  was  that  of  interest  so 
long  as  the  life  lived,  and  accordingly  no  policy  to  cover  loss  of 
capital  was  necessary. 
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i-(P'L+rf)(i+«  ) 


must 


xy 


XJ/> 


Now    if    1 -(P'^   +f/)(l +«^J    purchases    a    contingent   rever- 
sion   of    1^     then     1     will    purchase     a    contingent    reversion    of 

= y^^^ z^-T^ r,  for  which  amount  a  policy  on  (x)  ao^ainst  (  y) 

must  be  effected.      Also  an  annuity  of 

be  purchased.     Accordingly  we  have 
Amount  paid  to  vendor 

First  premium  on  policy 

Price  of  joint-life  annuity     . 

Total  outlay  ..... 


P'l 

xy 


^l^  +  d 


P'l  +d 

xy 


The  annual  income  from  the  ioint-life  annuity  is — - — '    ,.  ^  , ^^ 

which  will  provide 
One  year's  interest  on 
total  outlay 


Annual     premium    on 
policy 


•  l_(P'i   +d)n+a    ) 


P'l 

xy 


i-(P'i,+'^)(i+«J 


xy-' 


xy 


If  (or)  dies  first,  the  sum  assured  by  the  policy 
falls  in,  and  if  (j/)  dies  first,  the  amount 
in  reversion,  amounting  to         .         .         . 

which  gives 
Total  outlay 


l-(Fi  +</)(!  +  «  ) 


l-(P'i,  +  'i)(l+«^) 


One     year's     interest 
thereon  . 


^      xy         ■'^  XT/' 


d 


l_(Fi  +d)n+a   ) 

^     xy         ■'^  xy^ 


i-(i"'^+rf)(i  +  «j 
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7.  The  method  of  book-keeping  to  be  used  in  connection  with 
reversions  presents  some  difficulties.  There  are  three  common 
methods  to  be  chosen  from. 

(1)  There  is  the  theoretical  method,  upon  which  Jellicoe's 
formulas  proceed,  of  actually  purchasing  from  the  annuity 
department  an  annuity  to  pay  premium  and  interest  or  interest 
alone,  as  the  case  may  be.  The  amount  available  to  purchase 
these  annuities  is  the  difference  between  the  sums  in  reversion 
and  their  present  value :  it  must  be  added  to  the  amount  invested 
in  reversions,  and  will  there  appear  as  an  asset,  while  it  will  also 
be  entered  as  a  liability  by  being  included  in  the  annuity  fund. 
The  annuity,  as  explained,  will  always  provide  the  necessary 
annual  income.  If,  however,  Sprague's  formulas  be  used  and  this 
method  followed,  the  annuity  will  have  to  be  purchased  on,  say, 
a  5  per  cent,  basis,  which  of  course  is  not  profitable  to  the  annuity 
department. 

(2)  Interest  at  an  assumed  rate  may  be  added  yearly  to  the 
value  of  the  reversion,  and  taken  credit  for  in  the  revenue  account. 
But  the  annual  increase  in  the  value  of  the  reversion  is  not  so 
great  as  a  year's  interest,  and  if  only  a  few  reversions  were  to  fall 
in  during  a  quinquennium  a  large  sum  might  have  to  be  written 
off"  the  reversions  account  at  the  valuation.  Where  the  business  is 
new  or  of  no  great  extent  this  might  easily  occur,  and  accordingly 
in  such  circumstances  this  method  is  not  to  be  recommended. 

(3)  The  safest  method  is  to  add  only  the  yearly  increase  in  the 
value  of  the  reversion,  and  take  credit  for  the  whole  difference 
between  the  fund  in  reversion  and  its  value  when  it  falls  in.  Such 
a  stringent  method  means,  of  course,  that  this  form  of  investment 
may  show  at  one  time  a  very  low  rate  of  interest,  and  at  another  a 
rate  swollen  out  of  all  proportion.  But  obviously  a  loss  cannot  be 
incurred  at  any  time. 

EXAMPLES 

1.  Determine  the  present  value  of  an  annuity-certain  of  .£1  per 
annum  for  n  years,  which  is  to  pay  during  its  continuance  a  given 
rate  of  interest  on  the  purchase  money,  and  to  replace  the  purchase 
money  at  the  expiration  of  the  term  at  a  different  rate  of  interest. 

On  the  principles  of  the  life  interest, 

<*'-;    =    -?T7 -,  -  1 
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where  d  is  at  the  rate  of  interest  to  be  realised,  and  V  —-—  is  the 
sinking  fund  payable  in  advance  required  to  amount  to  1  at  the 
end  of  (?«+  1)  years,  calculated  at  the  rate  of  interest  for  replacing. 

2.  A  sum  of  £10,000  is  required  on  the  security  of  an  ample 
reversionary  life  interest  to  (35)  after  (65).  It  is  required  to  find 
what  annual  charge  on  the  life  interest  must  be  given,  and  for 
what  sum  (35)  must  be  assured,  the  office  premium  on  his  life 
being  ,£2,  8s.  lid.  per  cent.,  and  interest  being  taken  at  5  per  cent., 
with  the  joint-life  annuity  based  on  the  Carlisle  Table. 


The  annual  charge  will  be 
10000(P',,  +  rf) 

1 -(1"S5 +'')(! +«S5:  J 

and  the  amount  of  the  policy 

10000 


10000(-02446  + -04762) 


1- -58695 


1- (-02446  + •04762)8-143 
1745 

=    24210. 


3.  What  charge  must  be  placed  on  funds,  over  which  an  absolute 
reversion  is  held  payable  at  the  death  of  a  person  aged  65,  in  con- 
sideration of  a  sum  down  of  £10,000.''  The  Carlisle  Table  with 
5  per  cent,  interest  is  to  be  used. 


The  charge  is 


10000 

^65 


10000 

-58262 

=   17164. 


4.  A  sum  of  £20,000  is  desired,  to  be  secured  over  funds  falling 
to  a  person  aged  30  should  he  be  alive  at  the  death  of  his  mother 
aged  60.  Find  the  amount  of  the  necessary  charge  on  the  funds, 
having  given  that  P'gQ.^Q  =  '01354.     The  Carlisle  Table  is  to  be 

used  for  the  joint-life  annuity,   and  5  per  cent,  interest  is  to  be 
assumed. 


The  charge  is 

20000 


20000 


l-0"s^O:.0  +  ^0(l+-HO:J 


1- (-01354 +  -04762)9-196 
45707. 


CHAPTER   XX 

Sickness    Benefits 

EXAMPLES 

1.  If  the  law  of  sickness  be  such  that  at  any  age  two  are 
constantly  sick  for  one  that  dies,  find  the  single  premium  for  a 
sickness  allowance  of  10s.  a  week  at  age  x,  to  cease  at  age  65. 

Out  of  /  persons  alive  at  age  a:  the  number  constantly  sick 
during  the  first  year  is  2d.  during  the  second  2d  ,  etc.  Therefore 
the  amount  paid  in  sickness  allowance  is  26  x  2d,  26  x  2d^  ,  etc., 
and  the  present  value  of  the  payments  is 

vi62{d^  +  vd^^^+  .    .    .    +v^^--dj 

and  the  value  of  the  benefit  to  each  person  is 

c  +  c  ,,+  ....+  a, 

52{l+i)h-l 5±1__.  64 


=   52(1+0^--^ 


X 

M  -  M., 


D 

X 


2.  Find  the  weekly  premium  required  at  age  x  to  provide  the 
following  benefits : — 

(«)  £25  at  death. 

(6)  A  sickness  allowance  of  10s.  per  week  limited  to  ?i  years, 
(c)  A  deferred  annuity  of  10s.  per  week  to  be  entered  upon  at 
the  end  of  n  years. 

Benefit  side      =    25      ^    — -  +  '5-^        "'•^'-^  +  26     ^+^^     ^+^ 


X 


Payment  side    =    P-^-^ ^+J^ JA_^ ?d±i 

z 
P  being  the  annual  contribution. 


424 


ACTUARIAL  THEORY 


[CH4P, 


Equating  and  solving, 

25M  (l+0*  +  -5(K  -K  ^  )  +  26(N  ^  +1D  ^  ) 


P    = 


N  -N  ^  +UD  -D  ^  ) 


And  the  weekly  premium  is 


52* 


3.  Find  the  weekly  contribution  required  at  age  .v  to  provme 
the  following  benefits  : — 

(«)  £20  at  death. 

(ft)  A  sickness  allowance  of  £1  per  week  for  the  first  six 
months'  sickness,  10s.  per  week  for  the  second  six  months,  and 
5s.  per  week  thereafter,  the  whole  benefit  to  cease  at  the  end  of 
n  years. 

(c)  A  deferred  annuity  of  5s.  per  week  to  be  entered  upon  at 
the  end  of  7i  years. 


Benefit  side 

M 
=  20  - 


M(l+Oi     (Ki-K^  )  +  -5(K"-K"    )  +  -25(Kiii-K"i  ) 

x^  /         V     X  x+n-^  <     X  x+n/  \     x  x+n^' 


D 


+  13 


D 


N.^.  +  P 


x+n 


D 


(N  -N  ^  )+J(D  -D  ^  ) 
Payment  side    =    P-^-^ x+nJ  ^2K    x x_+nJ 

X 

p 

Hence  P  may  be  found  and  the  weekly  contribution  is  v^. 


CHAPTER  XXI 
Construction   of  Tables 

1.  A  table  of  log  D  formed  as  shown  in  Text  Book,  Article  49, 
at  rate  i  may  be  checked  very  simply  with  the  table  at  rate^'. 

For  at  rate  i, 
2^-Mogl\  =--  (log/^  +  log/^^j+...  +log/^_^)  +  log<.r  +  .tW-l+  ...  +(^1) 

And  at  rate  j, 
2^-MogD^=  (log /^  + log /^^^+...  +log/^_^)  +  logi)'Or  +  ^+l  +  ...  +^^7=1) 

Therefore 
v;^ - ^  log  D^  at  rate  /  =  ^'^ " ^ log  D^  at  rate  i  +  (log v  -  log v)  \^~^Jy^     ■^~    J 

2.  A  table  of  A  may  be  formed  with  the  help  of  Gauss's 
logarithms  in  a  way  similar  to  that  in  wliich  A^  is  formed  as 
shown  in  Text  Book,  Article  99. 


where      11     = 1 

'         P. 

Hence     logA^   =    log  i^;;^  +  log  H^  +  [/]  (log  A^^^  -  log  H^) 

Starting  then  at  the  end  of  the  table  we  have  A^  =  v  and 
logA^_j  =  logu.  From  logi;  deduct  logH^^  as  tabulated  (for 
the  Text  Book  table  at  pages  499  and  501) ;  enter  Gauss's  table 
with     the     difference     as     argument,    and    to     the    result     add 
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log  n^_2     and     log  vp 


,,   „,     and     we     have     log  A,     „. 


From 


log  A^  deduct  log  n^g  ;  enter  Gauss's  tableland  to  the  result 
add  loglT^  and  logvp^g,  and  we  have  logA^  ,  and  so  on,  to 
age  0.  Then  take  the  antilogs,  and  the  table  of  A  is  formed. 
The  table  of  A  when  formed  may  be  simply  checked  with 
the  table  of  a  .     For 

3.  Besides  the  method  of  tabulating  P  given  in  TeH  Book, 
Article  56,  we  might  enter  annual-premium  conversion  tables 
with   a^   and   so   obtain    P  ,  as   described    in   Chapter  VIII.     Or 

again,  we  might  make  use  of  a  table  of  reciprocals,  which  we  should 
enter  with  1  +  «,  and  from  the  result  deduct  d.     Thus — 


Age 
(1) 

a 

(2) 

1 
(3) 

p  =  ,l  -a 

1+a 
(4) 

' 

Neither  of  these  methods,  however,  is  a  continued  method 
4.  The  arithmometer  may  be  employed  to  form  a  table  of  A 


xn\ 


in  the  same  way  as  described  in  Text  Book,  Article  61,  for  A  . 

A  preliminary  table  of  the  differences  between  the  temporary 
annuities  must  first  be  drawn  up,  thus : — 

1. 


x:n-l\         x-\-l:n-2\ 
^^x+l:n-2|  '~^a;+2:ii^| 


^''x-{--2:ii-'6\       '^a;+3:w-4| 

etc. 
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where  the  age  at  which  the  annuity  ceases  is  always  the  same, 
viz.,  .I'  +  n-  1. 

Putting  1  on  the  slide  and  d  on  the  fixed  plate  with  the 
regulator  at  subtraction,  multiply  d  by  O-^^^'n^d  ^^^  *^® 
value  of  A  -:  will  result.     On  changing  the  regulator  to  addition, 

xn\  c?      o  o 

continued  multiplication  of  d  by  the  series  of  differences  found  as 
above,  will  give  the  values  of  A^^^.^^,  A^^^r^T^i^  ^^^-     ^^^' 

etc.  etc. 

5.  Instead  of  using  the  values  of  -  An  to  help  in  forming  the 
table  of  policy-values  as  described  in  Text  Book,  Article  78,  we 
may  use  the  annuity-due  values  themselves. 

For  V     =    1  -  ^ 


n    X 


a 


X 


Therefore,  jiutting  —  on  the  fixed  plate,  multiplying  succes- 


a 

X 


sively  by  a^     ,  a      ,  etc.,  and  using  the  "  effacer "  between  each 

operation,  we  get  the  values    -^±1,    _x±2^  ^^^^  ^^^^  complements 

a  a 

X  X 

of  which  are  the  required  policy-values. 


6.  The  values  of  endowment  assurance  policies  may  be  similarly 
arrived  at,  since 

a   ,     1 

■y'  =     1  —      x+n:r-n\ 

n    xr\ 


a  -T 

xr\ 


Or  they  may  be  formed  on  the  principles  of  Text  Book,  Article 
78,  since 


—  a 


n+l     xr\  n    xrl"^  1+a 

x:r-l\ 
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A  preliminary  table,  as  for  the  tabulating  of  A  — :,  must  there- 
fore be  formed,  consisting  of 


%:7^\  ~^x+l:V^\ 
^'x-\-l:r^\  ~  ^x+2:7^\ 
^x+2:r-B\  ~  ^^x+3:r-4| 

etc. 


1 


Then  with  the   regulator   at  addition,  and    tj on  the 

®  1  +  «    — =-. 


x:r-l\ 


fixed  plate,  the  successive  multiplication  by  these  differences  will 
give  us  ,V  -;,    „V  -:,    „V  -:,  etc. 

°  1     a;r|'     2     xr\'     8     xr\' 

The  results  may  be  checked  by  addition  for 

V-+  V  -  + 

I     xr\       2     xr  I 


+       V  - 

?•  - 1     xr  I 


x:r-l|         !e+l:r-2|    ,      x:r-\\ 


—  a 


a;+2:r-3| 


a 
ic:r-l| 


x:r-\\ 

(r  -  V)a    — ^  -  (a 


1+a 


+ 


+ 


x'.r-'l 


l+« 


a:+l:r-2|  "*'^x-|-2 


x:r-\\  '  "x:r-\\ 

^rrji  +  •  •  •   +  ^x+r-2:TV 


\+a 


J- :  r  - 1 1 


7.  The  construction  of  tables  of  policy-values  for  limited- 
payment  policies  is  a  slower  process,  as  the  premiums  have  to  be 
valued  separately  from  the  sums  -assured  and  the  difference  taken. 

As  a  preliminary,  a  table  of  differences  of  annuity-values  should 
be  formed,  as  in  the  case  of  endowment  assurances. 


Years  in  force. 

Annuity  A 

n  - 
n  - 
n- 

] 

-2 
-3 
-4 

\ 

a            — 

x-\-n-2:l\ 
^x+n-4::¥\ 

CI 

-a            — 

a;+n-2:l| 
~  ^x+n-3:2\ 

(I 

[ 

a;+2:n-8| 

a 

x+\:n-2\ 

a'+3:7i-4| 
^^a;+2:7i-3| 
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Putting  P  on  the  fixed  plate,  and  multiplying  by  1,  we  get 
the  value  of  the  premiums  outstanding  at  the  beginning  of  the  last 
year  of  premium  payment,  i.e.  ^P  .  Then  the  successive  multi- 
plication of    P    by  the  quantities  found  above  and  their  continued 

addition  will  give  the  value  of  the  premiums  outstanding  at  the 
beginning  of  each  year  down  to  the  second.     For 

Pa  —    =P+P«  — 

n    X    x+n-2:2\  n    x      n    x    x+n-2:l\ 

Pa  _=Pa  _4-P/'/7  —  —  n  —\ 

n    X    x+n-3:S\  n    x    xi-n-2:2\^ n    x\  x+n-S:2\         «+»-2:lK 

etc.  etc. 

The  results  may  be  checked  by  addition,  since  the  total 

+  %+n-2:r)} 

The  value  of  the  premiums  must  be  deducted  from  the  corre- 
sponding assurance  value  to  get  the  value  of  the  policy.  The 
total  may  be  checked  by  addition,  for  it  should  be  equal  to 
(A  +A^  +•••  '^^x+n-i)>  ^^^^  ^^^  above  summation  of  the 
values  of  the  premiums. 

The  value  of  the  policy  after  the  premiums  are  paid  up  is,  of 
course,  just  the  assurance  value. 

EXAMPLES 

1.  Show  in  detail  how  to  obtain  a  table  of  annual  premiums  for 
whole-life  assurances  from  the  values  of  q  without  constructing 
the  life  table.  Assuming  a  rate  of  mortality  represented  by  a 
constant  addition  of  -01  to  q  according  to  a  standard  table,  explain 
how  the  required  premiums  could  be  approximately  obtained 
without  special  tables. 

Write  down  in  a  column  in  reverse  order  the  values  of  p    from 

-»  x 

age  (0-2  downwards.     From  these   values  prepare   a  column  of 
log  vp 
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Then         logvp^_^   =    loga^_^ 

etc.  etc. 

From  this  last  column  pass  to  the  values  of  «^_2j  "oj-s' 


a 


etc. 


Enter  annual-premium  conversion  tables  with  these  values,  and 


obtain    P^^, 
process : — 


^w-8'    ^*^'     ^^^^   following   schedule   exhibits    the 


Age 

X 

Qx 

l-(2) 
=  Px 

log  (3) 

+  logr 

=  logvp^ 

log  (4) 

+  Wlogaa;+i 
=  loga^ 

log -1(5) 

1 

1          . 
l  +  (6)    ^ 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

w-2 

w  —  3 

0)  —  4 

etc. 

With  reference  to  the  second  part  of  the  question  it  was  shown 
on  page  232  that  it  may  be  reasonably  assumed  that  the  addition  of 
a  constant  '01  to  the  rate  of  mortality  will  have  the  same  effect  as 
an  increase  of  '01  in  the  rate  of  interest  per  unit.  We  may 
examine  this  assumption  with  reference  to  an  increase  from  3  per 
cent,  to  4  per  cent,  in  the  rate  of  interest  employed  in  annuity 
values.     The  assumption  is  that  in  any  table 


V 


1 


1-04^ 


P. 


I -a'     = 


'Ix    = 


1-03^  « 
1-03 


l-OiPx 
1-03 


1-04 
1-03 


01 


1-04  ^^^     1-04 


=    y^+*01  ap^n'oximately. 
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If,  then,  the  premiums  required  are  3  per  cent,  premiums, 
we  shall  obtain  good  approximations  if  we  enter  a  3  per  cent, 
annual-premium  conversion  table  with  4  per  cent,  annuities  as 
found  by  the  method  in  the  first  half  of  the  question,  thus 
following  the  formula 

^'.   =    1^«^-  -^(3%)  «i"^^  V%)  =  %3%)  approximately. 

2.  From  a  table  of  V^  show  how  you  would  construct  a 
table  of  a  . 


Since 


w-l     0 


1     +«. 


and  the  value  of     _iV/v  is  given,  that  of  a   can  be  found. 

Then  from  ,V^  ^V„,  ,V„,  etc.,  find  log(l -,V„),log(l -^V„), 
log(l  —  o^a)^  ttc.f  to  each  of  which  add  log(l  +«q)  and  the  results 
are  log(l +  a  ),  log(l +«  ),  log(l +«  ),  etc.  Find  the  antilogs  of 
these,  and  deduct  1  from  each  number,  and  the  results  are 
flj,  a^,  a  ,  etc.     The  following  scheme  shows  the  process  : — 


Age 

attained 

(X-) 

(1) 

xVo 
(2) 

-log(l+a^) 
-logCl  +  a^) 

(3) 

(3)+log(l  +  ao) 
=  log(l4-aJ 

(4) 

log-l(4)-l 
(5) 
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